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ABOUT THE BIVARIATE OPERATORS OF
DURRMEYER-TYPE

Abstract. The aim of this paper is to study the convergence and approximation
properties of the bivariate operators and GBS operators of Durrmeyer-type.

1. Introduction

Let N be the set of positive integers and Ng = NU {0}. For m € N
consider the operator M, : Li([0,1]) — C([0,1]) defined for any function

f € L1([0,1]) by
1

(1.1) (Mnf) (@) = (m+1) Y pmi(2) P i () £ ()t

k=0 0

for any z € [0,1], where p,, x(x) are the fundamental polynomials of Bern-
stein, defined as follows

(12) pmi(a) = (1 )H1 = 2y,

for any z € [0,1] and any k € {0,1,...,m}. These operators were intro-
duced in 1967 by J.L. Durrmeyer in [10] and were studied in 1981 by M.M.
Derriennic in [9].

The purpose of this paper is to give a representation for the bivariate
operators and GBS operators of Durrmeyer-type, to establish a convergence
theorem for these operators. We also give an approximation theorem for
these operators in terms of the first modulus of smoothness and of the mixed
modulus of smoothness.
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2. The construct of the bivariate operators of Durrmeyer-type

Let the sets Ay = {(z,y) € Rx R|z,y > 0,z +y < 1} and F(Aq) =
{fIf : Az —» R}. For m € N, let the operator M,, : Li(A2) — F(As) be
defined for any function f € L;(As) by

(2.1)
(Mpf)(z,y) = (m+1)(m +2) Z Pk (2, Y) V) Prmki(s,t) f (s, t)dsdt
k,3=0 (Az)
k+j<m
for any (z,y) € Ag, where
m! m—k—j

for any k,5 > 0, k + j < m and any (:r:,y) € Ao,

The operators defined above are called the bivariate operators of Durr-
meyer-type. Clearly, the bivariate operators of Durrmeyer-type are linear
and positive. The method was inspired by the construction of Bernstein
bivariate operators (see [11] or [14]). For m € N, the operator B, : F(A3) —
F(Agz) defined for any function f € F(A3) by

09 G- X et (52)

k,3=0
k+j<m

for any (z,y) € As is named the Bernstein bivariate operator.
Let the functions e;; : As — R, e;(z,y) = 'y’ for any (z,y) € Aq,
where 4, j € Ng. For the following, see [12].

LEMMA 2.1. The operators (Bm)m>1 verify for any (z,y) € Ag the follow-
ing:

(2.4) (Bmeoo)( T,y ) =
(2.5) (Bmeo)(z,y) = ( Bmeo1)(z,y) =y,
26)  (Bal-2) (@ %

(2.8) ( ( fv)2(* y))( y) =
= —3(23 2) oy - B 2 — (zy + 2y°) + mn; ! zy,

(29)  (Bul =)' — 1)) (,9) = —2OT ‘;Sm T2 g2y
J BBm? = 26m24) 4, 6(m?-Tm+6) 4

md md
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3m?2 —41m + 42 3m?2 — 26m + 24
5 x2y2 + R zt
m m
3m?2 — 17 14 -2
i m m+ 22 m

y+

m—1

2
and
5(m?2 — 26m + 24
(210)  (Bn( — 22— 0)") () = ~ X202 ey
6(3m? — 26m + 24 6(m? —Tm +6
+ ( - )w2y3 _ ( - ):L'yS—
m m
3m? — 41m + 42 3m?2 — 26m + 24
_ — .'L'2y2 + m msm xy4 +
3m?2—1Tm+14 5, m—-2 , m-—1
+ mp TY" — o 'y + B Ty
for any m € N,

LEMMA 2.2. The operators (Bm)m>1 verify for any (z,y) € Ag the follow-
ing inequalities:

(211) (Bl = 2/)(@9) < 7
(212 (Bnlx = 9P)(@,0) < 7

for any m € N,

(2.13) (Bum(- — 2)2(x — ) (z,9) < 49? ,
foranym e N, m > 2,

219 (Bl =)' =) @0) < 5,
(2.15) (Bm(- — x)z(* — y)4) (z,y) < % ,

for anym € N, m > 8.

3. Some relations verify by the (M;,),>1 operators

LEMMA 3.1. For k,j,l € Ny, we have

1 .
, k5!
3.1 L. =\s%(1 — sVdsg = — L~
(3.1) kg (S)s (1—sy'ds = =
and
. kg
3.2 Je i1 = kei(1 — s — t)dsdt = .
( ) k.l SS s ( 8 t) dsdi (k+]+l+2)'

(Az2)
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Proof. In the following, we use the integration by parts formula. We have
k1 1 - a .
In; = ——‘ZH (1—s) . + '“Lk+1 $o (1 — ) 1lds = —Lk+1lk+1,j—1 and then

(j=1)-...-2:1 .
Iy ; = (k+{)(~{k+%)-...~(k+g‘)Ik+jv0' But Iy1j0 = ﬁ;ﬁ and then we obtain (3.1).

l1-s .
For k,j € No and s € [0,1], we note Iy j(s) = § t*(1—s—t)7dt. By the idea
0

.|1—s . .
above, we have Iy ;(s) = %j—;(l —8— t)J‘0 5 o tFt (1—s—t)/~ldt =
;_%Ik+1,j—1(8), from where we obtain I ;(s) = (k—f]'-%),(l — )it Fur-

ther on, we have Iy ;; = S(l] (S(l)_s (1 —s—t)ldt) ds = S(l) skI; (s)ds =

gl S(l) Sk(l _ S)j+l+1ds —

G+ yidk 415 from where (3.2) results. =

i
GH+1
LEMMA 3.2. The operators (Mm)m>1 verify for any (z,y) € Ay the fol-
lowing
(3.3) (Mumego)(z,y) = 1,

_mx+1 _my+1
(3.4) (Mmero)(z,y) = Py (Mmen)(z,y) = i3’

2mz(1 — z) + 122% — 8z + 2
(m+3)(m+4)
2my(1 —y) + 12y% — 8y + 2
(m+3)(m+4)

(3.5) (Mm(- = 2)*)(z,y) =

b

(3.6) (M (- —9)*)(z,y) = ,
(3.7) (m+3)(m+4)(m + 5)(m + 6)(Mm(- — 2)*(- —9)*)(z,y) =
(12m? — 372m + 360)z2y? + (—4m? + 160m — 240)(z>y + zy*)+
+ (4m? — 68m + 120)xy + (—4m + 60)(z* + y*)+
+ (4m — 24)(z + y) + 4,
(38) (m+3)-(m+4)-...- (m+8)(Mn(-—2)*( —9)*)(z,y) =
= (—120m3 + 1040m? — 60720m + 20160)z*y? + (24m> — 2760m?+
+ 22224m — 13440)z*y + (144m® — 12720m? + 75744m—
— 26880)z3y? + (—48m> + 4128m? — 25584m + 13440)x3y+
+ (—24m® + 3888m? — 36120m + 20610)z2y? + (24m> — 1512m>+
+ 11280m — 8064)z%y + (—144m? + 6480m — 8064)xy? + (144m?*—
— 1968m + 2688)zy + (24m? — 1368m + 3360)x* + (—48m24
+ 2160m — 2688)z3 + 24(m? — 39m + 56)x? + 48(—m + 28)y*+
+ 48(3m — 8)z + 48(m — 8)y + 48,
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(3.9) (m+3)-(m+4)-...- (m+8)(Mu(-—2)*( —9)*)(z,y) =
= (=120m3 + 1040m? — 60720m + 20160)z%y* + (24m3 — 2760m>+
+ 22224m — 13440)zy* + (144m3 — 12720m? + 75744m—
— 26880)z%y3 + (—48m3 + 4128m? — 25584m + 13440)zy>+
+ (—24m3 + 3888m? — 36120m + 20610)z%y? + (24m> — 1512m2+
+ 11280m — 8064)xy” + (—144m? + 6480m — 8064)x2y + (144m?—
— 1968m + 2688)xy + (24m? — 1368m + 3360)y* + (—48m2+
+ 2160m — 2688)y> + 24(m? — 39m + 56)y? + 48(—m + 28)z>+
+ 48(3m — 8)y + 48(m — 8)z + 48.

Proof. In the following, we take the relations from Lemma 3.1 and Lemma
2.1 into account. We have

(MmeOO)(w, y)=(m+ 1)(m + 2) kZ;O Pm k,j (I’ y) (gs)pm,k,j (s,t)dsdt =

k+j<m
!
(m+1)(m+2) kZ;O pm,k,j(l'ay)—k!j!(m"ik_j)gIk,j,m—k—j = kZ;0 pm,k,j(%y) =
Kyj<m k¥i<m

(Bmeoo)(z,y) = 1,
(Mmelo)(l‘, y) = (m + 1)(m + 2) kZ:O Pm,k,j (‘T7 y) SS spm,k,j(s’ t)det =

k+i<m (B2)

=(m+1)(m+2) 3 Prs(®,Y) iy et Lgm—k—j =

i
= i3 kzzo (k + D)pm ki (@, y) = 725 (Bme10) (@, y) + 7z (Bmeoo) (2, y) =
Kt7<m
mz+1

(Mm(-=2)*)(@, y) = (Mme2o) (2, y) 28 (Mme10)(z, y) +2*(Mmeoo) (z, y) =

_ 2mz(1—z)+1222—8z+2

CEHICETY , because
(Mime20)(@,9) = (m+ D)(m+2) 5 Prapj(,9) §5 2ms(s, t)dsdt =
k,]i:O (A2)
k+j<m
=m+Dm+2) > Pk, Y) et e 2.gm—k—j =
ktj<m
2
=75 L (kD +2)pmps(2,9) = Grgiern (Bmes) (@) +
ktj<m
3 —1)z?+4maz+2
+ Granerrsy (Brmeo) (3,Y) + Grpzamry (Bmeoo) (z,y) = M-Uetinet?

The other relations from the lemma can be obtain analogously. =
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LEMMA 3.3. The operators (Mpy)m>1 verify for any (z,y) € Ay the fol-
lowing estimations

1

(3.10) Mm(- = 2)*)(@y) < —,
(3.11) (Mum(- —4)*)(z,y) < ey
foranym e N, m > 4,

(3.12) (M (- - 3’)2( - y)z)(fl',y) < ma
foranymeN, m > 2,

(3.13) (Mol =)' = 9))@1) € g
(3.14) (M- = 2)*(- = 9)")(z,) < 3

for any m € N, m > 100.

Proof. We use the relations z,y >0, z+y <1, z(l —z) <1/4, y(1-y) <
1/4, zy < 1/4 and the results from Lemma 3.2 and we obtain that
(m+3)(m+4)Mn(- —2)?)(z,y) =2mz(l —5)+ 1222 —82+2 < 2 +6 <
m + 4, for m > 4; further on, we can write

(m + 3)(m + 4)(m + 5)(m + 6)(Mm(- — 2)(- — 9)*)(z,y) = doy(3zy + 1 -
r—yym? +4(z+y - 2% - y? - 17Tzy + 40zy(z + y) — 93z%y*)m + 4(1 —
6(x +y) + 15(x2 + 32) + 30zy — 60zy(x + y) + 90z%y?). But dry(3zy+1 —
z-y) < (e+9)?Be+y)’+l-z-y) <3 z+y—2® -y - 1Tzy +
40zy(z +vy) — 9322%y° = 2(1 —z) + y(1 — y) — 17zy + 40xy(z + y) — 932%y% <
% — 172y + 402y — 93z = % +23zy — 93x%y° < 1; 1 —6(x +y) + 15(2% +
y?) + 30zy — 60zy(x +y) + 9022y = 1 — 6(x + y) + 15(x + y)? — 60zy(z +
y) + 902292 = 1 + 3(5(z + )% — 2(z + y)) + 30xy(3zy — 2(z + y)) < 10,
because 5(z +y)%2 —2(z +y) < 3 and 3zy — 2(z +vy) < 0. So, we obtain that
(m+3)(m+4)(m +5)(m + 6)(Mm(- — 2)2(- — 9)2)(z, y) < 322 + 4m +40 <
(m + 5)(m + 6), for m > 2.

Finally, we have analogously

(m+3)- (m+-4)-.... (m+8) (M (-—2)2(-—9)")(w,y) < AL TERL=AnED),
where we can take any m € N, m > 100, from where the relation (3.13)
results. m
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4. Approximation and convergence theorems for the bivariate op-
erators of Durrmeyer-type

Let X,Y C R be given intervalsy D C X xY and f : D — R be a
bounded function. The function wieer(f; -, *) : [0,00) X [0, 00) — R, defined
for any (d1,d2) € [0,00) x [0,00) by

(41) wtotal(f;61a52) =sup {lf(x’y) - f(xlvyl)l : (iE,y), (‘/I‘Jay/) €D,
|z — 2’| < 61,1y — ¢'| < 62}

is called the first order modulus of smoothness of function f or total modulus
of continuity of function f.

REMARK 4.1. The function from (4.1) is the constraint of the “classical”
modulus of smoothness to the domain of definition D of the function f and
has the same properties as the “classical” modulus of smoothness.

REMARK 4.2. The following theorem can be demonstrated in a similar way
as the Shisha-Mond type theorem with the “classical” modulus of smoothness
(see for example [5] or [16]).

THEOREM 4.1. Let L : C(D) — B(D) be a linear positive operator. For
any f € C(D), any (z,y) € D and any 61,82 > 0, the following inequality

(4.2)  [(Lf)(=z,y) = f(z,9)| < [(Leoo)(z,y) — 1| f(z,y)| + [(Leoo)(w,y)+

+87V/ (Leoo) (2, ) (L(- = 2)%)(z, y) + 85 v/ (Leoo) (2, y) (L(- — 9)?) (2, y)+

+67 183 v/ (Leoo) (2, ) (L(- — 2)2) (2, y) (L(* — »))(z, y)] wiotal(f; 61, 02)

“ “y
. *

holds, where and stand for the first and the second variable.

THEOREM 4.2. Let the function f € C(Az). Then, for any (z,y) € Ao,
any m € N, m > 4, we have

(4.3) [Mnf)(z,y) — f(z, y)l
< (1 + 5—1—;—4-3) (1 + (52\/——;———43) Wiotal(f; 61, 02)

for any 81,82 > 0 and

(4'4) |(Mmf)(x>y) - f(x,y)l < 4Wtotal (fa \/—ml_‘_ 37 \/m1+ 3) '

Proof. We apply Theorem 4.1, where D = As, Lemma 3.2 and Lemma 3.3.

For (4.4), we choose §; = 8 = \/%13 in (4.3). =
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COROLLARY 4.1. If f € C(Az), then
(4.5) Mmf)(z,y) = f(z,y)

lim
m—00
uniformly on As.

Proof. It results from (4.4). =

5. Approximation and convergence theorems for gbs operators of

Durrmeyer-type

Using the idea from section 4, we take the following construction, so the
definitions and theorems are constrains from the domain of definition of func-
tion. Theorem 5.1 (see [3]) and Theorem 5.2 (see [13]) can be demonstrated
in a similar way as in the general case. In the following, let X and Y be real
intervals. A function f: D — R is called B-continuous (Bdgel-continuous)
function in (zg, yo) € D if

lim A.f ((.’L‘, y)’ (an yO)) =0.

(z,y)—(x0,y0)

Here Af ((.’L', y)’ (.’130, yO)) = f(xv y) - f(-'L'O,y) - f(.’E, yO) + f(‘TOa yO) denotes
a so-called mixed difference of f.

A function f : D — R is called B-differentiable (Bogel-differentiable)
function in (xg,y0) € D if it exists and if the limit is finite:

lim Af ((:177 y)? (3:01 yO)) )
(zy)—(=0v0) (T — 0)(y — Yo)

The limit is named the B-differential of f in the point (xg,yo) and is noted
by D f(zo,yo)-

The definition of B-continuity and B-differentiability were introduced by
K. Bogel in the papers [6] and [7].

The function f: D — R is B-bounded on D if there exists K > 0 such
that

|Af ((z,9), (s, )| < K

for any (z,y), (s,t) € D.
We shall use the function sets B(D) = {f : D — R|f bounded on D
with the usual sup-norm || - ||oo, By(D) = {f : D — R|f B-bounded on D
(z

andweset ||flle= sup |Af((z,y),(s,t))| where f € By(D), Cp(D) =
(@), (s,t)ED

{f : D - R|f B-continuous on D} and Dy(D) = {f : D — R|f B-
differentiable on D}.

Let f € By(D). The function wpyixed(f;-,*) : [0,00) x [0,00) — R,
defined by
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(51) wmixed(f; o1, 62) = sup{lAf((:v, y)’ (57 t))| : (:L‘»y)v (S, t) €D,
|z —s| < b1, |y —t| < b2}
for any (d1,d2) € [0,00) x [0,00) is called the mixed modulus of smoothness.

For related topics, see [1], [2], [3] and [4].

Let L : Cy(D) — B(D) be a linear positive operator. The operator
UL : Cy(D) — B(D) defined for any function f € Cy(D), any (z,y) € D by
(5.2) (ULf)(z,y) = (Lf(y) + flz, %) — £, %)) (2,9)
is called GBS operator (“Generalized Boolean Sum” operator) associated to
the operator L, where “-” and “%” stand for the first and second variable.

THEOREM 5.1. Let L : Cy(D) — B(D) be a linear positive operator and
UL : Cy(D) — B(D) the associated GBS operator. Then for any f € Cy(D),
any (z,y) € D and any 61,62 > 0, we have

(6.3) |f(z,y) — (ULf)(z,y)l < |£(z,y)| [1 — (Leoo)(z, y)|+

+ | (Leoo)(z,y) + 67 V(L(- — 2)?) (z,9) + 63 V(L(x — 9)?) (z,y)+

+ 61—162_1\/([’( - $)2(* - y)2) (CL‘, y) wmized(f; 617 52)

THEOREM 5.2. Let L : Cy(D) — B(D) be a linear positive operator and
UL : Cy(D) — B(D) the associated GBS operator. Then for any f € Dy(D)
with Dpf € B(D), any (z,y) € D and any 61,62 > 0, we have

(5.4) |f(z,y) — (ULf)(z,y)| <
< |f(z,y)|11—(Leoo)(z,9)|+3[ Dp flloo v/ (L(- — 2)2(x — 9)2) (z, y)+

+ [V =22+ = 9)2)(z,9) + 67 V(L( — 2)(x — 9)%) (@, 9)+
+ 8 WL~ 2)2(x —y)) (@, 9)+
+ 61_162_1 (L( - JJ)2(* - y)2) (JJ, y)] wmized(DBf; (51, 52)

If f € Nand f € Cp(Az), then the GBS operator associated to the M,
operator is defined by

(55) (UMmf)(x,y) = (m + 1)(m + 2) Z pm,k,j(w, y).
: “ Pmk,i (8, D) (s,y) + f(z,t) — f(s,t)]dsdt,
(A2)

for any (z,y) € Ao.
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THEOREM 5.3. Let the function f € Cy(Az2). Then, for any (a:., y) € Ao,
any m € N, m > 4, we have

(5.6) |(UMnf)(z,y) — f(z,y)l
1 1
< (1 + m) (1 + m) wmimed(f§ 01, 02)

for any 61,92 > 0 and

(57) |(UMmf)(w’y) - f(x,y)l < 4wmi:z:ed (fa \/ml_*_ 3’ \/m1+ 3) '

Proof. For the first inequality, we apply Theorem 5.1, where D = Ay and

Lemma 3.3. The inequality (5.7) is obtained from (5.6) by choosing é; =

(52:\/"1—3. u

COROLLARY 5.1. If f € Cp(A2), then
(5.8) (UMmnf)(z,y) = f(z,9)

lim
m—0o0
uniformly on A,.

Proof. It results from (5.7). =
THEOREM 5.4. Let the function f € Dy(A2) with Dpf € B(Asz). Then,
for any (z,y) € Ay, any m € N, m > 100, we have

69 [UMn)(@0)~ f(@,9)] < ——=Dpfllect

1 1 1
— 1 _— 1 = mize D 56’6
+m+3( +51 m+3>< +52\/m+3>w 4(Dpf;01,0)

for any 81,62 > 0 and

610) UM@Y) — f@0) < —1Daf ot

1 1
mic D ) ) .
m+3w ed( Bf vm+3 \/m+3)

Proof. It results from Theorem 5.2, where D = Aj and Lemma 3.3. =

+
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