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A B O U T THE BIVARIATE OPERATORS OF 
D U R R M E Y E R - T Y P E 

Abstract. The aim of this paper is to study the convergence and approximation 
properties of the bivariate operators and GBS operators of Durrmeyer-type. 

1. Introduction 
Let N be the set of positive integers and No = N U {0}. For m e N 

consider the operator Mm : Li([0,1]) —> C([0,1]) defined for any function 
/ e L i ( [ 0 , 1 ] ) by 

TO 1 
(1.1) (Mmf) (x) = (m + 1 )J2p™Ax)\Pm,k(t)f(t)dt, 

k=0 o 

for any x £ [0,1], where pm,k(x) are the fundamental polynomials of Bern-
stein, defined as follows 

(1-2) Pm,k(x)= ( f y x k ( l - x ) m - k , 

for any x £ [0,1] and any k £ {0 ,1 , . . . , m). These operators were intro-
duced in 1967 by J.L. Durrmeyer in [10] and were studied in 1981 by M.M. 
Derriennic in [9]. 

The purpose of this paper is to give a representation for the bivariate 
operators and GBS operators of Durrmeyer-type, to establish a convergence 
theorem for these operators. We also give an approximation theorem for 
these operators in terms of the first modulus of smoothness and of the mixed 
modulus of smoothness. 
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2. The construct of the bivariate operators of Durrmeyer-type 
Let the sets A 2 = { ( x , y ) G R x R\x,y > 0 , x + y < 1 } and J r { A 2 ) = 

{ / | / : A 2 - » M}. For m G N, let the operator Mm : L i ( A 2 ) - » ^ ( A 2 ) be 
defined for any function / G Li(A2) by 
(2.1) 
( M m f ) ( x , y ) = ( m + l ) ( m + 2 ) ^ P m , k , j ( x , y ) j j p m , k , j { s , t ) f ( s , t ) d s d t 

k,}= 0 (A2) 
fc+j < m 

for any (x,y) G A2, where 

( 2 ' 2 > - M ^ - f c - j ) ! ^ ' 1 " 1 ~ 

for any k, j > 0, k + j < m and any ( x , y) G A 2 . 
The operators defined above are called the bivariate operators of Durr-

meyer-type. Clearly, the bivariate operators of Durrmeyer-type are linear 
and positive. The method was inspired by the construction of Bernstein 
bivariate operators (see [11] or [14]). For m G N, the operator Bm : J^(A 2 ) —> 
•F (A 2 ) defined for any function / G ^"(A 2 ) by 

E ( k j 
Pm,k,j(X^y)f — >  —  

\m m 
k,j= 0 v ' 

k+j<m 
for any (x, y) G A 2 is named the Bernstein bivariate operator. 

Let the functions e-ij : A 2 —> R, e i j ( x , y ) = x l y 3 for any ( x , y ) G A 2 , 

where i,j G No- For the following, see [12]. 

L E M M A 2 . 1 . The operators ( B m ) m > i v e r i f y f o r any ( x , y ) G A 2 the follow-

ing: 

( 2 . 4 ) ( B m e o o ) ( x , y ) = 1 , 

(2.5) (Bmei0)(x, y) = x , ( B m e 0 i ) { x , y) = y, 

x ( l — x) 
(2.6) ( B m ( - - x ) 2 ) ( x , y ) = 

iiv 

( 2 . 7 ) ( . B m ( * - y f ) ( x , y ) = fc^ , 

( 2 . 8 ) ( B m ( - - x ) \ * - y ) 2 ) ( x , y ) = 

3 (m - 2 ) 2 2 m — 2 2 , ,  m ~  1  

= o — x 2/ + xy ) H 5 - x y , m 3 m J m13 

(2.9) ( « . ( . - » ) • ( . - y)2) ( x , » ) = - 5 ( 3 " l 2 " J m + 2 4 ) x V + 

6(3m 2 - 26m + 24) 3 2 6(m 2 - 7m + 6) 3 
"i c ^ y = 

mD m° 
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3m2 - 41m + 42 , 9 3m2 - 26m + 24 , 
5 x V + g x*y+ mr m° 

3m2 - 17m + 1 4 2 m - 2 , rn - 1 
+ e x'y F xy H k xy 

mr m° m° 
and 

(2.10) (« . (• - *)«( . - , )«) ( x , , ) = - 6 ( m 2 - 2 6 5 m + 2 4 ) * V + 

6(3m2 - 26m + 24) 2 3 6(m2 -7m+ 6) 3 
H c x y ? xy 

m° m® 
3m2 - 41m + 42 , 2 3m2 - 26m + 24 4 

e x y -\ = xy + 
m° m° 

3m2 — 17m + 14 2 m — 2 2 m — 1 
+ E xy c x y + xy 

m° m° m° 
/or any m € N. 

L E M M A 2 . 2 . T/ie operators (Bm)m>\ verify for any (x, y) G A 2 i/ie follow-
ing inequalities: 

(2-11) ( 3 m ( - - x ) 2 ) 0 r , y ) < 

(2 -12 ) (Bm(*-y)2)(x,y)<-^, 

for any m € N, 

(2.13) (Bm(- - x)2(* - y)2) (x, y)<~2 , 

/or any m e N, m > 2, 

(2.14) ( 5 m ( . _ x ) 4 ( , _ y ) 2 ) ( X ) 2 / ) < i _ ) 

(2.15) ( B m ( . - s ) 2 ( * - y ) 4 ) ( : r , y ) < ^ , 

/or any m € N; m > 8. 

3. Some relations verify by the {M.m)m>\ operators 

L E M M A 3 . 1 . For k,j,l e No, we have 

(3-D 

and 

(3-2) Jhjjl = Ji ^ ( 1 - - - t)ldsdt = (fc + j * ' f / + 2 ) | . 
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Proof. In the following, we use the integration by parts formula. We have 

fc+i 

h,j = (fc+j)((fc+2).".'.2(fc+j)Jfc+J.°- But Ik+i>° = fe+7+T and then we obtain 

l - s 
For k,j G No and s G [0,1], we note h,j(s) = J tk(l — s — t)idt. By the idea 

0 
1—5 

above, we have IkJ(s) = - s - t)i + ^ tk+l{l-s-ty~ldt = 

Ikj = t p r i 1 n + " s)i lds = ¿ilk+ij-i and then 

^y/ fc+i j -^s ) , from where we obtain h,j(s) = (fc+j+i)i (1 - s)h+j+1. Fur-

ther on, we have Ikjj = ^Q — s — t)ldtj ds = jJ skIjj(s)ds = 

T $¿^(1 - s)3+l+1ds = tJi^yhj+i+i, from where (3.2) results. ( j+i+l) ! ->0 ° V-1- " J - ( j+i+l ) 

L E M M A 3 . 2 . The operators (Mm)m>i verify for any (x,y ) G A 2 the fol-
lowing 

(3.3) {Mmem)(x,y) = 1, 
, . . . w , mx + 1 . my +1 
(3.4) {MmeiQ){x,y) = —, {Mmeoi){x,y) = —, 

m + 6 m + 6 
,ot, . . . . n2w , 2mx(l - x) + 12x2 - 8x + 2 (3.5) (Mm(- - xf)(x, y) = \ m ; 3 ) ( m + 4) , 

t K/t ( \ 2my(l - y ) + 12y2 - 8y + 2 (3.6) (Mm(-y) )(x,y) = (m + 3)(m + 4) ' 

(3.7) (m + 3)(m + 4)(m + 5)(m + 6 ) ( M m ( - - x)2(• - y)2)(x, y) = 

(12m2 - 372m + 360)x2y2 + ( - 4 m 2 + 160m - 240)(x2y + xy2)+ 

+ (4m2 - 68m + 120)xy + ( - 4 m + 60)(x2 + y2)+ 

+ (4m — 24) (x + y) + 4, 
(3.8) (m + 3) • (m + 4) • . . . • (m + 8)(Mm(- - x)4(- - y)2)(x, y) = 

= ( -120m 3 + 1040m2 - 60720m + 2 0 1 6 0 ) x V + (24m3 - 2760m2+ 
+ 22224m - 13440)x4y + (144m3 - 12720m2 + 75744m-
- 26880)x3y2 + ( - 4 8 m 3 + 4128m2 - 25584m + 13440)x3y+ 
+ ( - 2 4 m 3 + 3888m2 - 36120m + 2 0 6 1 0 ) x V + (24m3 - 1512m2+ 

11280m - 8064)x2y + ( -144m 2 + 6480m - 8064)xy2 + (144m 2-
1968m + 2688)xy + (24m2 - 1368m + 3360)x4 + ( - 4 8 m 2 + 
2160m - 2688)x3 + 24(m2 - 39m + 56)x2 + 4 8 ( - m + 28)y2+ 

• 48(3m - 8)x + 48(m - 8)y + 48, 
+ 
+ • 
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( 3 . 9 ) ( m + 3 ) • ( m + 4 ) • . . . • ( m + 8 ) ( M m ( - - " v ) = 

= ( - 1 2 0 m 3 + 1 0 4 0 m 2 - 6 0 7 2 0 m + 2 0 1 6 0 ) ® V + ( 2 4 m 3 - 2 7 6 0 m 2 + 

+ 2 2 2 2 4 m - 1 3 4 4 0 ) x y 4 + ( 1 4 4 m 3 - 1 2 7 2 0 m 2 + 7 5 7 4 4 m -

- 2 6 8 8 0 ) x V + ( - 4 8 m 3 + 4 1 2 8 m 2 - 2 5 5 8 4 m + 1 3 4 4 0 ) x y 3 + 

+ ( - 2 4 m 3 + 3 8 8 8 m 2 - 3 6 1 2 0 m + 2 0 6 1 0 ) ® V + ( 2 4 m 3 - 1 5 1 2 m 2 + 

+ 1 1 2 8 0 m - 8 0 6 4 ) x y 2 + ( - 1 4 4 m 2 + 6 4 8 0 m - 8 0 6 4 ) x 2 y + ( 1 4 4 m 2 -

- 1 9 6 8 m + 2 6 8 8 ) x y + ( 2 4 m 2 - 1 3 6 8 m + 3 3 6 0 ) y 4 + ( - 4 8 m 2 + 

+ 2 1 6 0 m - 2 6 8 8 ) y 3 + 2 4 ( m 2 - 3 9 m + 5 6 ) y 2 + 4 8 ( - m + 2 8 ) x 2 + 

+ 4 8 ( 3 m - 8 ) y + 4 8 ( m - 8 ) x + 4 8 . 

P r o o f . I n t h e f o l l o w i n g , w e t a k e t h e r e l a t i o n s f r o m L e m m a 3 . 1 a n d L e m m a 

2 . 1 i n t o a c c o u n t . W e h a v e 

{Mmem){x,y) = ( m + l ) ( m + 2) £ Pm,k,j(x^y) H Pm,k,j(s,t)dsdt = 
kj=o { A 2 ) 

K-\-J <m 
( m + l ) ( m + 2 ) £ Pm,k,j(X' V) fcljlfrn-k-iY^m-k-j = £ Pm,k,j(X^) = 

k,j=0 'J'K •"' k,j=0 
k+j<m k+j<-m 

(Bmeoo)(x,y) = 1 , 
{Mmew)(x,y) = ( m + l ) ( m + 2) £ Pm,kj{x,y) H sPm,k,j(s,t)dsdt = 

k , j = 0 ( A 2 ) 
k+j<m V ' 

= ( m + l ) ( m + 2 ) J2 Pm,k,j ( x , y ) fc, 4 + 1 , j , m - f c - j = 

fc+j<m 

= ¿ 3 E + = ^ 3 ( 5 m e i o ) ( x , î / ) + ^ 3 ( B m e o o ) ( x , y ) = 
k,j=0 

k+j<.m 
m i + 1 

— m + 3 ' 

( - M m ( - - z ) 2 ) ( z , y) = { M m e 2 o ) { x , y)-2x(Mme10)(x, y)+x2(Mme00)(x, y) = 
_ 2 m x ( l — x ) + 1 2 x 2 — 8 x + 2 , 
~ ~ ( m + 3 ) ( m + 4 ) ' D e c a u s e 

(Mme2o)(x, y) = (rn + 1 ) ( m + 2) £ Pm,k,j(x, y) \ J s2pmikJ(s, t)dsdt = 
k,j=o ( A 2 ) 

m ! 
fc!j'!(m—fc—j)! 

= ( m + 1 ) ( m + 2) £ Pm,k,j {x, y) km7^lk_ jV, Ik+2,j,m-k-j = 
k,j=0 

fc+j < r a 

= Ï S Î 3 £ ( f c + l ) ( f c + 2 ) p f W | f c J ( g , y ) = ( m + 3 7 ( 2 m + 4 ) ( g m e 2 0 ) ( x , y ) + 
k,j=0 

k-\-j<m 
, 3 m / p \ / \ , 2 / r> \ / \ m(m—l)x2+4mx+2 

+ ( m + 3 ) ( m + 4 ) V ^ ^ l O A ^ , y j + ( m + 3 ) ( m + 4 ) l - ° ™ e 0 0 j 2 / J - ( m + 3 ) ( m + 4 ) ' 

T h e o t h e r r e l a t i o n s f r o m t h e l e m m a c a n b e o b t a i n a n a l o g o u s l y . • 
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L E M M A 3.3. The operators ( M m ) m > l verify for any (x, y) G A2 the fol-

lowing estimations 

(3.10) (Mm(-- X)2)(x,y) < 1 
m + 3 ' 

1 
(3-11) ( M m ( - - y r ) ( x , y ) < 

m + o 

for any m € N, m > 4, 

(3.12) ( ^ i m ( - - x ) 2 ( - - y ) 2 ) ( x , y ) < 1 

(m + 3 ) 2 ' 

for any m G N, m > 2, 

1 
(3.13) ( M n ( - - s ) 4 ( - - i / ) 2 ) ( s , l / ) < 

(3.14) ( A < m ( - - x ) 2 ( - - y ) 4 ) ( x , y ) < 

( m + 3 ) 3 ' 

1 

( m + 3 ) 3 ' 

for any m G N, m > 100. 

P r o o f . W e use the relations x, y > 0, x + y < 1, x ( l — x ) < 1/4, y ( l — y ) < 
1/4, xy < 1/4 and the results from Lemma 3.2 and we obtain that 
( m + 3 ) ( m + 4 ) ( j M m ( - — x)2)(x, y) = 2m®(1 - 2 ) + 12x2 - 8x + 2 < f + 6 < 
m + 4, for m > 4; further on, we can write 
( m + 3 ) ( m + 4 ) ( m + 5 ) ( m + 6 ) ( M m ( - - x ) 2 ( - - y ) 2 ) ( x , y) = 4xy{3xy + 1 -

x - y)m2 + 4 (x + y — x2 - y2 - 17xy + 40xy (x + y) - 93 x 2 y 2 ) m + 4(1 — 
6(x + y) + 15(x2 + y 2 ) + 30xy - 60xy (x + y)+ 90x 2 y 2 ) . But 4xy(3xy + 1 -

s - y) < (x + y ) 2 ( | ( x + y ) 2 + 1 - x - y) < \, x + y - x2 - y2 - llxy + 

40xy (x + y ) - 93x 2 y 2 = x ( l - x) + y ( l - y) - llxy + 40xy (x + y ) - 93x 2y 2 < 
1 - 17xy + 40xy - 93x2y2 = \ + 23xy - 93x2y2 < 1; 1 - 6 (x + y ) + 15(x2 + 
y 2 ) + 30xy - 60xy (x + y ) + 90x2y2 = 1 - 6 (x + y ) + 15(x + y ) 2 - 60xy (x + 
y ) + 90x2y2 = 1 + 3 (5 (x + y ) 2 - 2 (x + y ) ) + 30xy (3xy - 2 (x + y ) ) < 10, 
because 5(x + y ) 2 — 2(x + y ) < 3 and 3xy — 2(x + y ) < 0. So, we obtain that 
(m + 3)(rn + 4 ) ( m + 5)(rn + 6 ) ( M m ( - - x ) 2 ( - - y ) 2 ) ( x , y ) < ^ + 4 m + 4 0 < 
(m + 5 ) ( m + 6), for m > 2. 
Finally, we have analogously 

( m + 3 ) - ( m + 4 ) - . . . . ( m + 8 ) ( A 1 m ( - x ) 2 ( - y ) 4 ) ( x , y ) < 

where we can take any m G N, m > 100, from where the relation (3.13) 
results. • 
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4. Approximation and convergence theorems for the bivariate op-
erators of Durrmeyer-type 
Let X, Y c R be given intervals, D C X x Y and / : D M be a 

bounded function. The function uJtotalif; •, *) : [0, oo) x [0, oo) —• R, defined 
for any (¿1, §2) € [0, 00) x [0, 00) by 

(4.1) u w ( / ; 82) = sup {| f ( x , y) - f ( x ' , y')\ : (x, y), (x', y') G D, 

\x - x'\ < Iy - y'\ < 82} 

is called the first order modulus of smoothness of function / or total modulus 
of continuity of function / . 

R E M A R K 4 . 1 . The function from (4.1) is the constraint of the "classical" 
modulus of smoothness to the domain of definition D of the function / and 
has the same properties as the "classical" modulus of smoothness. 

R E M A R K 4 . 2 . The following theorem can be demonstrated in a similar way 
as the Shisha-Mond type theorem with the "classical" modulus of smoothness 
(see for example [5] or [16]). 

T H E O R E M 4 . 1 . Let L : C(D) —> B(D) be a linear positive operator. For 
any f € C(D), any (x,y) £ D and any 81,82 > 0 , the following inequality 

(4 .2 ) | ( L f ) ( x , y ) - f ( x , y ) | < | (Leoo)(x,y) ~ M\f(x,y)\ + (Le00)(x,y)+ 

+811 L e 0 0 ) ( x , y ) ( L ( - - x y ) ( x , y ) + J j 1 ^{Lem){x, y){L{- - y f ) { x , y)+ 

utotal(f;81,82) +8ii82W(Leoo)2(x,y)(L(.-x)2)(x,y)(L(*-y)2)(x,y) 

holds, where "•" and "* " stand for the first and the second variable. 

T H E O R E M 4 . 2 . Let the function f e C(A2). Then, for any (x,y) G A2, 
any m € N ; m > 4, we have 

(4 .3 ) \ ( M m f ) ( x , y ) - f ( x , y ) \ 

for any , S2 >0 and 
(4 .4 ) \ ( M m f ) ( x , y ) - f ( x , y ) \ < 4 u ; t o t a l ( f - , 1 1 

\Jm + 3 y/m + 3 

Proof. We apply Theorem 4.1, where D = A2, Lemma 3.2 and Lemma 3.3. 
For (4.4), we choose ¿1 = S2 = in (4-3). • 
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C O R O L L A R Y 4 . 1 . If f e C(A2), then 

(4.5) lim (Mmf)(x,y) = f(x,y) 
m—>00 

uniformly on A2. 

Proof. It results from (4.4). • 

5. Approximation and convergence theorems for gbs operators of 
Durrmeyer-type 
Using the idea from section 4, we take the following construction, so the 

definitions and theorems are constrains from the domain of definition of func-
tion. Theorem 5.1 (see [3]) and Theorem 5.2 (see [13]) can be demonstrated 
in a similar way as in the general case. In the following, let X and Y be real 
intervals. A function / : D —> R is called ¿¿-continuous (Bogel-continuous) 
function in (XQ, yo) E D if 

, A/((x,y),(x0 ,y0)) = 0. 
(x,y)->(xo,yo) 

Here A/ ((z, y), (x0, y0)) = f(x, y) - f(x0, y) - f(x, y0) + f(x0, y0) denotes 
a so-called mixed difference of /. 

A function /:£>—> R is called B-differentiable (Bogel-differentiable) 
function in (xo, yo) £ D if it exists and if the limit is finite: 

H m A/((x,y),(x0 ,y0)) 
(x,y)^(x0,y0) (x-x0)(y-yo) 

The limit is named the B-differential of / in the point (xo,yo) and is noted 
by DBf(x0,yo)-

The definition of S-continuity and B-differentiability were introduced by 
K. Bogel in the papers [6] and [7]. 

The function / : D —> R is 5-bounded on D if there exists K > 0 such 
that 

\Af((x,y),(s,t))\<K 

for any (x,y), (s,t) G D. 
We shall use the function sets B(D) = {/ : D —> R|/ bounded on D\ 

with the usual sup-norm || • HQQ, Bb(D) — {/ : D —> R|/ 5-bounded on Dj 
and we set ||/||b = sup |A/ ((s, y), (s, t)) | where / G Bb(D), Cb(D) = 

(x,y),(s,t)€D 

{ / : £ > — • R|/ B-continuous on D) and Db(D) = {/ : D -» R|/ B-
differentiable on £)}. 

Let / e Bb(D). The function (¿mixed(/;•, *) : [0, oo) x [0, oo) —> R, 
defined by 
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(5.1) wmixed(/;<5i,<52) = sup{|A/((x, y), (s, i))| : (x,y),(s,t) G D, 

< Si,\y-t\ < <52} 

for any (¿1, 82) G [0, 00) x [0, 00) is called the mixed modulus of smoothness. 
For related topics, see [1], [2], [3] and [4], 
Let L : Cb(D) —• B(D) be a linear positive operator. The operator 

UL : Cb{D) -> B(D) defined for any function / G Cb{D), any (x, y) G D by 

(5 .2) (ULf)(x, y) = ( L ( f ( - , y) + f ( x , *) - /(•, *))) (x, y) 

is called GBS operator ("Generalized Boolean Sum" operator) associated to 
the operator L, where "•" and "*" stand for the first and second variable. 

T H E O R E M 5 . 1 . Let L : Cb{D) —» B(D) be a linear positive operator and 
UL : Cb(D) B(D) the associated GBS operator. Then for any f G Cb(D), 
any (x,y) G D and any 81,82 > 0 , we have 

(5 .3) | f ( x , y) - (ULf)(x, y) \ < \ f { x , y) 111 - (Le0o)(x, y) |+ 

+ (Le 00) (x, y) + ¿r1 ^(L(--x)*)(x,y) + J,1 y/(L(* - y f ) {x, y)+ 

+ S i % W ( L ( - - x n * - y ) * ) ( x , y ) <^>mixed(f',81,82). 

T H E O R E M 5 . 2 . Let L : Cb(D) —> B(D) be a linear positive operator and 
UL : Cb(D) —> B(D) the associated GBS operator. Then for any f G Db(D) 
with Dsf G B(D), any ( x , y ) G D and any 81,82 > 0 ; we have 

(5 .4) \ f ( x , y ) — (ULf)(x,y)\ < 

<\f(x,y)\\l-(Leoo)(x,y)\+S\\DBf\\00^(L(--xn*-yy)(x,y)+ 

+ V ( L ( - - x n * - y ) * ) ( x , y ) + d f 1 y/(L(- - x)4(* - yY){x, y)+ 

+ ¿2 - x ) 2 ( * ~ y)4)(x, v)+ 

+ <5rV { L { - - x ) \ * - y ? ) (x,y) ^mixed,(L)Bf',81,82). 

If / G N and / G Ct,( A2), then the G.BS1 operator associated to the Air 

operator is defined by 

(5.5) ( U M m f ) ( x , y ) = (m + l)(m + 2) J ] pm,k,j(x>V> 
k,j—0 

k-\-j <m 

• 15 Pm,k,j(s,t)[f(s,y) + f { x , t ) - f{s,t)]dsdt, 
( A 2 ) 

for any (x,y) G A2. 
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T H E O R E M 5 . 3 . Let the function f G Cb(A2). Then, for any (x,y) G A 2 , 
any m G N, m > 4 , we have 

(5.6) |(C/Xm/)(a;,y)-/(x,y)| 

- 0 + W ^ T l ) + W ^ T l ) 
for any ¿1, ¿2 >0 and 

(5.7) KCM'WXx,?/) - /(a;, y)| < Aumixed ( / ; - 7 ^ = ) • 
\ \/m + 3 \/m + 3 / 

Proof. For the first inequality, we apply Theorem 5.1, where D = A2 and 
Lemma 3.3. The inequality (5.7) is obtained from (5.6) by choosing = 

C O R O L L A R Y 5 . 1 . If f G C f , ( A 2 ) , then 

(5 .8 ) l i m (UMmf)(x,y) = f(x,y) 
m—KX> 

uniformly on A 2 . 

Proof. It results from (5.7). • 

T H E O R E M 5 . 4 . Let the function f 

G Db(A2) with DBf e B(A2). Then, 
/or any (x, y) G A 2 , a n y m G N, m > 1 0 0 , we have 
(5.9) \(UMmf)(x,y)-f(x,y)\ < —L-||£)B/||00+ 

m + 3 

+ ( l + - / , - ) ( 1 + - / , J Wmixed(DBf]8i,82) m + 3 V ¿iVm + 3/ \ ( W ^ + S/ 

/or any 61,62 > 0 and 

(5.10) \(UMmf)(x,y)-f(x,y)\ < —L-||£>B/||00+ m + 6 
4 / 1 1 

H —¿Umixed I DB}\ , , / 
m + 3 V v ™ + 3 V m + 3 , 

Proof. It results from Theorem 5.2, where D = A2 and Lemma 3.3. 
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