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CR-SUBMANIFOLDS OF A NEARLY T R A N S - H Y P E R B O L I C 
S A S A K I A N MANIFOLD 

Abstract. In the present paper we have investigated CR-submanifold of a nearly 
trans- hyperbolic Sasakian manifold. We have also studied parallel distribution relating 
to ^-vertical CR-submanifold of a nearly trans- hyperbolic Sasakian manifold. 

1. Introduction 
In 1978, Bejancu introduced the notion of CR- submanifold of a Kaehler 

manifold [2]. Since then several papers on CR- submanifolds of Kaehler 
manifold have been published. On the other hand, CR- submanifold have 
been studied by Kobayashi[10], Shahid et al. [11, 12], Yano and Kon [14] 
and others. Upadhyay and Dube [13] have studied almost contact hyperbolic 
(/> 9i Vi £)- s t r u c ture, Dube and Mishra [5] have considered Hypersurfaces im-
mersed in an almost hyperbolic Hermitian manifold also Dube and Niwas [6] 
worked with almost r-contact hyperbolic structure in a product manifold. 
Later Bhatt and Dube [3] studied on CR-submanifolds of trans- hyperbolic 
Sasakian manifold. Joshi and Dube [9] studied on Semi-invariant submani-
fold of an almost r-contact hyperbolic metric manifold. Gill and Dube have 
also worked on CR submanifolds of trans-hyperbolic Sasakian manifolds [8]. 
Gherghe studied on harmonicity on nearly trans-Sasaki manifolds [7]. 

2. Preliminaries 
Let M be an n dimensional almost hyperbolic contact metric manifold 

with the almost hyperbolic contact metric structure (<f>, rj, g) where a ten-
sor <j) of type (1,1), a vector field called structure vector field and T], the 
dual 1-form of £ satisfying the following 

(2.1) 4>2X = X - n(X)£ g(X,Z) = ri(X) 
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(2.2) 7?(0 = - i <¿>(0 = 0 w = o 

(2.3) g(cf>X, <j>Y) = -g(X, Y) - r?(X)r/(y) 

for any X, Y tangent to M [4]. In this case 

(2.4) g(4>X,Y) = -g(X,4Y). 

An almost hyperbolic contact metric structure {<!>,£, T), g) on M is called 
trans-hyperbolic Sasakian [8] if and only if 

(2.5) (VX<P)Y = a(g(X, Y)£ - ^Y^X) + /3{g{4>X, y ) £ - r](Y)4>X) 

for all X, Y tangent to M, a, (5 are functions on M. On a trans-hyperbolic 
Sasakian manifold M , we have 

(2.6) V x ^ = - < * ( « + P(X - V(X)0 

a Riemannian metric g and Riemannian connection V. 
Further, an almost contact metric manifold M on ((f), r), g) is called 

nearly trans-hyperbolic Sasakian if [5] 

(2.7) (Vx<f>)Y + (VY<f>)X = a(2g(X, Y)£ - ri(Y)(/>X - »](X)<f>Y) 
-P(V(X)cf>Y + V(Y)<pX). 

Now, let M be a submanifold immersed in M. The Riemannian metric 
induced on M is denoted by the same symbol g. Let TM and TLM be the 
Lie algebras of vector fields tangential to M and normal to M respectively 
and V be the induced Levi-Civita connection on M , then the Gauss and 
Weingarten formulas are given by 

(2.8) V^xY = VxY + h(X,Y) 
(2.9) VXV = -AVX + Vj(V 

for any X,Y e TM and V e T^M, where V"1 is the connection on the 
normal bundle h is the second fundamental form and Ay is the 
Weingarten map associated with V as 

(2.10) g(AvX,Y)=g(h(X,Y),V). 

For any x € M and X G TXM, we write 

(2.11) X = PX + QX 

where PX <E D and QX G D1-. 
Similarly for N normal to M , we have 

(2.12) 4>N = BN + CN 

where BN (resp. CN) is the tangential component (resp. normal compo-
nent) of (pN. 
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DEFINITION 1. An m dimensional Riemannian submanifold M of M is 
called a CR-submanifold of M if there exists a differentiable distribution 
D : x —> Dx on M satisfying the following conditions: 

(i) D is invariant, that is (pDx C Dx for each x G M, 
(ii) The complementary orthogonal distribution : X —> D^ C TxM 

of D is anti-invariant, that is, (f)Dj^ C T^M for each x E M. If dim D^ = 0 
(resp., d i m = 0), then the CR-submanifold is called an invariant (resp., 
anti-invariant) submanifold. The distribution D (resp., D^) is called the 
horizontal (resp., vertical) distribution. Also, the pair (D, DL) is called 

horizontal (resp., vertical) if G Dx (resp., £x € Dj^). 

3. Some basic lemmas 

LEMMA 1. Let M be a CR-submanifold of a nearly trans-hyperbolic Sasakian 
manifold M. Then 

(3.1) P{VX4>PY) + P(VY<PPX) - P{A^QXY) - P(APQYX) 
= (pPVxY + <f)PVYX + 2 a g ( X , Y)P£ 

- ari(Y)(j>PX - ar)(X)<fiPY - (3r](Y)</>PX - 0ri(X)</>PY, 

( 3 . 2 ) Q(Vx<t>PY) + Q(Vy<f>PX) - QiAnxY) - Q{A^YX) 

= 2 B h ( X , Y) + 2 a g ( X , Y)Q£ - ar]{Y)<f)QX - arj(X)^QY 

( 3 . 3 ) h(X, 4>PY) + h(Y, (f>PX) + Vx4>QY + V^QX 

= ct>QVYX + 4>QVXY + 2 Ch(X, Y) - (3r}{Y)4>QX - pr](X)4>QY 

for X, Y € TM. 

P r o o f . Using (2.4), (2.5), and (2.6), in (2.7)we get 

VX4>PY + h(x, 4>PY) - A^x + vjtWY - 4>(vxy + h(X, Y)) 

+ VY4>PX + h(Y, <T>PX) - A^QXY - VYTPQX - 4>{VYX) + h(X, Y) 

= A(2G(X, Y)£ - V{Y)<I>X - V(X)<T>Y) - (3(V(X)<PY + V{Y)4>X). 

Again using (2.11) we get 

(3.4) P(YX4>PY) + P{VY<J>PX) - P(A(J>QXY) - - <F>PVXY 

- 4>PVyX + Q(Vx<t>PY) + Q(Vy4>PX) - Q(A^XY) 

~ Q{A(f,QYX) - 2 B h ( X , Y) + h(X, (f>PY) + h(Y, (j)PX) 

+ Vx4>QY + V±<f>QX - cf>QVYX - 4>QVXY - 2 Ch(X, Y) 
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=(3ii(Y)(f)QX - /3r](X)4>QY + 2ag{X, Y)Q£ - ar){Y)<j>QX 

- ar)(X)4>QY + 2ctg(X, Y)P£ - ar](Y)(f)PX - ar]{X)(j)PY 

- (3rj(Y)<pPX - (3r}{X)(f)PY 

for any X, Y G TM. 
Now equating horizontal, vertical, and normal components in (3.4), we 

get the desired result. 

LEMMA 2. Let M be a CR-submanifold, of a nearly trans- hyperbolic Sasakian 
manifold M. Then 

(3.5) 2(V x<t>)(Y) = Vx<t>Y - VY<t>X + h(X, <f>Y) - h(Y, 4>X) - <f>[X, Y] 
_+ a{2g(X, Y)£ - r](Y)<fiX - V(X)<j>Y} - 0{r,(X)<l>Y + rj(Y)(j)X} 

(3.6) 2 ( V y 4 > ) ( X ) = a(2g(X, Y^-V(Y)X-RI(X)Y)-FI(rT(X)<l>Y+rL(Y)<f>X) 
- a(2g(X, Y)£ - V(Y)<j>X - V(X)<j>Y) + P(V(X)<j>Y + ^Y^X) 

for any X,Y e D. 

P r o o f . From Gauss formula (2.8), we have 

(3.7) Vx4>Y - VY<t>X = Vx<t>Y + h(X, </>Y) - VY<t>X - h(Y, <f>X). 

Also, we have 

(3.8) VX(f>Y - Vy(t>X = (Vx<f>)(Y) - ( V y 0 ) ( X ) + </>[X, Y]. 

Prom (3.6) and (3.7), we get 

(3.9) ( V x 0 ) ( y ) - ( V y 0 ) p O 

= Vx<f>Y + h(X, 4>Y) - VY<f>X - h(Y, <t>X) - </>[X, Y). 

Also for nearly trans-hyperbolic Sasakian manifolds, we have 

(3.10) {Vx<t>){Y) + (Vy<fi)(X) 

= A(2G(X, - V(Y)<F>X - r}{X)4>Y) - P^X^Y + V(Y)<f>X). 

Adding (3.9) and (3.10), we get 

2 (VxfflY) = Vx<pY - VY<t>X + h(X, 4>Y) - h(Y, 4>X) - <f>{X, Y] 

+ A{2G(X, y ) e - r](Y)(F>X - T](X)4>Y} - 0{RI(X)<L>Y + RI(Y)</>X}. 

Subtracting (3.9) from (3.10) we get 

2 (V Y <f> ) (X) = a(2g(X, Y)£ - v(Y)d>X - v(X)<t>Y) - (S^X^Y + r](Y)4>X) 
- VX<PY - h{X, <j>Y) + VY<t>X + h(Y, <j>X) + <f>[X, Y], 

Hence Lemma is proved. 
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LEMMA 3. Let M be a CR-submanifold of a nearly trans- hyperbolic Sasakian 
manifold M, then 

2 ( V y < f > ) ( Z ) = A^yZ - A^zY + V ^ Z - V^Y - <f>[Y, Z] 

+ a{2g{Y, Z ) £ - n{Y)<j>Z - ri(Z)<j>Y} - 0{V(X)<f,Z + v{Z)4>Y] 

2 ( V z < f > ) ( Y ) = a(2g(Y, Z)t - n{Y)<i>Z - v(Z)<f>Y) - ^ { Y ^ Z + rj(Z)4>Y) 

- A^yZ + A^zY - V ^ Z + Vz<t>Y - <f>[Y, Z] 

for any Y,Z e DL. 

P r o o f . From Weingarten formula (2.9), we have 

(3.11) Vz<t>Y - Vy^z = A^yZ - A^zY + V ^ Z - V^Y" . 

Also, we have 

(3.12) Vzct>Y - Vyct>Z = (VY(f>)(Z) - {VZ4>){Y) + <f>[Y, Z}. 

From (3.11) and (3.12), we get 

(3.13) (Vy</>)(Z) - (Vz4>)(Y) = A^yZ - A^zY + V ^ Z - V^Y - </>[Y, Z], 

Also for nearly trans-hyperbolic Sasakian manifolds, we have 

(3.14) (VY<j>)(Z) + (Vz<j>)(Y) 

= a ( 2 g ( Y , Z ) £ - V{Y)cj>Z - V(Z)<f>Y) - P(V(Y)ct>Z + r,(Z)4>Y). 

Adding (3.13) and (3.14), we get 

2 ( V y < P ) ( Z ) = A^yZ - A+ZY + Vy4>Z - Vz<f>Y - 4>[Y, Z] 

+ a{2g(Y, Z ) £ - ^Y^Z - r,(Z)^Y) - + v(Z)<f>Y). 

Subtracting (3.13) from (3.14) we get 

2 ( V z 0 ) ( y ) = a(2g(Y, Z)£ - ^Y^Z - V(Z)<t>Y) - (3(V(Y)cj>Z + V(Z)<pY) 

- A^yZ + A^zY - V^cf>Z + V ^ y + <f>[Y, Z}. 

This proves our assertions. 

LEMMA 4. Let M be a CR-submanifold of a nearly trans-hyperbolic Sasakian 
manifold M, then 

2(Vx<t>)(Y) = a{2g(X, Y)£ - n{Y)cf>X - V(X)<f>Y} - 0{ri(X)<f>Y + f](Y)^X} 

- A^yX + -Vj(<f>Y - Vy<j>x - h(Y, 4>X) - <j>[X, Y], 

2(Vy<f>)(X) = a(2g(X, Y)£ - V(Y)4>X - V(X)<f>Y) - 0(V(X)4Y + v(Y)<t>X) 

+ A^yX - Vjt<t>Y + Vy4>X + h(Y, </>X) + </>[X, Y] 

for any X e D and Y G DL. 
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P r o o f . By using Gauss equation and Weingarten equation for X 6 D and 
Y € respectively we get 

(3.15) Vx<t>Y ~ Vy(f>X = -A^yX + V^Y - Vy<t>X - h(Y, (j)X). 

Also, we have 

(3.16) Vx<j>Y - VY<t>X = (Vx4>)(Y) ~ ( V y f f l X ) + 4>[X, Y]. 

From (3.6) and (3.7), we get 

(3.17) (Vx<f>)(Y) - (Vy0) (X) 

= -A^yX + Vjc<f>Y - Vy4>X - h(Y, 4>X) - 4>[X, Y]. 

Also for nearly trans-hyperbolic Sasakian manifolds, we have 

(3.18) (Vx0)(Y) + (Vy<f>)(X) = a(2g(X, Y)£ - ^Y^X - V(X)<j>Y) 

-PWXWY + niYWX). 

Adding (3.17) and (3.18), we get 

2(Vx<t>)(Y) = a(2g(X, Y)£ - rj(Y)<f>X - TJ(X)C(>Y) - f3(ri(X)<pY + V(Y)<j>X) 
- A^yX + Vx4>Y - Vy<f>X - h(Y, <j>X) - (f>[X, Y], 

Subtracting (3.9) from (3.10) we get 

2{Vy<t>){X) = a(2g(X, Y)£ - V(Y)cf>X - rjiX^Y) - 0(rj(X)<j,Y + ri(Y)</>X) 
+ A^yX - Vx<j)Y + VY<PX + h(Y, <f>X) + 4>[X, Y], 

Hence Lemma is proved. 

4. Parallel distributions 
DEFINITION 2. The horizontal (resp., vertical) distribution D (resp., is 
said to be parallel [1] with respect to the connection on M if VxY € D 
(resp., VZW e Dx) for any vector field X,Y € D (resp., W,Z e DL). 
PROPOSITION 1. Let M be a vertical CR-submanifold of a nearly trans-
hyperbolic Sasakian manifold M. If the horizontal distribution D is parallel, 
then 

(4.1) h(X, 4>Y) — h(Y, <f>X) 

for all X,Y e D. 

P r o o f . Using parallelism of horizontal distribution D, we have 

(4.2) Vx4>Y € D, Vy4>X g D for any X,Y e D. 

Thus using the fact that X = QY = 0 for Y G D, (3.2) gives 

(4.3) Bh(X, Y) = g(X, Y)Q£ for any X,Y e D. 
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Also, since 
(4 .4 ) cf>h(X, Y ) = Bh(X, Y) + C h ( X , Y ) , 

then 

(4 .5 ) <j)h(X, Y ) = g(X, Y)Q£ + C h ( X , Y ) for a n y X,Y G D. 

Next from (3.3), we have 

(4 .6 ) h(X, 4>Y) + h(Y, (f>X) = 2 Ch(X, Y ) = 2<f>h(X, Y ) - 2g(X, Y)Q£, 

for any X,Y G D. Putting X = <j)X G D in (4.6), we get 
(4 .7 ) h(<f>X, <t>Y) + / i (Y, </>2X) = 2(j)h{(j)X, Y ) - 2 g { c f > X , Y)Q£ 

or 

( 4 . 8 ) 4>Y) - h(Y, X ) = 24>h(<i>X, Y ) - 2g(<f>X, Y)Q£. 

Similarly, putting Y = 4>Y £ D in (4.6), we get 

(4 .9 ) h((f)Y, </>X) - h(X, Y ) = 2</>h(X, </>Y) - 2g{X, <j>Y)QZ. 

Hence from (4.8) and (4.9), we have 

(4.10) </>h(X, <f>Y) - <f>h(Y, <f>X) = g(X, <t>Y)Qd - g(<l>X, Y)Q£. 

Operating <j) on both sides of (4.10) and using — 0, we get 
( 4 . 1 1 ) h(X, 4>Y) = h(Y, <pX) 

for all X,Y E D. 
Now, for the distribution DL, we prove the following proposition. 

PROPOSITION 2. Let M be a vertical CR-submanifold of a nearly trans-
hyperbolic Sasakian Manifold M. If the distribution is parallel with 
respect to the connection on M, then 

( 4 . 1 2 ) A^yZ + A^zY € D± for any Y , Z e D ± . 

P r o o f . Let Y,ZE DL , then using Gauss and Weingarten formula (2.6), 
we obtain 
(4.13) -A+zY + VY4>Z - A^yZ + V^Y = <f>VYZ + (¡N ZY + 2</>h(Y, Z) 

+ a(2g(X, Y)Z - V(Y)<I>Z - ^ Z ^ Y ) - 0[V{Z)4>Y + v{Y)<t>Z] 

for any Y, Z G DL. Taking inner product with X G D in (4.13), we get 

(4.14) giA+yZ, X ) + g(A^Y, X ) = g(VYZ, <f,X) + g(VzY, <f>X). 

If the distribution D1- is parallel, then VyZ G D1- and VzY G for any 
Y , Z e D ± . 

So from (4.14) we get 
(4.15) g{A4>YZ,X) + g{A<t>zY,X) = 0 or g{A+yZ + A&Y, X ) = 0 
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which is equivalent to 
(4.16) V 2 + A4>zY e DL for any Y,Ze D±, 
and this completes the proof. 

DEFINITION 3. A CR-submanifold is said to be mixed totally geodesic if 
h(X, Z) = 0 for all X G D and Z € D±. 

The following lemma is an easy consequence of (2.10). 
LEMMA 5. Let M be a CR-submanifold of a nearly trans-hyperbolic Sasakian 
manifold M. Then M is mixed totally geodesic if and only if ANX G D for 
all X eD. 

DEFINITION 4. A normal vector field N / 0 is called D-parallel normal 
section if Vj^N = 0 for all X G D. 
PROPOSITION 3. Let M be a mixed totally geodesic vertical CR-submani-
fold of a nearly trans-hyperbolic Sasakian manifold M. Then the normal 
section N G <f>D1 is D-parallel if and only if Vx&N G D for all X G D. 
P r o o f . Let N G (f>D±. Then from (3.2) we have 
(4.17) Q{VY4)X) = 0 for any X eD, Y eD±. 
In particular, we have Q(S7yX) = 0. By using it in (3.3), we get 
(4.18) Vx<j)QY = <i>QVxY or V^iV = -(f>QVx<i>N. 
Thus, if the normal section N ^ 0 is D-parallel, then using Definition 4 and 
(4.18), we get 
(4.19) 4>Q(Vx<f>N) = 0 
which is equivalent to Vx^JV G D for all X G D. The converse part easily 
follows from (4.18). This completes the proof of the proposition. 

Acknowledgment. Authors are thankful to the referees for their valu-
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