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A NOTE ON GATEAUX DIFFERENTIALS OF HERMITIAN
ELEMENTS IN BANACH ALGEBRAS

Abstract. Let A be a complex unital Banach algebra with unit 1. If a € A is
hermitian then we show that

lol? = lim. ¢ (1 +ta?) 1),

and we give a proof of an inequality due to J. Nieto.

1. Terminology and results

In this note let A be a complex Banach algebra, with a unit element 1 of
norm one. The spectrum of a € A is denoted by by o(a), and r(a) denotes
its spectral radius. Let A’ denote the dual space of A. The set of normalized
states on A is given by

DAL ={pe A :p(1)=1= [}
The numerical range of a € A is defined by
V(A;a) = {o(a) : ¢ € D(A;1)}.

The set V(A;a) is compact and convex. We say that a € A is hermitian if
V(A;a) CR. H(A) denotes the set of all hermitian elements in .A.
The Gateaux differentials n (-], n_[-] : A — R are defined by

1+ta|| -1 1+ta)l -1
nylal = lim 1 +tall — 1 and n_[a] = lim “—jLL“——‘
t—0+ t t—0— t

The main results of this note read as follows:
THEOREM 1.1. Given a,b € H(A) and p € D(A;1), then
(Re p(ab))? < Re p(a®)Re p(b?).

2000 Mathematics Subject Classification: 47TA12.
Key words and phrases: numerical range, hermitian element



910 G. Herzog, C. Schmoeger

THEOREM 1.2. Ifa € H(A), then
n+la’] = |la®.

REMARK. If a € H(A), then in general it does not follow that a® € H(A)
(see [2, Example 6.1].

2. Proofs
Note the following properties of ny and n_: the function a — ny[a] is
sublinear,

n-la] < nyld], n_[-a] = —ny[d]
and
ntla+ A1) =nifa] + A

forallae Aand A € R.
Furthermore we have

o(a) CV(A4;a)
([2, Theorem 2.6]) and
(2.1) {ReX: X e V(A4;a)} = [n_[a], ny[a]]
(see [2] or [3] or [4]).
PROPOSITION 2.1. Given a € A, the following statements are equivalent:

(1) a € H(A);

(2) nylia] = n_[ia] = 0;

(3) |le®*e)l =1 for allt € R;

(1) 0(a) C R and r(a1 + fa) = a1 + fal| (e, B € C).

Proof. [2, Lemma 5.2] and [1]. =
PROPOSITION 2.2.

(1) Ifa,b € H(A), then i(ab— ba) € H(A);
(2) H(A) is a closed real subspace of A and

H(A)NiH(A) = {0};
(3) V(A;a) = coa(a) for alla € H(A) (where co denotes the convez hull).
Proof. [2, Chapter 5]. »
Note that by (2.1),
(2.2) V(A;a) = [n-[a], nyla]] if a € H(A).
PROPOSITION 2.3. Let a, b € H(A), and ¢ € D(A,1). Then
Re p(ab) = Re p(ba)
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and
Rep(a?) > 0,
thus 0 < n_[a?] < ny[a?].
Proof. Since i(ab— ba) € H(A),
i(p(ab) — p(ba)) = p(i(ab— ba)) € R,
hence Re (¢(ab) — ¢(ba)) = 0.

We have
a_2 — lim 1+ ita — @
2 t—0 t2 )
Since ¢(1) =1 and ¢(ta) € R,

a? .1 —Rey(e*?)
Rew (3) =M e

We have Re ¢(e%%) < |p(e®®)| < |l¢ll ||| = 1, therefore Re w(%) >0. =

Proof of Theorem 1.1. Let t € R. Then a + tb € H(A), thus, by
Proposition 2.3, we have Rep((a + tb)%>) > 0 and Rey(ab) = Rep(ba).
Hence

0 < Rey(a?) + 2tRe p(ab) + t*Re p(b?) (teR)
with @ = Re p(a?), B = Re p(ab) and v = Re ¢(b?) we have 0 < a+20t -+t
for all £ € R.

If y =0, then a + 26t > 0 for all t € R, hence 8 = 0, and the result
follows. Now assume that v # 0. Thus ¥ = Re ¢(b%) > 0. Since the
quadratic equation 0 = a + 23t + ~t?> has at most one solution, we get
F<ay =
Proof of Theorem 1.2. From Theorem 1.1 and (2.1) we see that

(ne[ab])? < nyfa®Jns b)) (a,b € H(A)).

Hence, with b =1,
(23) nfa]? < nyfa?.
The definition of n[-] gives ny[a?] < ||a?||. Proposition 2.1 (4) shows that
lla®]l = llall? hence

n4la’] < fall.
It remains to show that ||a||? < n.[a?].

Case 1: nyfa] > —n_[a]. By Proposition 2.2 (3),

nila] = r(a) = [lal,
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thus, by (2.3)
llal? = n[a]® < ny[a’].
Case 2: ny[a] < —n_[a]. Let b = —a, then b € H(A) and
nyfb) = —n_[-b] = —n_[a] > ny[a] = —n_[—a] = —n_b].
So Case 1 applies to b. Therefore
lall2 = B = 4 [6%] = nya?]. =
In [5] the following subset of A is introduced:
Ay ={z € A:nfz] =n_[z]}.

It is easy to see (use Proposition 2.1 (2)) that x € Ay & i(z — al) € H(A)
for some a € R.

In [5] J. Nieto has shown

@4) ol =r(@) < @il + i) (2 € Ao).

Now let a € H(A), then ia € A, hence ny[ia] = 0 and —(ia)? = a2,
thus by (2.4),

lalf? < ni[a?).
Hence (2.4) implies Theorem 1.2. On the other hand Theorem 1.2 im-
plies (2.4):

Let z € Ay, hence there is @ € R such that a := i(z — al) € H(A). By
Proposition 2.1, ||z|| = r(z). We have —z? = —a?1 + 2iaa + a?, hence for
¢ € D(A; 1)

Rep(—z?) = —a? 4+ 2Rep(iaa) + Rep(a®) = Rep(a®) — a?.
Consequently
ni[~2%] = ni[o’] - o® = |laf|* - o®.
Since n4[z] = a, we have
(2.5) 2n4[z]? + ny[—2?) = ||a||® + o

Now take A € o(z) = o(al —ta). Then A\ = a — i with S € o(a) CR. It
follows that

A? = o + 5% < o® + o],
therefore 7(x) < a? + ||a/|>. Now use (2.5) to see that (2.4) holds.
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