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GENERALIZED THREE-STEP ITERATION SCHEMES 
AND COMMON FIXED POINTS OF THREE 

ASYMPTOTICALLY QUASI-NONEXPANSIVE MAPPINGS 

Abstract. In this paper, we study strong convergence theorems for a generalized 
three-step iterative scheme with errors to approximate common fixed points of three 
asymptotically quasi-nonexpansive mappings in real Banach spaces. Our results gen-
eralize and improve upon the corresponding results in [1], [2], [3], [4], [5], [6], [7], [9], [13] 
and [16]. As an application of our results, we give and prove strong convergence theorems 
in uniformly convex Banach spaces. 

1. Introduction and preliminaries 
Let C be a nonempty subset of a real Banach space E. A mapping 

T : C —> C is called uniformly L-Lipschitzian if there exists a positive 
constant L such that \\Tnx — Tny\\ < L\\x — y||, for all x,y £ C and for all 
n > 1. 

A mapping T : C —> C is said to be asymptotically nonexpansive if there 
exists a sequence {kn} C [0, oo) with l imn-^ kn = 0 such that ||Tnx — 
Tny\\ < (1 + kn)\\x - 2/|j, for all x,y <E C and for all n > 1. 

Let F(T) denote the set of all fixed points of a mapping T. If F(T) ^ 0, 
then T is called asymptotically quasi-nonexpansive if there exists a sequence 
{kn} C [0, oo) with limn^oo K = 0 such that \\Tnx - p\\ < (1 + kn)\\x - p\\, 
for all x e C, p € F(T) and n > 1. 

Clearly, an asymptotically nonexpansive mapping must be asymptoti-
cally quasi-nonexpansive as well as uniformly L-Lipschitzian with the uni-
form Lipschitz constant L = sup{l + kn : n > 1}, but the converse is not 
always true. 
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In 1995, Lui [8] introduced the concept of Ishikawa iteration process with 
errors by the sequence {xn}^=1 defined as follows: 

xi G X 

(1.1) x n + 1 = (1 - an)xn + anTyn + un, n = 1 ,2 , . . . 

yn = (1 - Pn)xn + PnTXn + Vn 

where {an} and {/3n} are two sequences in [0,1] and {un} and {vn} are 
bounded sequences in E satisfying the following conditions 

oo 
( 1 . 2 ) Y. w < 

n=0 
00 

(1.3) £ K I I < ° ° . 
71=0 

If (3n = 0, n > 0 and vn = 0, n > 0 then the Ishikawa iteration process with 
errors (1.1) reduces to the Mann iteration procedure with errors in the sense 
of Liu which is defined recursively as follows 

xi G X 
(1.4) xn+i = (1 - an)xn + anTxn + un, n = 1 ,2 , . . . 

with {an} C [0,1] satisfying appropriate conditions and {un} satisfying 
condition (1.2). 

The Ishikawa iteration process with errors (1.1) with null sequences {un} 
and {fn} clearly reduces to the usual Ishikawa iteration procedure and sim-
ilarly the Mann iteration procedure with errors (1.4) with a null sequence 
{un} reduces to the usual Mann iteration procedure. 

A more satisfactory concept of Ishikawa and Mann iterative processes 
with errors was given by Y. G. Xu [15] as follows: 

Let C be a nonempty convex subset of a Banach space E and T : C —> C 
a mapping. The sequence defined iteratively by 

Xi G C 

(1.5) xn+i = anxn + /3nTyn + Jnun, n>l 

Vn = Q-nXn + l3nTx Tl 

where {un} and {wn} are bounded sequences in C and {an}, {(3n}, {"in}, 
{an}, {$n} and {7n} are sequences in [0,1] such that an + f3n + jn = an + 
0n + in — 1, n > 1 is called the Ishikawa iteration sequence with errors. If 
a n = 1, n > 1 then the Ishikawa iteration with errors (1.5) reduces to the 
Mann iteration with errors defined by the following scheme 
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xi e C 

( 1 . 6 ) xn+1 = anxn + f3nTxn + 7 n u n , n > 1 

with 0 < a n , Pn, In < 1, a n + /9n + In = 1, n > 1 and bounded sequences 
{ u n } C C in C. 

In 2004, H. Fukhar-ud-din and S. H. Khan [2] studied an iterative process 
with errors in the sense of Liu for two asymptotically nonexpansive mappings 
in a uniformly convex Banach space. 

In 2006, J . U. Jeong and S. H. Kim [5] studied the Ishikawa iterative 
scheme with error members for a pair of asymptotically nonexpansive map-
pings S, T defined as follows: 

x\ G X 

( 1 . 7 ) xn+\ = anSnyn + bnxn + cnun, n > 1, 

Vn — ^nT %n bnXn + Cn^n, 

where { a n } , { 6 n } , { c n } , { a n } , {bn} and { c n } are sequences in [0,1] with 
0 < 6 < an, an < (1 - 5) < 1, an + bn + Cn = an + bn + cn — 1 and {un} and 
{wn} are bounded sequences in C. 

Recently, H. Fukhar-ud-din and S. H. Khan [3] studied the iterative 
scheme (1.7) for two asymptotically quasi-nonexpansive mappings in real 
Banach spaces. 

Motivated and inspired by the previous studies, we introduce a new 
three-step iterative scheme {x n } ' ^ = 1 associated with three asymptotically 
quasi-nonexpasnsive mappings S,T, R : C —> C as follows: 

X\ £ X 

( 1 . 8 ) xn+i = anSnyn +/3nxn + inUn, n= 1 , 2 , . . . 

Vn = ^nT fJ-n^n VnVn, 

— %n "I" VnXn "I" Cn^ni 

where { a „ } , {f3n}, { 7 n } , {A„}, {nn}, {un}, {r]n} and {Cn} are se-
quences in [0,1] such that a n + / ? n + 7 „ = 1, An+IJ 'n + ^n = 1, £n+Vn+Cn = 1, 
n > 1 and {vn} and {wn} are bounded sequences in C. 

If S, T and R are asymptotically nonexpansive mappings such that S = 
T = R, then the iterative procedure (1.8) reduces to the one introduced by 
Cho and Zhou [1]. If 5 , T and R are asymptotically nonexpansive mappings, 
S = T = R and un = vn = wn = 0, n > 1, then scheme (1.8) reduces to the 
three-step iteration defined by Xu and Noor [16]. 

In this paper, we prove weak and strong convergence of the procedure 
(1.8) to a common fixed point of 5 , T and R under certain restrictions. Our 
results generalize and improve upon the corresponding results in [1], [2], [3], 
[4], [5], [6], [7], [9], [13] and [16]. 
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In the sequal, we need of the following definitions and lemmas. 
A mapping T : C —> C with F{T) ^ 0 is said to satisfy condition (A) 

(see [12]) if there exists a nondecreasing function / : [0, oo) —> [0, oo) with 
/ (0) = 0 , f(r) > 0 for all r G (0, oo) such that 

\\x-Tx\\>f(d(x,F(T))), 

for all x € C, where 

d(x,F(T)) = inf{||x - x*|| : £* € F(T)}. 

Khan and Fukhar ud-din [7] modified condition (A) for two mappings as 
follows: 

Two mappings S, T : C —> C are said to satify condition (A) if there 
exists a nondecreasing function / : [0, oo) —> [0, oo) with / (0) = 0 , f(r) > 0 
for all r G (0, oo) such that 

±(\\x-Tx\\ + \\x-Sx\\)>f(d(x,F)), 

for all x £ C, where 

d(x, F) = inf{||x — x*\\ : x* G F}, F = F{S) n F(T). 

Note that condition (^4') reduces to condition (A) when 5 = T. 
We modify the latter for three mappings S, T, R : C —> C as follows: 
Three mappings 5, T, i? : C —> C are said to satisfy condition {A") if 

there exists a nondecreasing function / : [0, oo) —> [0, oo) with / (0) = 0 , 
f(r) > 0 for all r € (0, oo) such that, for all x € C, either ||x — S'xH > 
f(d(x, F)) or ||x - Tx || > f(d(x, F)) or ||x - Rx\\ > f{d(x, F)), where, 

d(x, F) = inf{||x - x*|| : G F}, F = F(S) D F(T) D F(R). 

Remark 1.1. If R = I or R = S or R = T then condition (A") obviously 
reduces to condition (Ar) introduced by Khan and Fukhar ud-din [3] which 
makes condition {A") more general than condition {A). 

The following lemmas are useful in proving our main results. 

Lemma 1.1 ([11]). Let X be a uniformly convex Banach space, 0 < a <tn < 
(3 < 1, and {x„} and {yn} be two sequences in X such that limsupn_,00||xri|| 
< I, limsupn—xx,11yn11 < I and limn^oo ||in̂ n + (l-in)yn|| = I for some I > 0. 
Then limn^oo \\xn - Vn II = 0 . 

Lemma 1.2 ([14]). Let {wn}> {pn}, and {an} be sequences of nonnegative 
real numbers satisfying the inequality 

W„+l < (1 + Pn)Un + <7„, U > 1. 

If Xl^Li Pn < oo and Yl^Li an < oo, then lim^oo un exists. 
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2. Main results 
Throughout this paper, F will denote the set of common fixed points 

of S, T and R, i.e, F = F(S) n F(T) n F(R). We begin with giving the 
following proposition. 

P R O P O S I T I O N 2 .1 . If C is a nonempty convex subset of a real uniformly 
convex Banach space E and S,T,R : C —> C are asymptotically quasi-
nonexpansive mappings with sequences {ln}, {l'n}, {l'n} in [0, oo) such that 
limn-tooln = limn^ool'n = limn->ool'n = 0- Then S, T and R are asymp-
totically quasi-nonexpansive each with a sequence {kn}™=1 such that kn = 
max{Zn, l'n, Z"}. 

P r o o f . Clearly, {/cn}^L1 is in [0, oo), furthermore limn—xx) kn = 0. • 

L E M M A 2 .2 . Let C be a nonempty convex subset of a normed space E. Let 
S,T, R : C —> C be asymptotically quasi-nonexpansive mappings such that 
for all x G C, p £ F and for all n> 1 

\\Snx-p\\<(l + ln)\\x-pl 
| |Tnx — < (1 + l'n)\\x — p||, 
\\Rnx-p\\<(l + 0\\x-p\\, 

where {ln}, (C}> On) are sequences in [0, oo) with < oo, 
< oo and < Let {xn} be the sequence defined in (1.8) 
w i t f l n < oo , < oo and < OO. If F 0 then 
lining oo - p\\ exists for all pe F. 
P r o o f . By Proposition 2.1, there exists a sequence {kn}^=i in [0, oo) with 

kn < oo such that for all x G C, p G F and all n > 1 

| | S n x - p | | < (l + fcn)||x-p||, 
\\Tnx-p\\<(l + kn)\\x-p\\, 
\\Rnx-p\\<(l + kn)\\x-p\\. 

Since and are bounded sequences in C then there 
exists, 0 < M < oo, such that 

M = max{sup ||«„ - p||, sup \\vn - p||,sup \\wn - p | | } . 
n>1 n>1 n>1 

Now, for any p £ F we have 

\\xn+l - p\\ = \\oLnSnyn + PnXn + 7 n U n ~ p\\ 

< an\\Snyn-p\\ + Pn\\Xn — p\\ + 7 n | K - p | | 
< (1 + kn)an\\yn - p|| + (3n\\xn - p\\ + jnM 
= (1 + kn)an\\\nTnzn + nnxn + vnvn - p|| + /3n\\xn - p\\ + 7nM 
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< (1 + kn)anXn\\T
nzn - p\\ + (1 + kn)annn\\xn - p\\ + (3n\\xn - p\\ 

+ (1 + kn)anvn\\vn - p\\ + 7 n M 

< (1 + K) 
p\\ + [(l + kn)anfin + (3n}\\xn-p\\ 

+ (1 + kn)anvnM + 7 n M 

< (1 + kn)
2an\n^n\\R

nxn — p|| 

+ (1 + kn)
2anXn(,nM + (1 + kn)anvnM 

+ 7 n M + [Pn + (1 + kn)anfj,n + (1 + kn)
2an\nr)n]\\xn - p|| 

< [¡3n + (1 + kn)ocnpn + (1 + kn)
2anXnr]n + (1 + kn)

3anXn^n]\\xn - p\\ 

+ (1 + kn)
2anXn(nM + (1 + kn)anvnM + 7 n M 

< (OinXnin + OinXnT)n + an/in + f3n)( 1 + kn)
3\\xn - p|| 

+ [(1 + kn)
2an XnCn + (1 + kn)anun + 7n]M 

< (1 + knf\\xn - p\\ + [(1 + kn)
2Qn + (1 + kn)pn + 7 n ] M . 

Since {kn} is a bounded sequence, then there exists h > 0 such that kn < h, 
n > 1. Therefore, 

Ikn+l - p|| < (1 + knf\\xn - p|| + [(1 + h)2Cn + (1 + h)un + 7n]M. 

Using that 7n < 00, S ^ L i 
un < 00, Cn < 00 and kn < 00 

and applying Lemma 1.2, we deduce that limn_»00 ||x„+i — p\\ exists for all 
p € F. m 

L E M M A 2 . 3 . Let C be a nonempty convex subset of a normed space E. Let 

S,T,R : C —» C be uniformly L-Lipschitzian. Let { x „ } be the iterative 

sequence defined in ( 1 . 8 ) with J ^ L i In < 0 0 , un < c o and X ^ L i Cn < 

00. If 
lim \\xn — 5 n x n | | = lim \\xn — T n x n | | = lim \\xn — R

nxn\\ = 0. 
n—+ 00 n—> 00 71—• 00 

Then 

lim \\xn - Sxn | | = lim \\xn - Txn\\ = lim ||x„ - Rxn\\ = 0. 
n—>oo n—>oo n—>oo 

P r o o f . Set 

CLji — S 

bn
 = 11 T 11 j 

Cn ~ ~ ||^n Lt 

We have 

| | x n 'S'xjj.|| < | |x„ — S x n | | + US' xn Sx^H 

< an + L | | 5 N ^xn — 
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= an + L ( | | x n - Xji—i|| + | | x n _ ! - S ^ X n - i l l + | | 5 n ~ 1 x „ _ i - S n - 1 x n | | ) 

< an + Lan-1 + L | | x n 1 | | + L 2 | | x n—1 -Era • 

H e n c e , w e g e t 

( 2 . 1 ) | | x n - 5 x n | | < an + Lan-\ + L ( L + l ) | | x n - x „ _ i | | . 

W e c a n s i m i l a r l y s h o w t h a t 

( 2 . 2 ) | | x n - Txn\\ < bn + L 6 n _ ! + L ( L + l ) | | x 

a n d 

( 2 . 3 ) \\xn - Rxn\\ <Cn + L C n + L ( L + l ) | | x 

S i n c e { u „ } , { w n } , { u > n } a n d { x n } a r e b o u n d e d s e q u e n c e s i n C t h e n t h e r e 

e x i s t s a p o s i t i v e r e a l n u m b e r M s u c h t h a t 

m a x { s u p \\un - xn\\, s u p | | u n - x „ | | , s u p H«;,, - x n | | } < M'. 
n > l n > l n > 1 

N o w , w e h a v e 

| | x n - x n _ i | | < | | a n _ i 5 n _ 1 y n _ i + / 3 n _ i x n _ i + 7 n _ i u n _ i - x „ _ i | | 

< an-i\\Sn~1yn-i - xn—i|| + 7n_i||un_i - xn-i|| 

< a n - i l l ^ " - 1 ^ - ! - S ^ E n - i l l + a n _ 1 | | 5 n - 1 x n _ 1 - x n _ i | | + 7 n _ i M ' 

< an-iL\\yn-i - Xji—i|| + a n _ i a n _ x + 7 n - i M ' 

= an-lL\\Xn-iTn''1 Zn-l + IJ,n-iXn-l + l>n-iVn-l - x n _ i | | 

+ a n - l O n - l +ln-\M' 

< a n _ i A n _ i L | | T n _ 1 2 ; n _ i - x n - i | | 

+ an-iLvn-i\\vn-i %n—i || + a n _ i o n _ i + 7„- i M' 

= an-iAn-iLUT71"1^-! - T n ~ l X n - i + r - ^ n - i - X „ _ i | | 

n—1 l|| + Oin-lO-n-l +1n-lM 

< « „ - l A n - i L U T " - 1 ^ - ! - T " _ 1 X „ _ i | | 

+ Q i n - l A r l _ l L | | r n ~ 1 X n _ i - Xn—\ || 

+ otn-ivn-iL\\vn-i - x n _ i | | + a n _ i a n _ i + 7 „ _ i M ' 

< an-\Xn-iL2\\zn-i - x n _ i | | + a n - i \ n - \ L b n - i + a n _ i a n _ i 

+ an-xVn^LM' + 7n-lM' 

< a n _ l A n _ l £ „ _ i L 2 | | i ? n _ 1 X „ _ i - X n _ l | | + a n - l A n - l C n - l - C ' 2 - ® n - l | | 

+ «„-lAn-iLbn-i + an-\an-\ + a n _ i i / n - i L M ' + 7n_iM/ 

< a n _ i a n _ i + a n _ i A „ _ i L 6 n _ i + a : n _ i A n _ i £ n _ i L 2 c n _ i 

+ ttn-iAn-iCn-l^Af' + « „ - 1 ^ - 1 LM' + 1n-\M'. 
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Hence, we obtain 

(2.4) \\xn - xn-i || < an-1 + Lbn-i + L2cn-1 
+ Cn-i^M' + Un-iLM' + 7n-lM'. 

Since limn_> 0 0 7 n = l i m ^ o o un — l i m ^ o o ( n = 0, then it follows from 
(2 .5) that limn_^oo \\xn - zn_i|| = 0 whenever limn_^oo an = limn^oo bn = 
linin—>oo c n = 0. 

Using this by inequalities (2 .2) , (2 .3) and (2 .4) we conclude that 

lim ||a;n — 5xn|| = lim ||xn — Txn\\ = lim ||xn — i2xn|| = 0, n—>oo n—too n—too 
whenever 

lim |bn - 5nxn|| = lim \\xn - T^xA = lim \\xn - Rnxn|| = 0. • n—>oo n—>oo n—> oo 
L E M M A 2 . 4 . Let C be a nonempty convex subset of a uniformly convex 
Banach space E. Let S,T, R : C —» C be uniformly L-Lipschitzian asymp-
totically quasi-nonexpansive mappings. Let {xn} be the iterative sequence 
defined in (1 .8) with < oo, Y^=ivn < Z ^ L i C n < oo and 
Q<5< an,\ n,£n <(l-6)<l,n>l. If F ^ 0, then 

lim ||xn — Sxn|| = lim Ha^ — Txn\\ = lim \\xn — = 0. 
n—»oo n—> oo n—»oo 

P r o o f . Let p G f . Then, by L e m m a 2.2, limn_^00 \\xn — p\\ does exist. 
Suppose linin-Kx, \\xn — p|| — c for some c > 0. If c = 0, there is nothing 
to prove. Suppose c > 0. Since S,T, R : C C are asymptotically quasi-
nonexpansive mappings, then there exists a sequence {A; n }^ = 1 in [0,1] with 
limjj—Kx, kn = 0 and we have 

IIVn - p|| = ||An[Tnzn -p + un(vn - xn)] + (1 - A n ) [ x n - p + un{vn - xn)] II 

< Are(l + kn) IIzn - p\\ + (1 - Xn)\\xn - p\\ + vnM' 
= An(l + kn)\\Zn[RnXn -p + Cn(wn - Xn)] + (1 ~ ~ P 

+ Cn(wn - X„)]|| + (1 - A„)||xn - p|| + VnM' 

< A„(l + kn)in\\Rnxn - p|| + A„(l + kn)( 1 - £ n J 112-n P || 
+ ( 1 - A 71) ||Xn - p\\ + An(l + kn)Cn\\wn - xn\\ + VnM' 

< [A„e„(l + kn)2 + A n ( l + kn){ 1 - in) + (1 - An)]||xn - p\\ 

+ [An(l + kn)Cn + Vn}M'. 
This implies 

||Vn ~ P|| < [1 + ¿(1 - S)kn + (1 - 6)2k2n]\\xn ~ p\\ 
+ +[(l-6)(l + kn)Cn + Vn}M'. 

Since limn^oo kn = 0, Yl^Li vn < oo and Y ,n=i Cn < oo, then, taking 



Generalized three-step iteration schemes 

lim sup on both sides of the above inequality, we get 

(2.5) limsup \\yn — p|| < c. 
n—>oo 

Since 

limsup||zn+i -p|| = c, 
n—>oo 

then 

(2.6) limsup ||an[Snyn -p + 7 n (u n - xn)] 
n—* 00 

+ (1 - an)[xn - p - f 7 n (u„ - x„)]|| 

and since S is asymptotically nonexpansive, we have 
\\Snyn-P + l n { u n - X n ) \ \ < \\Snyn-p\\ +7n||«n ~ ®n|| 

< (l + fcn)ll!/»-PH + 1 n M ' . 

Hence, in view of (2.6), we obtain 

(2.7) limsup ||Snyn -p + f3n{un - x„)|| < c. 
n—>oo 

Furthermore, we have 

\ \ X n - P + l n { u n - Xn)|| < \\xn - p\\ +7n||un - Xn\\ 

< \\xn - p\\ + lnM', 

which implies 

(2.8) limsup \\xn - p + 7n(Un - Zn)|| < C. 
n—• 00 

Applying Lemma 1.1, in virtue of (2.7), (2.8) and (2.9), we obtain 

( 2 . 9 ) l im | | S n y n - x n \ \ = 0 . n—»00 
Now, we have 

< \\xn-Snyn\\ + \\Snyn-p\\ 

< \\xn-Snyn\\ + (l + kn)\\yn-p\\. 

Hence, taking lim inf and using (2.10), we get 

(2.10) c < lim inf ||yn — p||. n—> 00 
It follows from (2.6) and (2.11) that 

limsup ||yn — p|| < c < lim inf ||yn - p||, 
n—>00 n—><x> 

that is, 

lim ||yn - p|| = c, 
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which means that 

(2.11) lim | | A n ^ Z n - p + v n ( v n - x n ) ] 

n—>00 

+ ( 1 - \ n ) [ x n - P + V n ( V n - X n ) ] \ \ = C . 

Moreover, we have 

W T ' Z n - p + U n i V n - X n ^ l < p ™ Z n - p | | + v n \ \ v n - X n \ \ 

< ( \ + k n ) \ \ z n - p \ \ + v n M ' 

< ( 1 + k n ) Z n \ \ R n x n - p \ \ + ( 1 - £ „ ) ( 1 + k n ) \ \ x n - p \ \ 

+ C n ( l + k n ) \ \ w n - x n \ \ + V n M ' 

< [ ( 1 + k n ) 2 C n + ( 1 - C n ) ( l + k n ) ] \ \ x n - p \ \ + [ C n ( l + K ) + U n ] M ' , 

which yields 
| | r ^ Z n - p + U n { v n - X „ ) | | < [ 1 + k n + ( 1 - S ) k n + ( 1 - 5 ) k * ] \ \ x n ~ p \ \ 

+ [ C n ( l + K ) + V n ] M ' . 

Taking lim sup on both sides of the above inequality, we get 
(2.12) lim sup || ' J T z n - p + u n ( v n - x n ) \ \ < c. 

n—>oo 
On the other hand, we have 

| \ x n ~ P + V n ( v n - P ) || < \ \ x n - P | | + V n M ' , 

which implies that 

(2.13) lim sup ||x„ — p + v n { v n — p)|| < c. 
n—>oo 

Applying Lemma 1.1, in view of (2.12), (2.13) and (2.14) we obtain that 

(2.14) lim W T ^ Z n - X n W = 0 . 
n—»oo 

Since 

| | 5 n x n - x n \ \ < | | S n y n - S n x n | | + | | S n y n - x n \ \ 

< (1 + fcn)||AnTnzn + (1 - A„ - v n ) x n + U n V n - x n \ \ 

+ \ \ S n y n - x n \ \ 

< (1 + fen)(l - 5 ) 1 1 ^ - X n \ \ + (1 + k n ) u n M ' + | | S n y n - x n \ \ 

Thus, using (2.10) and (2.15), we obtain 

(2.15) lim ||5na;n — xn | | = 0. 
n — H X 

Now observe that we have the following estimate 

I \ * n - P|| = 11 [ R n X n - p + C n { w n ~ X n ) ] + (1 - £„)[x„ - p + ( n ( w n ~ X n ) } || 

< Z n \ \ R n X n ~ P \ \ + (1 -£n) | |Sn - p \ \ + C n | k n - X „ | | 
< [ l + ( l - 6 ) k n ] \ \ x n - p \ \ + < ; n M ' . 
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Hence, taking lim sup on both sides, we obtain 

(2.16) limsup| |zn — < c. 
n—>00 

Also, 

I l*n-P | | < | | X „ - R N Z N | | + | | T N Z N - P | | 

< \\xn-Tnzn\\ + (l + kn)\\zn-p\\, 

which after using (2.15) and taking lim inf on both sides yields 
(2.17) c < lim inf \\zn - p l l . n—> 00 

It follows from (2.17) and (2.18) that 

(2.18) lim \\zn-p\\ =c. 
N—* 00 

Thus, from (2.19), we derive the equality 

(2.19) lim Un[RnXn-P+Cn{Wn-Xn)] + (1-£n)[Xn-P+(n(wn-Xn)}\\ = C. 
n—Hxi 

Also, we have 
\ \ R n x n - p + Cn(wn-xn)\\ < (1 + kn)\\xn -p\\ + CnM' 

i. e., 
(2.20) l i m s u p | | i ? n x n - p + Cn(^n-a;n) | | < c, 

N—> 00 

and 
(2.21) lim sup \\xn - p + Cn(wn -®n) | | < C. 

N—»00 

Using (2.20), (2.21) and (2.22) and applying Lemma 1.1, we get 
(2.22) lim \\Rnxn-xn\\ = 0. 

n—>oo 

Finally, we have 
\\Tnxn - xn\\ < ||Tnzn - Tnxn|| + ||Tnzn - xn\\ 

< ( 1 + kn)in\\RnXn - x n | | + ( 1 + kn)CnM' + | | T " 

Hence, using (2.15) and (2.23), we obtain 
(2.23) lim \\Tnxn — xn | | = 0. n—>oo 

Prom Lemma 2.3 and using (2.16), (2.23) and (2.24) the desired result fol-
lows. • 

Now, we are prepared to prove our strong convergence theorems. 

T H E O R E M 2 . 5 . Let C be a nonempty closed convex subset of a real Banach 
space E. Let S, T and R be asymptotically quasi-nonexpansive mappings 
with a sequence {kn}%L x in [0, 0 0 ) such that kn < 00 . Let F / 0 and 
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{ X N } be the sequence defined in Lemma 2.2. Then {xn} converges strongly to 

some common fixed point of S, T and R if and only if lim in f™-^ d(xn, F) 

= 0 , where d(x, F) = infpgjr ||x — p||. 

P r o o f . In the proof of Lemma 2.2, we obtained that 

||®n+l - p|| < (1 + knf\\xn - p\\ + [(1 + kn)2Cn + (1 + kn)vn + 7 „ ] M , 

which implies 

d(xn+i,F) < (1 + knfd(xn, F) + [(1 + kn)2Cn + (1 + kn)vn + jn]M. 

We can prove, by an argument similar to that in the proof of Lemma 2.2, 
that limn^oo d(xn, F) exists for any p G F. But liminfn-xx, d(xn, F) = 0, 
by hypothesis. Hence we have limn^oo d(xn, F) = 0. 

Now, for any q € F, we have 

||Xn+m ~ Xn\\ < \\xn+m - + ||xn -

which implies that 

(2.24) ||ZN+M - Xn\\ < d(xn+Tn, F) + d(xn, F). 

Letting n —> oo on both sides of (3.1), we get 

lim \\xn+m - xn|| = 0. 
71—> OO 

This means that {xn} is a Cauchy sequence. Since C is a closed sub-
set of a Banach space E, then, {xn} converges to some q G C. Since 
limn-xx, d(xn, F) = 0 then d(q, F) = 0. 

Now we prove that F = {p : p G F(S) FL F(T) n F(R)} is closed. So let 
{pn} be an arbitrary sequence of elements of F such that pn —> p. We show 
that p G F, i.e, show that Sp = Tp = Rp — p. For this purpose, consider 
the following estimate 

\\Sp - p\\ < ||Sp - Pnll + llPn - p|| 

< ( l + *Vi)l|P-Pn|l + l|Pn-Pll> 

which , as n —> oo, gives 

I |SP -P I I <O . 

Thus Sp = p. Similarly Tp = p and Rp — p. By closedness of F and 
d(q, F) = 0 we have that q G F, which completes the proof. • 

COROLLARY 2.6. If C is a nonempty closed convex subset of a real Ba-

nach space E, S, T and R are asymptotically nonexpansive mappings with 

a sequence { f c n } ^ ! in [0, oo) such that X ^ i kn < oo, F / 0 and {xn} is 

the sequence defined in Lemma 2.2. Then {xri] converges strongly to some 

common fixed point of S, T and R if and only i / l im in f n _ > 0 0 d (x n , F ) = 0, 
where d(x, F) = infpef ||x — p||. 
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R E M A R K 2 . 1 . Theorem 2 . 5 generalizes Theorem 1 of [9] and extends Theo-
rem 1 in [3] to the case of three asymptotically quasi-nonexpansive mappings 
using an easier proof than that in [3]. 

T H E O R E M 2 .7 . Let C be a nonempty closed convex subset of a uniformly 
convex Banach space E. Let S,T, R : C —> C be asymptotically quasi-
nonexpansive mappings with a sequence {kn}'£J

=1 in [0, oo) such that Yl^Li kn 

< oo and satisfying condition (A"). Let {xn} be the iterative sequence de-
fined in Lemma 2.4. If F = F(S) FL F(T) n F(R) ^ 0 then {xn} converges 
strongly to a common fixed point of S, T and R. 

P r o o f . By Lemma 2.4 and Condition (A"), we get that either 

lim f(d(xn,F)) < lim \\xn — ¿>£„11 = 0 
ra—»oo n—»oo 

or 

lim f(d(xn,F)) < lim \\xn - Txn\\ = 0 
n—»oo n—» oo 

or 

lim f(d(xn,F)) < lim \\xn — Rxn\\ = 0. 
n—* oo n—»oo 

Hence 

lim f{d(xn,F)) = 0, 
n—»oo 

in any case. Since / : [0, oo) —> [0, oo) is a nondecreasing function with 
/ (0) = 0 , f(r) > 0 for all r G (0, oo), then we have 

lim d(xn, F) = 0. 
n—»oo 

Hence, by the conclusion of Theorem 2.5, we conclude that {xn} converges 
strongly to a common fixed point of S, T and R. • 

COROLLARY 2 .8 . If C is a nonempty closed convex subset of a uniformly 
convex Banach space E and S,T, R : C —» C are asymptotically nonexpan-
sive mappings with a sequence {kn\'£'=1 in [0, oo) such that X ^ i kn < oo 
and satisfying condition (A"), and {xn} is the iterative sequence de-
fined in Lemma 2.4. Then {xn} converges strongly to a common fixed point 
of S, T and R . 

R E M A R K 2 . 2 . Theorem 2 and Corollary 1 in [3] can be obtained from 
Theorem 3.3 and Corollary 3.4 as special cases when % = 1, n > 1. 
Since uniformly L-Lipschitzian asymptotically quasi-nonexpansive mapping 
is asymptotically nonexpansive mapping, then Theorem 2 in [6] is included 
in Theorem 3.3 with a weaker condition than compactness and moreover, 
for three mappings. 
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