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NOTES ON INTEGRAL INEQUALITIES 

Abstract . New results, generalizations and improvements concerning several integral 
inequalities are obtained. 

1. Introduction 
The following kinds of integral inequalities were presented first by 

F. Qi [10]. He proved the following results: 
PROPOSITION 1.1. Let f(x) be differentiable on (a,b) and f(a) = 0. If 
0 < f'{x) < 1, then 

b 6 2 

(1.1) \(f(x))3dx<(\f(x)dx) . 
a a 

If f'ix) > 1) the inequality (1.1) reverses. The equality in (1.1) holds if 
f(x) = 0 or f(x) = x — a. 
PROPOSITION 1.2. Suppose f(x) has continuous derivative of nth order on 
the interval ia, b\, /W(a) > 0 and f(n\x) > n!, where 0 < i < n — 1. Then 

(1.2) \(f(x))n+2dx> (\f(x)dx)n+\ 
a a 

F. Qi as well-posed the following open problem: 

Under what conditions does the inequality 
b b t_1 

(1.3) \(f(x)Ydx> (\f(x)dx) 
a a 

hold for t> I? 
Many mathematicians studied the complements, variants and continua-

tions of Qi's integral inequality; see the references of this paper. 
In [7], the authors proved the following result 
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THEOREM 1.3. Assume that the condition: f(x) is nonnegative continuous 
on [0,1] satisfying 

(1.4) ¡ / ( t j r f t ^ i z f ! , V x € [ 0 , l ] . 
X 

Then 
l l 

(1.5) \fa+1(x)dx > \xaf(x)dx 
0 0 

for every real number a > 0. 

They also posed the following open problem. 
Let f(x) be continuous function on [0,1], satisfying 

l l 
(1.6) \f(t)dt>\tdt, Vx G [0,1]. 

X X 

Under what conditions does the inequality 
l l 

(1.7) J / a + / V ) dx>\xa f(x) dx, 
o o 

hold for a and /?? 
For the above problem, L. Bougoffa [1], [2] found an answer. He in fact 

presented the following 
THEOREM 1.4. Let f(x) be nonnegative function, continuous on [A, b] and 
differentiable on (a,b), with f'{x) > 1 (see [2]), and let a and ¡3 be positive 
numbers. If 

b b 
(1.8) \f(t)dt<\(t-a)dt, \/xe[a,b], 

X X 

then 
b b 

(1.9) \fa+fi{x)dx < \(x-a)af{x)dx. 
a a 

7/(1.8) reverses, then (1.9) reverses. 

2. Main results 
We start with Theorem 1.4, and improving this result by dropping the 

condition (1.8). Indeed, we prove the following: 
THEOREM 2.1 . Let f(x) be nonnegative function, continuous on [A, 6] and 
differentiable on (a, b) with f'{x) > 1, and let a, 0 be positive numbers. Then 
(1.9) is satisfied. 
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P r o o f . Set 
t t 

F(t) = J (x - a)a f(x) dx - J fa+/3(x) dx. 
a a 

Then, we have 

F'(t) = (t- a)af{t) - = f(t) ((t - a)<* ~ fa(t)) = 0 

if f(t) = t - a, 

F"(t) = (3{t - a)fP-\t)f{t) + a(t - a)a~lf(t) 

[F"(t)]m=t_a = a(t - a)"^-1 ( f { t ) - 1) > 0. 

This shows that F attains its minimum when f(t) — t — a which is 0. 
That is F(t) > 0. 

The following Lemma is needed for our aim 

LEMMA 2 .2 . Let /, g be two functions defined on [A, 6] such that f is nonnegat 
-ive, g'(x) > 1 with g(a) = 0, and let 7 > 0 .If 

(2.1) \ f(t) dt > \g(t) g'{t) dt = g 2 ( 6 ) ~ g 2 ( 3 : ) V x € [a, 6], 
X X 

then 

(2-2) \f{t)g\t)dt>-^—g^\b), 
a T + 2 

and 

(2.3) \fa(x)gP(x)dx>9 } , (a > 1,(3 > 0). 
J a + p + 1 a ' 

Proof. Since g'(x) > 0, then g is increasing which gives g(x) > g{a) = 0. 
By changing the order of integration, we have 
bb b t 1 6 

S $ m g^x) g'(x) dtdx = \ f(t) dt \ gi{x) g'{x) dx = — J f(t) g^\t) dt. 
CLX CL CL ^ Q, 

Also, we have 
bb b b 
J i m g^x) g\x) dtdx = \ f(t) di)gi{x) g'(x) dx 
ax ax 

> \ j (g\b) - g\x)) gi{x) g'{x) dx = ^ ^ ^ <T+3(&), 
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which together with the previous equality implies (2.2). Concerning (2.3), 
we apply AG inequality as follows 

- f W + — 9 a ( x ) > f ( x ) g a - \ x ) , 
a a 

and hence: 

- f a { x ) A x ) + ^ ± g ° + f > ( x ) > m g ^ - ^ x ) , a a 

/ a ( x ) / ( x ) > (1 - a)ga+^{x) + a f { x ) g a + ^ \ x ) 

> ( 1 - a ) g a + f } { x ) g'(x) + a / ( x ) g ^ H x ) . 

On integrating the above from a to b, and making use of (2.2), we obtain 
b b b 

5 f a ( x ) gP{x) d x > ( 1 - a ) j ga+l3(x) g'(x)dx + a j f ( x ) ga+p~l{x) dx 

> n - ^9a+i3+1(b) , ga+f3+1(b) ga+l3+1(b) 
} a + p + 1 ^ a + /3 + l a + /? + l" 

The above Lemma leads to the following 

T H E O R E M 2 . 3 . If the functions f and g satisfy the conditions of Lemma 

( 2 . 2 ) in addition to ( 2 . 1 ) , then 

b b 
( 2 . 4 ) j f a + P ( x ) d x > J f a ( x ) / ( x ) dx, 

a a 

for every real a > 1 and/3 > 0 . 

P r o o f . Using the AG inequality, we have 

° r + / 3 ( x ) > f a ( x ) ¡ f i x ) - - 4 - 5 g a + p { x ) 
a + (3 v / - ' v v / a + p-

> f » ( X ) g P ( X ) - J L ^ g ° + f > ( X ) < / ( X ) . 

Integrating both sides of the above inequality from a to b gives 
b b a b 

a 
J f a + P { x ) dx > 5 r (X) / ( x ) dx - J L - 5 ga+f>(x) g'(x) dx 

a + P a a a + P _ 

a + (3 \ r ( x ) / ( x ) dx + -JLp (5 r (x) / ( x ) dx - 5 9 ^ { x ) 9'(x) dx) 
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-OL + pY [X)9 [X)ClX+ a + 0\a + 0 + l a + P+l) 

b 
\r(x)gP(x)dx. 
b a 

a + P „ 
The result follows. 

R E M A R K 2.4. Theorem 2.3 covers the results of [3], [5], and [7] as these 
results are in fact special cases of this Theorem. As an example the result 
of [3] follows by putting g(x) = x, a = 0, b = 1. 

Concerning F. Qi's result (Proposition 1.2), the authors in [5], [8] and 
[12] have all dealt with this result in order to get some improvement. Among 
all of these, the result of [12] which is the best, and states the following: 

Let n be a positive integer. Suppose f(x) has a continuous derivative of 
the n-th order on the interval [a, 6] such that / ^ ( a ) = 0, where 0 < i < n—1, 
and 

fin)(x) > 
n\ 

( n + l ) n - l ' 

then 

(2.5) \fn+2{x)dx> (\f(x)dxy+\ 
a a 

Now we are in a position to give the following new results. 

T H E O R E M 2.5. Suppose f is positive and has continuous 2nd derivative on 
the interval [a, b] such that f(a) = 0, / ' (a ) = 0 , and let 7 > a > 0, ¡3 > 1, 

P(a + 1 ) > ( 7 + 1). If 

(2.6) ^ f f > / ? ( a + l ) - ( 7 + l ) , 

then 
b b g 

(2.7) \P(x)dx>{\fa(x)dx) . 
a a 

7/(2.6) reverses, then (2.7) reverses as well. 

P r o o f . By the hypothesis, f"(t) > 0, then f'(t) is increasing and hence 
f'(t) > f'(a> = 0. Set 

t t a 

F(t) = \r(x)dx-{\fa(x)dx) . 



892 W. T. S u l a i m a n 

0-2 

We have 

F\t) = r w - p r w ^ r w d x Y ' 1 = o, 
a 

if 

(2.8) p(\r{x)dxy~l = r~«{t). 
a 

F"{t) = 7 r~\t) f'(t) - P((3 - 1) f2a(t) (J f°{x) dx) 
a 

-a(3f2(*-\t)f'{t) (\f(x)dxy~\ 
a 

Now, for t satisfying (2.8), we have 

F"( t ) = ( 7 - «) / '(*) — c/5 — i) r + 7 ( i ) ( i r (x) dx) 
a 

_ (7 -a)p-\t)f{t) ft _ (/?-l)r + 1m 

If we are setting G(t) for the quantity in the brackets above, we have 

= /"(*) ( 1 - Z — : i a + 1 - ) ) >°> by the hypothesis. 
/ ? - ! / / ( t ) r ( t ) ' 

(/'(t))S 

Therefore G is nondecreasing. But G(a) = 0, then G(i) > 0. This implies 
that F"(t) > 0. That is F attains its minimum when t = a. But F(a) > 0, 
then F(t) > 0. This completes the proof. 

REMARK 2.6. In Theorem 2 .5 , if / is convex, the theorem is valid as 
f"(t) > 0. But if / is concave, that is f"(t) < 0 , and nondecreasing, 
then the theorem is valid if 7 + 1 > f3(a + 1). 

LEMMA 2.7. Let f be positive and has continuous 2nd derivative on the 
interval [a, b] such that f(a) > 0, /'(a) > 0. If 

mm 
cnt))2 

then: 

> k > 1, t G [a,b], 

f{t)<[{k-l)l^{t-a) + p-k{a) 
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P r o o f . By the hypothesis f"(t) > 0, then f'(t) is increasing and hence 
positive. We have 

f'(t) > kf'(t) 

which implies: 

and hence: 

m m ' 

i /'(*) a fW 
In f'(t) - In/'(a) > fc(ln/(t) - In/(a)) 
In f'(t) - klnf(t) > In/'(a) - klnf(a) 

/'(«) \; \rk(x)f(x)dx>(j^-)\dx, 
a J ^ ' a 

f(t) < ((* - 1) (t - a) + f-Ha? 1/(1 fc) 

The following is a good generalization for the result of [12], and hence for 
all similar results before, as well as the proof is via a very simple method. 

THEOREM 2 .8 . Let n be a positive integer. Suppose f(x) has a continuous 
derivative of the n-th order on the interval [a, 6] such that /^(a) = 0, where 
0 < i < n — 1. Let a, /?, 7 be positive numbers such that a(5 > 7 . If 

( 2 . 9 ) (f{n)(x)) > - 0 ) / 3 ( n a + D - ( n 7 + D i 

then (2.7) is satisfied. In particular for 7 = n + 2, (3 = n + 1, a = 1, we 
obtain (2.5). 

P r o o f . Taylor's expansion applied to / with Lagrange remainder states 
that 

f(x) = f (a)+ J2 (x ~ a)k + ^-{x - a)n for some £ e (a,x) 
k=0 ' n' 

On substituting for f(x) above in (2.7), we obtain: 
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Simplifying gives: 

( / ( n ) ( 0 ) 7 _ a / J > + l\y3 ( b - o ) / 3 ( n a + 1 ) _ ( n 7 + 1 ) . 

Therefore in order to have (2.7) satisfied, we get 

| 7 - a /8 > ( n 7 + 1) ( b _ a ^ ( n a + l ) - ( n 7 + l ) 
_ (na + 1)P y ' 
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