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ON SOME FORMS OF WEAKLY C O N T I N U O U S 
F U N C T I O N S IN BITOPOLOGICAL SPACES 

Abstrac t . As a generalization of weakly continuous functions, we introduce the 
notion of (i, j)-weakly m-continuous functions in bitopological spaces and obtain unified 
characterizations and properties of certain forms of weakly continuous functions in bitopo-
logical spaces. 

1. Introduction 
Semi-open sets, preopen sets, a-open sets and /3-open sets play an im-

portant role in the researching of generalizations of continuity in topological 
spaces. By using these sets many authors introduced and studied various 
types of modifications of continuity in topological and bitopological spaces. 
Maheshwari and Prasad [16] and Bose [2] introduced the concepts of semi-
open sets and semi-continuity in bitopological spaces. Jelic [7], Kar and 
Bhatacharyya [9] and Khedr et al. [13] introduced the concepts of preopen 
sets and precontinuity in bitopological spaces. The notion of a-open sets 
(or feebly open sets) and a-continuity (or feeble continuity) in bitopologi-
cal spaces were stdied in [8], [18] and [14]. The notions of /?-open sets and 
/3-continuity in bitopological spaces were studied in [13]. 

In 1961, Levine [15] introduced the concept of weakly continuous func-
tions in topological spaces. Bose and Sinha [4] extended the notion of 
weakly continuous functions to bitopological spaces. Weak semi-continuity 
in bitopological spaces are introduced and studied in [12]. Some proper-
ties of weak semi-continuity (or quasi-continuity) in bitopological spaces are 
studied in [23], [28] and [5]. Recently, the present authors [19] have in-
troduced and studied weakly precontinuous functions between bitopological 
spaces. The present authors [24], [25] introduced the notions of minimal 
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structure, ra-spaces and m-continuity. In [27], they introduced and studied 
the notions of weakly m-continuous functions. In the present paper, by us-
ing these concepts we obtain the unified definitions and properties of weak 
forms of continuity in bitopological spaces. 

2. Prel iminaries 
Throughout the present paper, (X, t i , T2) (resp. (X, r ) ) denote a bitopo-

logical (resp. topological) space. Let (X, r ) be a topological space and A be 
a subset of X. The closure of A and the interior of A are denoted by 01(A) 
and Int(A), respectively. Let (X, T\,T2) be a bitopological space and A be 
a subset of X. The closure of A and the interior of A with respect to r8 are 
denoted by ¿Cl(A) and ilnt(A), respectively, for ¿ = 1,2. 

DEFINITION 2.1 . A subset A of a bitopological space (X, n , T2) is said to be 
(1) (i, j)-regular open [1] (resp. (i, j)-regular closed) if A = ilnt(j 'Cl(A)) 

(resp. A = ?Cl(jInt(i4))), where i ^ j,i,j = 1,2, 
(2) ( i , j ) -semi-open [2] if A c jCl(zInt(v4)), where i j, i, j = 1, 2, 
(3) (i, j)-preopen [7] if A c 2lnt(jCl(vl)), where i ^ j, i, j = 1, 2, 
(4) ( i , j ) - a -open [8], [10] if A c ¿Int(jCl(«Int(A))), where i ^ j, i,j = 

1 , 2 , 
(5) (i, j)-semi-preopen (briefly ( i , j ) -sp-open ) [13] if there exists an (i, j)-

preopen set U such that U C Ac jC\(U), where i j, i,j = 1,2. 

The family of all (i, j)-semi-open (resp. (i, j)-preopen, (i, j ) -a-open, 
(i, j)-sp-open) sets of (X, n , T2) is denoted by ( i , j )SO(X) (resp. (z , j )PO(J i ) , 
(i,j)a(X), (i,j)SPO(X)). 

DEFINITION 2.2 . The complement of an (I, ^-semi-open (resp. (i, J)-pre-
open, (z, j )-a-open, (z^-sp-open) set is said to be (i, j)-semi-closed (resp. 
(i,j)-preclosed, (i, j)-a-closed, (i,j)-sp-closed). 

DEFINITION 2.3. The ( i , j)-semi-closure [16] (resp. ( i , j)-preclosure [13], 
(i,j)-a-closure [18], (i, j)-sp-closure [13]) of A is defined by the intersection 
of (i, j)-semi-closed (resp. (i, j)-preclosed, (i, j)-a-closed, (i, j)-sp-cAoscd) 
sets containing A and is denoted by (i , j)-sCl(A) (resp. (i, j)-pCl(A), ( i , j ) -
aCl(A), (i, j)-spCl(A)). 

DEFINITION 2.4 . The (i, j)-semi-interior (resp. (i,j)-preinterior, (i,j)-
a-interior , (i,j)-sp-interior) of A is defined by the union of (z,jf)-semi-
open (resp. (i, j)-preopen, (i, j ) -a-open, (i, j)-sp-open) sets contained in A 
and is denoted by (i, j)-slnt(^4) (resp. (i, j)-plnt(^4), (i, j ) -a ln t (A) , (i,j)-
spInt(A)). 

DEFINITION 2 .5 . Let (X,Ti,T2) be a bitopological space and A a subset of 
X. A point x of X is said to be in (i,j)-9-closure [10] of A, denoted by 
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(i,j)-Cle(A), if A n jC\(U) 0 for every reopen set U containing x, where 
i,j = 1,2 and i ¿j. 

A subset A of X is said to be (i,j)-6-closed if A = (i, j)-C\e{A). A 
subset A of X is said to be (i , j)-6-open if X — A is (i, j)-0-closed. The 
(i, j)-9-interior of A, denoted by (i, j)-Intg(A), is defined as the union of 
all (i , j)-9-open sets contained in A. Hence x e (i, j)-Intg(A) if and only if 
there exists a reopen set U containing x such that x G U C jC\(U) C A. 

LEMMA 2.1. For a subset A of a bitopological space (X, T\,T2), the following 
properties hold: 

(1) X - (i,j)-lnt6(A) = (iJ)-C\6(X - A), 
(2) X - (i,j)-C\e(A) = (i,j)-lnte(X - A). 

LEMMA 2.2. (Kariofillis [10]). Let (X, N , 72) be a bitopological space. If U 
is a Tj-open set of X, then (i, j)-C\e{U) = iC\(U). 

DEFINITION 2.6. A function / : (X,TI,T2) —• (Y,0-1,02) is said to be (i,j)-
weakly continuous [4] (resp. (i ,j)-weakly semi-continuous [12], (i ,j)-weakly 
precontinuous [19]) if for each x € X and each 0J-open set V of Y containing 
f(x), there exists a TJ-open (resp. (i, j)-semi-open, (I,j)-preopen) set U 
containing x such that /(£/) c jd(V). 

DEFINITION 2.7. A function / : (X, r i , r 2 ) —> (Y, 01,02) is said to be (i,j)-
weakly a-continuous (resp. (i,j)-weakly sp-continuous) if for each x G X 
and each o^-open set V of Y containing f(x), there exists an (i,j)-a-open 
(resp. (i, j)-sp-open) set U containing x such that f(U) C jCl(F) . 

REMARK 2.1 . Since every TJ-open set is (2, j)-semi-open (resp. (i, J)-pre-
open), every (¿, j)-weakly continuous function is (i, j)-weakly semi-continu-
ous (resp. (i, j)-weakly precontinuous) for i ^ j and i,j = 1,2. 

3. Minimal structures and weak m-continuity 

DEFINITION 3.1. A subfamily mx of the power set V(X) of a nonempty 
set X is called a minimal structure (or briefly m-structure) [23], [24] on X 
if 0 £ mx and X E mx-

By (X, mx) (or briefly (X,m)), we denote a nonempty set X with a 
minimal structure mx on X and call it an m-space. Each member of mx is 
said to be mx-open (or briefly m-open) and the complement of an m^-open 
set is said to be mx-closed (or briefly m-closed). 

DEFINITION 3.2 . Let X be a nonempty set and mx an m-structure on X. 
For a subset A of X, the mx-closure of A and the mx-interior of A are 
defined in [17] as follows: 
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(1) mx-C\(A) = n{F : Ac F,X - F G mx}, 
(2) mx-lnt(A) = U {U :U cA,Ue mx}. 

REMARK 3.1. (1) Let (X, RI,R2) be a bitopological space. Then the families 
(i, j)SO(X), (i, j)PO(X), (i,j)a(X) and (i, j)SPO(X) are all m-structures 
on X. 

(2) Let (X, Ti,T2) be a bitopological space and A be a subset of X. If 
mx = (i,j)SO(X) (resp. (i, j)PO(X), (i,j)a(X), (», j)SPO(X)), then we 
have 

(a) mx-Cl(A) = (¿,j)-sCl(A) (resp. (i, j)-pCl(A), (i,j)-aCl(A), (i,j)-
spCl(^)), 

(b) mx-Int(^l) = (t, j)-sInt(A) (resp. (t, j)-pInt(A), (i, j)-alnt(i4), (i,j)-
spInt(A)). 

LEMMA 3.1 (Maki et al. [17]). Let (X,mx) be an m-space. For subsets A 
and B of X, the following properties hold: 

(1) mx-C\{X -A) = X - mx-Int(A) and m x - In t (X - A) = X - mx-
C1(A), 

(2) If (X - A) € mx, then mx-Cl(A) = A and if A G mx, then mx-
Int(A) = A, 

(3) mx-C1(0) = 0,m x-Cl(X) = X, mx-lnt(0) = 0 and mx-Int(X) 
= X, 

(4) If A C B, then mx-C\(A) C mx-Cl(B) and mx-Int(A) C mx-
Int (B), 

(5) A C mx-Cl(^i) and mx-Int(A) C A, 
(6) mx-C\{mx-C\{A)) = mx-C\(A) and mx-Int(mx-Int(A)) = mx-

lnt(A). 

LEMMA 3.2 (Popa and Noiri [23]). Let (X,mx) be an m-space and A a 
subset of X. Then x G mx-Cl(A) if and only ifUP\A^$ for every U G mx 
containing x. 

DEFINITION 3.3. A minimal structure mx on a nonempty set X is said to 
have property B [17] if the union of any family of subsets belonging to mx 
belongs to mx-

REMARK 3.2 . Let (X,Ti,T2) be a bitopological space. Then the families 
(i, j)SO{X), (i,j)POpO, (i,j)a(X) and (i,j)SPO(X) are all m-structures 
on X satisfying property B by Theorem 2 of [16] (resp. Theorem 4.2 of [9] 
or Theorem 3 .2 of [13], Theorem 5 of [18], Theorem 3 .2 of [13]). 

LEMMA 3 .3 (Popa and Noiri [26]). Let (X,mx) be an m-space and A a 
subset of X. Then, the following properties are equivalent: 

(1) mx has property B, 
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(2) if mx-lnt(A) = A, then A G mx, 

(3) ifmx-Cl(A) = A, then A is mx-closed. 

DEFINITION 3.4. A function / : (X,mx) —> (Y,o) is said to be weakly m-

eontinuous [27] (resp. m-continuous [25]) if for each x G X and each V E o 

containing f(x), there exists U G mx containing x such that f(U) C C1(V) 
(resp. f(U) C V). 

DEFINITION 3.5. A function / : (X,mx) —> (Y,01,02) is said to be (i,j)-

weakly m-continuous if for each x G X and each V G oi containing f(x), 

there exists U G mx containing x such that f(U) C jCl(V). 

T H E O R E M 3.1. For a function f : (X,mx) —• (Y, 01,02), the following 

properties are equivalent: 

(1) f is (i, j)-weakly m-continuous; 

(2) m x - C l ( / - 1 ( j I n t ( i C l ( J B ) ) ) ) C f~l{iC\{B)) for every subset B of Y; 

(3) mx-Cl (/ _ 1 ( j ' In t (F ) ) ) C / _ 1 ( F ) for every (i, j)-regular closed set F 

°f Y; 

(4) m x - C l ( / - 1 ( F ) ) C / - 1 ( i C l ( V ) ) for every oj-open set V ofY; 

(5) f~\V) C m x - I n t ( / - 1 ( j C l ( V ) ) ) for every oi-open set V ofY. 

P r o o f . (1) => (2): Let B be any subset of Y. Suppose that x G X — 

/ _ 1 ( i C l ( S ) ) . Then f ( x ) G Y - iCl(B) and there exists a cr^-open set V of 
Y containing f(x) such that V f) B = Therefore, V fl j Int (zCl (B) ) = 
0 and hence j C l ( V ) fl jIrit(iCl(_B)) = 0. Therefore, there exists an mx-

open set U containing x such that f ( U ) C jC\(V). Hence, we have U fl 
/ ^ ( j l n t ^ C l ^ ) ) ) = 0 and x G X - m x -Cl (/- 1 ( j Int ( iC l ( .B ) ) ) ) by Lemma 
3.2. Thus, we obtain mx-C l (/ _ 1 ( j In t ( iC l (B ) ) ) ) C / ^ ( ¿ C l ^ ) ) . 

(2) (3): Let F be an (i, j)-regular closed set of Y. Then F = 

iCl( j ' Int(F) ) and we have 

mx-C\{f-\jlnt{F))) = m x - C l ( / - ^ I n t ( * C l ( j I n t ( F ) ) ) ) ) 

C/ - 1 ( zC l ( i In t (F ) ) ) = / - 1 ( F ) . 

(3) (4): Let V b e a cr,-open set of Y. Then iC l (V ) is (i, j)-regular 
closed. Then we obtain m x - C l t f ' 1 ^ ) ) C mx-C l (/ _ 1 ( j In t ( iC l (F ) ) ) ) C 
/ _ 1 ( iC l (V ) ) . 

(4) =>• (5): Let V be a <jj-open set of Y. Then Y" —j'Cl(V) is Uj-open and 
we have mx-Clif-^Y - j 'C l (F ) ) ) C f~l{iC\{Y - j C l ( F ) ) ) and hence X -
mx-lntif-^jCliV))) C X - / - ^ ¿ I n t i j C l ^ ) ) ) C X - f~\V). Therefore, 
we obtain / ^ ( V ) C m x - i n t ( f - 1 ( j C l ( V ) ) ) . 

(5) =>• (1): Let x G X and V be a cr^-open set containing f(x). We have 
x G f ' 1 ^ ) C m x T n t ( / _ 1 ( j C l ( y ) ) ) . Then there exists U G mx contining 
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X such that x G U C / _ 1 ( jC l ( F ) ) . Hence f(U) C jCl(V)). This shows that 
/ is (i, j)-weakly m-continuous. 

THEOREM 3.2. For a function f : (X,mx) —> (Y, ¿71,02), the following 
properties are equivalent: 

(1) f is (i, j)-weakly m-continuous; 

(2) f(mx-C\(A)) C (i,j)-Cle(f(A)) for every subset A of X; 

(3) mx-C\{f-l{B)) C f-\{i,j)-C\e{B)) for every subset B of Y; 

(4) mx-Cl(/-HjInt((z,^-CMB)))) C ^ ( ( i , j)-Cle(B)) for every sub-
set B of Y. 

Proo f . (1) (2): Assume that / is weakly m-continuous. Let A be 
any subset of X, x G mx-C\(A) and V be a Uj-open set of Y containing f(x). 

Then, there exists an m^-open set U containing x such that f(U) C jCl(V). 

Since x G rrix-Cl(A), by Lemma 3.2 we obtain U fl A ^ 0 and hence 
0 ^ /([/) n f(A) C jCl{V) n f(A). Therefore, we obtain f(x) G (i,j)-

C1 e(f(A)). 

(2) =>• (3): Let B be any subset of Y. Then we have f(mx-

CUf-^B))) C (ijyCloifif-^B))) C (i,j)-Cle(B) and hence mx-

(3) (4): Let B be any subset of Y. Since (i,j)-C\e(B)) is c^-closed in 
Y, by using Lemma 2.2 

= f-\iCl(jlnt((i,j)-Cle(B)))) c / - ^ C l ^ ^ - C M B ) ) ) 

= f-H(i,j)-Cle(B)). 

(4) => (1): Let V be any (Tj-open set of Y. Then by Lemma 2.2, 
V C j Int ( iCl (V) ) = jlnt((z, j)-Cle(V)) and we have m x -C l ( / - 1 ( F ) ) C mx-

Cl(/- 1 ( j Int ( ( i , j ) -Cl f l (^ ) ) ) ) C f-\{i,j)-C\e{V)) = f~\iC\{V)). Thus we 
obtain mx-Cl (/ _ 1 (V ) ) C /^ ( iC l iV ) ) . It follows from Theorem 3.1 that / 
is (i, j)-weakly m-continuous. 

REMARK 3.3. If a = a\ = a^, then by Theorems 3.1 and 3.2, we obtain the 
results established in Theorems 3.1 and 3.2 of [27]. 

THEOREM 3.3. For a function f : (X,mx) —»• (Y,ai, 02), the following 

properties are equivalent: 

(1) f is (i, j)-weakly m-continuous; 

(2) mx-Clif-^vj) C f^iiCliV)) for every (j, i)-preopen set V of Y; 

(3) f~X{V C mx- In t (/ _ 1 ( jC l ( y ) ) ) for every (i, j)-preopen set V of Y. 

Proo f . (1) (2): Let V be any (j, i)-preopen set of Y. Suppose that 
x ^ f~1(iC\(V)). Then there exists a crj-open set W containing f(x) such 
that W n F = 0. Hence we have iCl{W n V ) = 0. Since V is ( j , z)-preopen, 
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we have 

V n jC\(W) C j Int ( iC l (F ) ) n jCl(W) C jC l ( j In t ( iC l (F ) ) n W) 

c jC i ( iC i (F ) ) n w)c jci(ici(v n w)) = j c i ( 0 ) = 0. 

Since / is (i, j)-weakly m-continuous and W is a cr^-open set containing 
f(x), there exists U G m j containing x such that f(U) C jC\(W). Then 
/([/) D V = 0 and hence U n = 0- T h i s s h o w s t h a t x t mx-

c \ i f - \ V ) ) . Therefore, we obtain mx-CHf-^V)) C / _ 1 ( iC l ( F ) ) . 
(2) =>• (3): Let V be any (i, j)-preopen set of Y. By (2), we have 

f~\V) C f-\ilnt(jC\(V))) = X - r\iC\{Y - JC1(V))) 

C X - mx -C l ( f ~ 1 ( Y - jC l (V ) ) ) = mx - In t i f - 'OC l iV ) ) ) . 

(3) (1): Let V be any cr,-open set of Y. Then V is (i, ji)-preopen in 
Y and / _ 1 (V0 C mx-IntCf^O'CliVO)). By Theorem 3.1, / is (t, j)-weakly 
m-continuous. 

REMARK 3.4. If a = o\ = <72, then by Theorem 3.3, we obtain the results 
established in Theorem 3.3 of [27]. 

DEFINITION 3.6. Let (X, t\,72) be a bitopological space and rriij = m(Ti,Tj) 
an m-structure on X determined by T\ and 7*2. A function / : (X, 7-1,72) —• 
(y, o\, (J2) is said to be ( i , j)-weakly m-continuous if a function / : (X, rriij) 

—> (Y, 0\, cr2) is (i, j)-weakly m-continuous, equivalently if for each x e X 

and each V £ Oi containing f(x), there exists U G rriij containing x such 
that f(U) C jC l (F ) . 

REMARK 3.5. 1) A bitopological space (X, ri,T2) having an m-structure 
ml] = m(ri,Tj) determined by ri and T2 is briefly called a space (X, ri,72) 
with an m-structure rriij. 

2) If rriij = ( ^ i ) S O ( X ) (resp. (i, j)PO(X)), we obtain the definition of 
(¿,j)-weakly semi-continuous (resp. (i, j)-weakly precontinuous) functions. 

By Definition 3.6 and Theorems 3.1-3.3, we obtain the following theo-
rems. 

THEOREM 3.4. Let (X , 7-1,72) be a bitopological space with an m-structure 

rriij on X. For a function f : (X , n , 72) —> (F, CTI, 02), the following proper-

ties are equivalent: 

(1) f is (i, j)-weakly m-continuous; 

(2) m i r Cl (/ - 1 ( j I n t ( iC l (B ) ) ) ) C f~l{iC\{B)) for every subset B of Y; 

(3) rriij-Cl(f~1(jlnt(F))) C / _ 1 ( F ) for every (i, j)-regular closed set F 

ofY; 

(4) mij-C\{f~l{V)) C / _ 1 ( i C l (V ) ) for every oj-open set V ofY; 

(5) f~l{V) C m i j - In t (/ - 1 ( jC l (V ) ) ) for every c^-open set V ofY. 
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THEOREM 3.5. Let (X,Ti,T2) be a bitopological space with an m-structure 

rriij on X. For a function f : (X, 71,72) —>• (V, <71,02), the following proper-

ties are equivalent: 

(1) f is (i, j)-weakly m-continuous; 

(2) /(my-Cl(i4)) C (i,j)-C\g(f(A)) for every subset A of X; 

(3) mij-Citf-\B)) C f-l{{i,j)-C\e{B)) for every subset B of Y; 

(4) mij-aif-^jlntdijyCleiB)))) C / - ^ ( i , j ) - C l « ( B ) ) for every sub-
set B of Y 

THEOREM 3.6. Let (X, 71,72) be a bitopological space with an m-structure 

mij on X. For a function f : (X , 7i, 72) —> (F, o\, <72), the following proper-

ties are equivalent: 

(1) f is (i, j)-weakly m-continuous; 

(2) m i r C l ( / - 1 ( F ) ) C / - 1 ( *C1(V) ) for every (.j,i)-preopen set V of Y; 

(3) f~\V) C m^- In t (/ _ 1 ( jC l (F ) ) ) for every (i, j)-preopen set V of Y. 

REMARK 3.6. 1) If rmj = (i,j)SO(X) (resp. (i, j)PO(X)), by Theorems 3.4 
and 3.5 we obtain the results in Theorems 3.2 and 3.3 of [12] and Theorems 
3.1 and 3.2 of [23] (resp. Theorems 3.1 and 3.2 of [19]). 

2) If mij =SO(X), by Theorem 3.6 we obtain the results in Theorem 3.1 
of [27]. 

3) If t = t\ = 72 and mlj = SO(X) , then by Theorem 3.4 we obtain the 
results in Proposition 2.2 of [6]. 

4) If r = n = t2 and mij = r, then by Theorem 3.4 we obtain the 
results in Lemma 3.1 of [2] and also by Theorem 3.6 we obtain the results 
of Theorem 3.6 of [2], 

4. Weak m-continuity and m-continuity 

DEFINITION 4.1. A function / : (X,mx) —> (Y, 01,02) is said to be m-i-

continuous if / : (X,mx) —> (Y, m) is m-continuous. 

LEMMA 4.1. For a function f : (X,mx) • (Y, 01,02), the following prop-

erties are equivalent: 

(1) f is m-i-continuous; 

(2) = mx- In t ( / _ 1 ( F ) ) for every oi-open set V of Y; 

(3) f~ (F) = m x - C l ( / - 1 ( F ) ) for every oi-closed set F of Y. 

P r o o f . The proof follows from Definition 4.1 and Theorem 3.1 of [25]. 

DEFINITION 4.2. A bitopological space (X, TI,T2) is said to be (I, j)-regular 

[11] if for each x G X and each reopen set U containing x, there exists a 
Tj-open set V such that x E V C jC\(V) C U. 

LEMMA 4.2 (Popa and Noiri [28]). If a bitopological space (X, t\,t%) is (i, 

j)-regular, then (i, j)-Cl$(F) = F for every Ti-closed set F. 
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T h e o r e m 4 . 1 . Let ( Y , 0 - 1 , 0 2 ) be an (i, j)-regular bitopological space. For a 

function f : (X,mx) —»• ( Y , o\, 0 2 ) , the following properties are equivalent: 

(1) f is m-i-continuous; 

(2) r H i i j y C l e i B ) ) = mx-Cl(r\(i,j)-C\0(B))) for every subset B 

ofY; 

(3) f is (i,j)-weakly m-continuous; 

(4) f~1(F) = m x - C l { f ~ l ( F ) ) for every (i,j)-6-closed set F of Y; 

(5) / _ 1 ( V ) = mA-Int (/ - 1 (V ) ) for every (i,j)-0-open set V of Y. 

Proo f . (1) (2): Let B be any subset of Y. Since (i, j)-Cle(B) is ^-closed 
in Y, it follows from Lemma 4.1 that f~l{{i,j)-C\e{B)) = mx-C\(f~l{(i,j)-

C MB))). 
(2) =i> (3): Let B be any subset of Y. Then by (2) and Lemma 3.1 we 

have 

mx-C\{f-l(B)) c mx-C\{rl{{hj)-C\e{B))) = f-\{i,j)-C\e{B)). 

Hence mx-C\(f~l(B)) C f~l{(i,j)-C\e{B)). It follows from Theorem 3.2 
that / is (i, j)-weakly m-continuous. 

(3) => (4): Let F be any (?;, j)-0-closed set of Y. Then by Theo-
rem 3.2, mx-Cltf-^F)) c /_1((i, j ) -Cle (F) ) = f ~ l ( F ) . By Lemma 3.1, 
f - 1 ( F ) = mx-Cl(f~1{F)). 

(4) =>• (5): Let V be any (i,j)-6-open set of Y. By (4), X - / _ 1 ( V ) = 
/ - i ( y - V ) = mx-C\{f-\Y - V ) ) = X - mx-lntdf-^V)). Hence 
f - 1 ( V ) = m x - l n t ( f - \ V ) ) . 

(5) => (1 ) : Since Y is ( i , j)-regular, by Lemma 4 .2 (i, j)-Cle(B) = B 

for every dj-closed set B of Y and hence every cr̂ -open set is (i,j)-9-open. 
Therefore, f ~ l ( V ) = m.x--Int(/-1(V)) for every o-j-open set V of Y. By 
Lemma 4.1, / is m-z-continuous. 

R e m a r k 4.1. If a = o\ = 02, then by Theorem 4.1, we obtain the results 
established in Theorem 4.1 of [27]. 

T h e o r e m 4 . 2 . Let ( X , t i , 7 2 ) be a bitopological space with an m-structure 

rriij and ( Y , <j\, (72) an (i,j)-regular bitopological space. Then, for a function 

f : (X, 71,72) —> (Y,aua2), the following properties are equivalent: 

(1) f is m-i-continuous; 

(2) f-\{i,j)-C\e{B)) = m^-CK/- 1 « * , j ) -Cl 0 (B ) ) ) for every subset B 

ofY; 

(3) f is (i, j)-weakly m-continuous; 

(4) f~\F) = mij-Clif-^F)) for every (i,j)-9-closed set F of Y; 

(5) f ' ^ V ) = rriij-Intlf^iV)) for every (;i,j)-0-open set V of Y. 

R e m a r k 4.2. If = ( i , j ) S O ( X ) (resp. ( ¿ , j ) P O ( X ) ) , then by Theorem 
4.2 we obtain the results in Theorem 3.2 of [27] (resp. Theorem 3.3 of [19]). 
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Def in i t ion 4.3. A function / : (X,mx) —» (Y, 0-1,0-2) is said to have the 
(i, j)-m-interiority conditioniimx-lrit(f(jCl(f~1(V)))) C for every 
(jj-open set V of Y. 

Theorem 4.3. If a function f : (X,mx) —> (Y, <71,02) is (i, j)-weakly 
m-continuous and satisfies the (i, j)-m-interiority condition, then f is m-i-
continuous. 

P r o o f . Let V be any o^-open set of Y. Since / is (i, j)-weakly m-continu-
ous, by Theorem 3.1 C mx-Int(/-1( jCl(V'))) . By the weak (i,j)-
m-interiority condition of / , we have m x T n t ( / ( j C l ( / _ 1 ( F ) ) ) ) C / _ 1 ( V ) . 
Therefore, / _ 1 ( F ) C m x - I n t C / " 1 ^ ^ ) ) ) C m x - I n t ( / " 1 ( ^ ) ) C f~HV) . 
By Lemma 4.1, / is m-z-continuous. 

Def in i t ion 4.4. Let (X, n , 72) be a bitopological space with an m-structure 
rriij. A function / : (X, 71,7-2) —> (Y, <71,(72) is said to have the (i, j)-m-
interiority condition if / : (X, m^) —> (Y, a2) has the (i, j)-m-interiority 
condition. 

By Theorem 4.3 and Definition 4.4, we have the following theorem. 

T h e o r e m 4.4. If a function f : (X,ti,tz) —> (Y,0-1,0-2) is (i, j)-weakly 
m-continuous and satisfies the (i, j)-m-interiority condition, then f is m-i-
continuous. 

Remark 4.3. If m^ = (i,j)SO(X) (resp. ( i ,j)PO(X)), then by Theorem 
4.4 we obtain the results in Theorem 4.2 of [28] (resp. Theorem 4.2 of [19]). 

5. Some properties of (i,j)~weak m-continuity 

Def in i t ion 5.1. A bitopological space (X, 71,72) is said to be pairwise 
Urysohn [3] if for each distinct points x, y of X there exist a r,-open set U 
and a 7j-open set V such that x € U,y G V and jC\(U) n iCl(F) = 0 for 
i j,i,3 = 1) 2. 

Defini t ion 5.2. A bitopological space (X, 71,72) with m-structures m y and 
rriji is said to be pairwise m-Hausdorff or pairwise rn-T? if for each pair of 
distinct points x and y of X, there exist an m^-open set U containing x and 
an rriji-open set V containing y such that U fl V = 0 for i ^ j, i,j = 1,2. 

Remark 5.1. If m,j = T{ and m j t = Tj, then we obtain the definition of 
pairwise TVspace [11]. 

Theorem 5.1. Let (X, 71,72) be a bitopological space with m-structures 
rriij and rriji and (Y, <71,0-2) a pairwise Urysohn space. If f : (X, 71,72) —> 
(Y,<7i,<72) is a pairwise weakly m-continuous injection, then (X, 71,72) is 
pairwise 771-T2. 
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P r o o f . Let x and y be any distinct points of X . Then f(x) ^ f(y)-
Since Y is pairwise Urysohn, there exist a cr^-open set U and a oj-open 
set V such that f ( x ) G U, f(y) G V and jCl(U) n ¿C1(V) = 0. Hence 
f~\jCl(U)) n /-1(«C1(V)) = 0. Therefore, m y - I n t C f - ^ C l i l / ) ) ) n m j r 

I n t ( / _ 1 ( i C l ( y ) ) ) = 0. Since / is pairwise weakly m-continuous, by The-
orem 3.4 x G f-\U) C m i r I n t ( / - 1 ( j C l ( C / ) ) ) and y € f ' ^ V ) C m ^ -
In t ( / - 1 ( iC l (V) ) ) . Hence, there exist Ux G mij and Vy G rriji such that 
xeUxC rriij-lntif-^jCliU))) and y G Vy C m ^ - I n t ^ " ^ « ^ ^ ) ) ) . Hence 
UX fl Vy = 0. This implies that (X, T\, 72) is pairwise 771-T2. 

R e m a r k 5.2. If m ^ = ( i , j )SO(X) (resp. (i, j ) P O ( X ) ) , then by Theorem 
5.1 we obtain the results in Theorem 2.5 of [12] (resp. Theorem 2.1 of [19]). 

D e f i n i t i o n 5.3. A bitopological space (X, 7-1,72) is said to be pairwise 
connected [22] if it cannot be expressed as the union of two nonempty disjoint 
sets U and V such that U is Tj-open and V is r^-open, where i,j = 1,2 and 
i^J-

D e f i n i t i o n 5.4. A bitopological space (X,Ti,T2) with two m-structures 
rriij and m,ji is said to be pairwise m-connected if it cannot be expressed as 
the union of two nonempty disjoint sets U and V such that U is m^-open 
and V is m^-open, where i,j = 1,2 and i ^ j. 

T h e o r e m 5.2. Let (X, 71,72) be a bitopological space with two m-structures 
m,ij and rriji having property B. If a function f : ( X , 71,72) —• (Y, 01,(72) 
is a pairwise weakly m-continuous surjection and (X, 71,7-2) is pairwise m-
connected, then (Y, <71,02) is pairwise connected. 

P r o o f . Suppose that (Y, a\,a2) is not pairwise connected. Then, there ex-
ist a (jj-open set U and a <7j-open set V such that U 0, F / 0, £/ H F = 0 
and U U V = Y. Since / is surjective, f~l{U) and f~l{V) are nonempty. 
Moreover / ~ X { U ) n / _ 1 ( F ) = 0 and f~\U) U f ~ \ V ) = X. Since / is 
pairwise weakly m-continuous, by Theorem 3.4 we have f~l(U) C m^-
In t ( / - 1 ( jC l (£ / ) ) ) and / _ 1 ( F ) C mj i-Int( / - 1( iCl(VO)). Since U and V are 
Oj-closed and aj-clsoed, respectively, we have f~l{U) C ml]-lnt(f^1 (U)) 
and f~l(V) C rriji-lntif-^V)). Hence by Lemma 3.1 f ' \ U ) = mir 

Int( / - 1 (C/)) and = m j j - I n t ( / - 1 ( V ) ) . By Lemma 3.3, f~l{U) is 
mjj-open and / _ 1 ( F ) is mjj-open in (X, 71,72). This shows that (X, 71,72) 
is not pairwise m-connected. 

R e m a r k 5.3. If m^- = ( i , j ) S O ( X ) a n d rriji = ( j , i ) S O ( X ) (resp. m^- = 
(z , j )PO(X) and m ^ = ( j , i )PO(X)) , then by Theorem 5.2 we obtain the 
results in Theorem 2.4 of [12] (resp. Theorem 6.2 of [19]). 
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D e f i n i t i o n 5.5. An m-space (X,mx) is said to be m-compact [27] if every 
cover of X by mx-open sets has a finite subcover. A subset K of X is said 
to be m-compact if every cover of K by mx-open sets has a finite subcover. 

D e f i n i t i o n 5.6. Let ( X , 7-1,7-2) be a bitopological space with an m-structure 
rriij. A subset K of X is said to be m-compact if K is m-compact in 
(X, rriij). 

D e f i n i t i o n 5.7. A subset K of a bitopological space (X, i~i,T2) is said to 
be (i, j)-quasi H-closed relative to X [1] if for each cover {Ua : a € A} 
of K by Tj-open sets of X, there exists a finite subset Ao of A such that 
K C U{jC\(Ua) : a € A0}. 

T h e o r e m 5.3. If f : (X,mx) —> (Y,a 1,0-2) is (i, j)-weakly m-continuous 
and K is an m-compact set in (X,mx), then f(K) is (i, j)-quasi H-closed 
relative to (Y, aj , 02) • 

P r o o f . Let K be m-compact in X and {Va : a £ A} any cover of f(K) by 
<7i-open sets of (Y, (71,0-2). For each x £ X, there exists a(x) £ A such that 
f(x) £ Vct(x)- Since / is (i, j)-weakly m-continuous, there exists Ux £ mx 
containing x such that f(Ux) C j'C1(Vq(-x)). The family {Ux : x £ K} is 
a cover of K by sets of mx- Since K is m-compact, there exist a finite 
number of points, say x\, X2, • • •, xn in K such that K C U{UXk : Xk £ 
K,k = 1,2, . . . , n} . Therefore, we obtain f(K) C U {f(UXk) : xk £ K,k = 
1,2, . . . , n } C U{jCl((Vr

a(a.fc)) : xk £ K,k = 1,2 ,...,n}. This shows that 
f(K) is (z,j)-quasi if-closed relative to (Y, 0-1,0-2). 

R e m a r k 5.4. If a = ai = 02, then by Theorem 5.3, we obtain the result 
established in Theorem 5.5 of [27]. 

T h e o r e m 5.4. Let (X, 7-1,7-2) be a bitopological space with an m-structures 
mij. If f : ( X , 7-1,7-2) —• (Y, 0-1,0-2) is (i, j)-weakly m-continuous and K is 
an m-compact set of (X, 7-1,7-2), then f(K) is (i, j)-quasi H-closed relative to 
(Y, ai, 02). 

P r o o f . This is an immediate consequence of Theorem 5.3. 

D e f i n i t i o n 5.8. Let (X,mx) be an m-space and A be a subset of X. 
The mx-frontier of A, mx-Fr(j4), is defined as follows: mx-Fr(yl) = mx-
C1(A) n mx-C\{X - A) = mjc-Cl(4) - mx-Int(^l). 

T h e o r e m 5.5. Let (X,mx) be an m-space and (Y, 0-1,0-2) a bitopological 
space. The set of all points x of X at which a function f : (X,mx) —> 
(y, 0-1,0-2) is not (i, j)-weakly m-continuous is identical with the union of 
all mx-frontiers of the inverse images of the aj-closure of oi-open sets of Y 
contining f(x). 
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P r o o f . Let x be a point of X at which / is not (i,j)-weakly m-contin-
uous. Then, there exists a o^-open set V of Y containing f(x) such that 
U n (X - / _ 1 ( j C l ( V ) ) ) + 0 for every m x -open set U of X containing x. 
By Lemma 3.2, x G mx-Cl(X - / _ 1 ( jC l (V) ) ) . Since x G f~l(jCl(V)), we 
have x G mx-Cl ( / _ 1 ( jC l (V) ) ) and hence x G mx-Fr(f-1(jCl(V))). 

Conversely, if / is (i, j)-weakly m-continuous at x, then for each o^-open 
set V of Y containing f(x), there exists an mx~open set U containing x 
such that f(U) C jCl(V) and hence x G U C ¡^(jCliV)). Therefore, 
we obtain that x G mx~ In t ( / _ 1 ( jCl (V)) ) . This contradicts that x G mx-
Fr(f~\jC\(V))). 

REMARK 5 .5 . If a = o\ = 0 2 , then by Theorem 5 . 5 , we obtain the result 
established in Theorem 5.7 of [27]. 

THEOREM 5 .6 . Let (X,Ti,T2) be a bitopological space with an m-structure 
rriij. The set of all points x of X at which a function f : (X,Ti,T2) —> 
(Y,a 1,02) is not (i, j)-weakly m-continuous is identical with the union of 
all rriij-frontiers of the inverse images of the aj-closure of a¿-open sets of Y 
contining f(x). 

REMARK 5.6. If m^ = (i,j)SO(X) (resp. ( ¿ , j ) P O ( X ) ) , then by Theorem 
5.6 we obtain the results in Theorem 4.3 of [28] (resp. Theorem 4.3 of [19]). 

6. N e w forms of (i, ji)-weakly continuous functions 
There are many modifications of open sets in topological spaces. In 

order to define some new modifications of open sets in a bitopological space, 
let recall 0-open sets and ¿-open sets due to Velicko [29]. Let (X, r ) be a 
topological space. A point x G X is called a ^-cluster (resp. ¿-cluster) point 
of a subset A of X if C1(V) fL4 ^ 0 (resp. Int(Cl(V)) nA ^ 0) for every 
open set V containing x. The set of all 0-cluster (resp. ¿-cluster) points of A 
is called the 0-closure (resp. 8-closure) of A and is denoted by 01^(^4) (resp. 
Cl{(i4)). If A = CIe(i4) (resp. A = Clj(i4)), then A is said to be 0-closed 
(resp. 5-closed) [29]. The complement of a 0-closed (resp. ¿-closed) set is 
said to be 6-open (resp. 6-open). The union of all 0-open (resp. ¿-open) sets 
contained in A is called the 9-interior (resp. 5-interior) of A and is denoted 
by Intfl(A) (resp. Int5(^)) . 

DEFINITION 6.1. A subset A of a bitopological space (X, n , 72) is said to be 
(1) (i, j)-S-semi-open [20] if A c jC l^ In t^A) ) , where i j, i, j = 1, 2, 
(2) (i ,j)-S-preopen [21] if A C iInt(jCli(i4)), where i ± j, i, j = 1, 2, 
(3) (i, j)-S-semi-preopen (simply (i, j)-S-sp-open) if there exists an (i,j)-

¿-preopen set U such that U C A C j'Cl(i7), where i ^ j, i, j = 1, 2. 
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DEFINITION 6.2. A subset A of a bitopological space (X, 7-1,7-2) is said to be 
(1) (i,j)-9-semi-open if A C jCl^Int^-A)), where i ^ j , i, j = 1, 2, 
(2) (i , j)-9-preopen if A C ¿Int^'Clg(/.)), where i ^ j, i, j = 1, 2, 
(3) (i, j)-6-semi-preopen (simply ( i , j ) - 6 - s p - o p e n ) if there exists an (i, j)-

0-preopen set U such that U C A C jCl(U), where i / j , i, j = 1, 2. 

Let (X, 7-1,72) be a bitopological space. The family of (i, ^-¿-semi-
open (resp. (z, ji)-<5-preopen, (i, j)-5-.sp-opcn, (i, j)-#-semi-open, ( i , j ) - 9 -
preopen, (i,j)-9-sp-opexi) sets of (X, n , 72) is denoted by (i, j)SSO(X) (resp. 
(i,j)SPO(x), (i,j)sspo(x), (i,j)dS0(x), (i,j)9PO(x), (i,j)9SPO(x)). 

REMARK 6.1 . Let (X,T\,T2) be a bitopological space. The family 
(i,j)SSO(X), (i,j)5PO(X), (i,j)5SPO(X), (i,j)9SO(X), (i,j)9PO(X) a n d 
(¿,j)#SPO(X) are all m-structures with property B. 

For a function / : (X, Ti, 72) —> (Y, 0*1, <72), we can define many 
new types of (i, j)-weakly m-continuous functions. For example, in case 
rriij = (i,j)5SO(X) (resp. (i,j)JPO(A"), (i,j)6SPO(X), (i,j)QSO(X), 
(•i,j)9PO(X), (i, j)9SPO(X)) we can define new types of (i, j)-weakly m-
continuous functions as follows: 

DEFINITION 6.3. A function / : (X,7-1,7-2) —> (Y,oi,a2) is said to be ( i , j ) -
weakly 8-semi-continuous (resp. ( i , j ) - w e a k l y S-precontinuous, (i, j)-weakly 
S-sp-continuous) if / : (X, rriij) —> (Y, o\, a2) is (i, j ) -weakly m-cont inuous, 
where rrnj = (i,j)SSO(X) (resp. (i, j ) JPO(X) , (i, j)(5SPO(X)). 

DEFINITION 6.4 . A function / : (X, r i , R 2 ) —> (Y,oi,a2) is said to be ( i , j ) -
weakly 9-semi-continuous (resp. (i, j)-weakly 9-precontinuous, (i, j)-weakly 
9-sp-continuous) if / : (X, m y ) —> (Y, 01,02) is (z, j ) -weakly m-cont inuous, 
where my = (i,j)9SO(X) (resp. (i,j)9PO(X), (i,j)9SPO(X)). 

Conclusion. We can apply the characterizations established in Section 
3 and several properties obtained in Section 5 to the functions defined in 
Definition 2.7, Definitions 6.3 and 6.4 and also to functions defined by using 
any m-structure mtJ = m(ri , T2) determined by T\ and T2 in a bitopological 
space (X, 7-1,7-2). 

References 

[1] G. K. Banerjee , On pairwise almost strongly 0-continuous mappings, Bull. Calcutta 
Math. Soc. 79 (1987), 314-320. 

[2] S. Bose , Semi-open sets, semicontinuity and semi-open mappings in bitopological 
spaces, Bull. Calcutta Math. Soc. 73 (1981), 237-246. 



Weakly continuous functions 699 

S. B o s e and D. S inha , Almost open, almost closed, 6-continuous and almost compact 
mappings in bitopological spaces, Bull. Calcutta Math. Soc. 73 (1981), 345-354. 
S. Bose and D. S inha , Pairwise almost continuous map and weakly continuous map 
in bitopological spaces, Bull. Calcutta Math. Soc. 74 (1982), 195-206. 
I. D o c h v i r i , On some properties of semi-compact and S-closed sets in bitopological 
spaces, Proc. A. Razmadze Math. Inst. 123 (2000), 15-22. 
J. E w e r t , Weak forms of continuity, quasicontinuity and cliquishness of maps with 
respect to two topologies, Glasnik Mat. 21(41) (1986), 179-189. 
M. Je l i c , A decomposition of pairwise continuity, J . Inst. Math. Comput. Sci. Math. 
Ser. 3 (1990), 25-29. 
M. Je l i c , Feebly p-continuous mappings, Suppl. Rend. Circ. Mat. Palermo (2) 24 
(1990), 387-395. 
A. K a r and P. B h a t t a c h a r y y a , Bitopological preopen sets, precontinuity and pre-
open mappings, Indian J. Math. 34 (1992), 295-309. 
C. G. K a r i o f i l l i s , On pairwise almost compactness, Ann. Soc. Sci. Bruxelles 100 
(1986), 129-137. 
J. C. Ke l ly , Bitopological spaces, Proc. London Math. Soc. (3) 13 (1963), 71-89. 
F. H. K h e d r , Weakly semicontinuous mappings in bitopological spaces, Bull. Fac. Sci. 
Assiut Univ. 21 (1992), 1-10. 
F. H. K h e d r , S. M. A l - A r e e f i and T. Noi r i , Precontinuity and semi-precontinuity 
in bitopological spaces, Indian J. Pure Appl. Math. 23 (1992), 625-633. 
S. S a m p a t h K u m a r , Pairwise a-open, a-closed and a-irresolute functions in bi-
topological spaces, Bull. Inst. Math. Acad. Sinica 21 (1993), 59-72. 
N. Lev ine , A decomposition of continuity in topological spaces, Amer. Math. Monthly 
68 (1961), 44-46. 
S. N. M a h e s h w a r i and R. P r a s a d , Semi open sets and semi continuous functions 
in bitopological spaces, Math. Notae 26 (1977/78), 29-37. 
H. Mak i , K. C. R a o and A. N a g o r Gan i , On generalizing semi-open and preopen 
sets, Pure Appl. Math. Sci. 49 (1999), 17-29. 
A. A. N a s e f and T. Noi r i , Feebly open sets and feeble continuity in bitopological 
spaces, Anal. Univ. Timi§oara Ser. Mat. Inform. 36 (1998), 79-88. 
T. N o i r i and V. P o p a , On weakly precontinuous functions in bitopological spaces, 
Soochow J. Math. 33 (2007), 87-100. 
N. P a l a n i a p p a n and S. P i o u s Miss i e r , S-semi-open sets in bitopological spaces, 
J. Indian Acad. Math. 25 (2003), 193-207. 
N. P a l a n i a p p a n and S. P i o u s Miss i e r , 5-preopen sets in bitopological spaces, J. 
Indian Acad. Math. 25 (2003), 287-295. 
W. J. P e r v i n , Connectedness in bitopological spaces, Indag. Math. 29 (1967), 369-
372. 
V. P o p a and T. Noi r i , Charactrizations of weakly quasicontinuous functions in 
bitopological spaces, Mathematica (Cluj) 39(62) (1997), 293-297. 
V. P o p a and T. Noi r i , On M-continuous functions, Anal. Univ. "Dunarea de Jos", 
Gala^i, Ser. Mat. Fis. Mec. Teor. (2) 18 (23) (2000), 31-41. 
V. P o p a and T. Noi r i , On the definitions of some generalized forms of continuity 
under minimal conditions, Mem. Fac. Sci. Kochi Univ. Ser. A Math. 22 (2001), 9-18. 
V. P o p a and T. Noi r i , A unified theory of weak continuity for functions, Rend. Circ. 
Mat. Palermo (2) 51 (2002), 430-464. 
V. P o p a and T. Noi r i , On weakly m-continuous functions, Mathematica (Cluj) 
45(68) (2003), 53-67. 



700 T. Noiri, V. P o p a 

[28] V. P o p a and T. Noir i , Some properties of weakly quasicontinuous functions in 
bitopological spaces, Mathematica (Cluj) 46(69) (2004), 105-112. 

[29] N. V. Ve l i cko , H-closed topological spaces, Amer. Math. Soc. Transl. (2) 78 (1968), 
103-118. 

Takashi Noiri 
2979-1 SHIOKITA-CHO, HINAGU, 
YATSUSHIRO-SHI, K U M A M O T O - K E N , 
869-5142 JAPAN 
e-mail: t.noiri@nifty.com 

Valeriu Popa 
D E P A R T M E N T O F MATHEMATICS 
BACAU UNIVERSITY 
600114 BACAU, RUMANIA 
e-mail: vpopa@ub.ro 

Received, August 23, 2007. 


