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ON SOME FORMS OF WEAKLY CONTINUOUS
FUNCTIONS IN BITOPOLOGICAL SPACES

Abstract. As a generalization of weakly continuous functions, we introduce the
notion of (z, j)-weakly m-continuous functions in bitopological spaces and obtain unified
characterizations and properties of certain forms of weakly continuous functions in bitopo-
logical spaces.

1. Introduction

Semi-open sets, preopen sets, a-open sets and (-open sets play an im-
portant role in the researching of generalizations of continuity in topological
spaces. By using these sets many authors introduced and studied various
types of modifications of continuity in topological and bitopological spaces.
Maheshwari and Prasad [16] and Bose (2] introduced the concepts of semi-
open sets and semi-continuity in bitopological spaces. Jelié¢ [7], Kar and
Bhatacharyya [9] and Khedr et al. [13] introduced the concepts of preopen
sets and precontinuity in bitopological spaces. The notion of a-open sets
(or feebly open sets) and a-continuity (or feeble continuity) in bitopologi-
cal spaces were stdied in [8], [18] and [14]. The notions of 3-open sets and
[-continuity in bitopological spaces were studied in [13].

In 1961, Levine [15] introduced the concept of weakly continuous func-
tions in topological spaces. Bose and Sinha [4] extended the notion of
weakly continuous functions to bitopological spaces. Weak semi-continuity
in bitopological spaces are introduced and studied in [12]. Some proper-
ties of weak semi-continuity (or quasi-continuity) in bitopological spaces are
studied in [23], [28] and [5]. Recently, the present authors [19] have in-
troduced and studied weakly precontinuous functions between bitopological
spaces. The present authors [24], [25] introduced the notions of minimal
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structure, m-spaces and m-continuity. In [27], they introduced and studied
the notions of weakly m-continuous functions. In the present paper, by us-
ing these concepts we obtain the unified definitions and properties of weak
forms of continuity in bitopological spaces.

2. Preliminaries

Throughout the present paper, (X, 71, 72) (resp. (X, 7)) denote a bitopo-
logical (resp. topological) space. Let (X, 7) be a topological space and A be
a subset of X. The closure of A and the interior of A are denoted by Cl(A)
and Int(A), respectively. Let (X, 71, 72) be a bitopological space and A be
a subset of X. The closure of A and the interior of A with respect to 7; are
denoted by iCl(A) and iInt(A), respectively, for i = 1,2.

DEFINITION 2.1. A subset A of a bitopological space (X, 11, T2) is said to be

(1) (3, j)-regular open [1] (resp. (%, j)-regular closed) if A = ilnt(5C1(A))
(resp. A =iCl(jInt(A))), where i # j,i,7 =1,2,

(2) (¢, 7)-semi-open (2] if A C jCl(:Int(A)), where i # j, 4, j = 1, 2,

(3) (¢,7)-preopen 7] if A C iInt(jCl(A)), where i # 7, i, j = 1, 2,

(4) (i,7)-a-open (8], [10] if A C iInt(jCl(:Int(A))), where i # j, 3,5 =
1,2,

(5) (i, j)-semi-preopen (briefly (i, j)-sp-open) [13] if there exists an (4, j)-
preopen set U such that U C A C jCl(U), where i # j,4,7 = 1,2.

The family of all (i,j)-semi-open (resp. (i,j)-preopen, (i,j)-a-open,
(i, 7)-sp-open) sets of (X, 71, 72) is denoted by (z, j)SO(X) (resp. (¢, 7)PO(X),
(¢, ))a(X), (¢, 7)SPO(X)).
DEFINITION 2.2. The complement of an (g, j)-semi-open (resp. (i,j)-pre-
open, (i,j)-a-open, (i, j)-sp-open) set is said to be (7, j)-semi-closed (resp.
(2, 7)-preclosed, (i, j)-a-closed, (i, j)-sp-closed).

DEFINITION 2.3. The (i, j)-semi-closure [16] (resp. (%,j)-preclosure [13],
(2, 7)-a-closure [18], (i, j)-sp-closure [13]) of A is defined by the intersection
of (%,7)-semi-closed (resp. (i,j)-preclosed, (i,j)-a-closed, (3, j)-sp-closed)
sets containing A and is denoted by (¢, )-sCI(A) (resp. (¢,7)-pCl(A4), (i, j)-
aCl(A), (i, 7)-spCl(A)).

DEFINITION 2.4. The (3,j)-semsi-interior (resp. (t,j)-preinterior, (i,7)-
a-interior , (i,7)-sp-interior) of A is defined by the union of (¢, j)-semi-
open (resp. (i,j)-preopen, (i,j)-a-open, (i, j)-sp-open) sets contained in A
and is denoted by (i, j)-sInt(A) (resp. (¢,7)-pInt(A), (i, )-alnt(A4), (i, j)-
spInt(A4)).

DEFINITION 2.5. Let (X, 71, 72) be a bitopological space and A a subset of
X. A point z of X is said to be in (i, 7)-0-closure [10] of A, denoted by
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(2,7)-Clg(A), if AN jCIL(U) # 0 for every 7;-open set U containing x, where
i,j=1,2 and i # J.

A subset A of X is said to be (i,7)-0-closed if A = (3,7)-Clg(A). A
subset A of X is said to be (i,j)-6-open if X — A is (3,7)-0-closed. The
(i,7)-6-interior of A, denoted by (3, j)-Intg(A), is defined as the union of
all (4, j)-0-open sets contained in A. Hence z € (4, j)-Intg(A) if and only if
there exists a 7;-open set U containing x such that x € U C jCI(U) C A.

LEMMA 2.1. For a subset A of a bitopological space (X, 11, 72), the following
properties hold:

(1) X - (’L,])—Intg(A) = (7".7)'010(X - A))

(2) X — (§,5)-Clg(A) = (i, 5)-Inte(X — A).

LeMMA 2.2. (Kariofillis [10]). Let (X, 71,72) be a bitopological space. If U
is a 7j-open set of X, then (i, j)-Clg(U) = iCl(U).

DEFINITION 2.6. A function f : (X, 71, 72) — (Y, 01,02) is said to be (i, j)-
weakly continuous [4] (resp. (%, J)-weakly semi-continuous [12], (3, j)-weakly
precontinuous [19]) if for each z € X and each o;-open set V of Y containing
f(x), there exists a 7;-open (resp. (i,7)-semi-open, (i,j)-preopen) set U
containing z such that f(U) C jCI(V).

DEFINITION 2.7. A function f : (X, 71, 7) — (Y, 01,02) is said to be (i, j)-
weakly a-continuous (resp. (i,7)-weakly sp-continuous) if for each z € X
and each o;-open set V of Y containing f(x), there exists an (4, j)-a-open
(resp. (i,7)-sp-open) set U containing z such that f(U) C jCI(V).

REMARK 2.1. Since every 7;-open set is (i, j)-semi-open (resp. (i,j)-pre-
open), every (i, j)-weakly continuous function is (, j)-weakly semi-continu-
ous (resp. (i, j)-weakly precontinuous) for i # j and 4,5 = 1,2.

3. Minimal structures and weak m-continuity

DEFINITION 3.1. A subfamily myx of the power set P(X) of a nonempty
set X is called a minimal structure (or briefly m-structure) [23], [24] on X
ifd € mxy and X € my.

By (X,mx) (or briefly (X,m)), we denote a nonempty set X with a
minimal structure my on X and call it an m-space. Each member of my is
said to be mx-open (or briefly m-open) and the complement of an m x-open
set is said to be mx-closed (or briefly m-closed).

DEFINITION 3.2. Let X be a nonempty set and myx an m-structure on X.
For a subset A of X, the mx-closure of A and the myx-interior of A are
defined in [17] as follows:
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(1) mx-Cl(A)={F: AC F, X - F € mx},
(2) mx-Int(A) =U{U : U Cc A,U € mx}.

REMARK 3.1. (1) Let (X, 71, 72) be a bitopological space. Then the families
(1,7)SO(X), (3,5)PO(X), (i,7)a(X) and (¢, 7)SPO(X) are all m-structures
on X.

(2) Let (X, 1, m) be a bitopological space and A be a subset of X. If
mx = (5,)SO(X) (resp. (i, /)PO(X), (i,7)a(X), (i,)SPO(X)), then we
have

(8) mx-CI(4) = (i, j)-sCI(A) (resp. (i, )-pCL(A), (i, /)-aCl(A), (i, )-
spCl(A)),

(b) mx-Tnt(A) = (i, )-sTnt(A) (xesp. (i, )-pTnt(A), (i, j)-aTnt(4), (i,j)-
spInt(A)).

LeMmMA 3.1 (Maki et al. [17]). Let (X, mx) be an m-space. For subsets A
and B of X, the following properties hold:
(1) mx-Cl{X — A) = X —mx-Int(A) and mx-Int(X — A) = X —mx-

Cl(A4),
(2) If (X — A) € mx, then mx-Cl(A) = A and if A € myx, then mx-
Int(A) = A4,

(8) mx-Cl(0) = §,mx-Cl(X) = X, mx-Int(0) = 0 and mx-Int(X)
=X,

(4) If A C B, then mx-Cl(A) C mx-Cl(B) and mx-Int(A) C mx-
Int(B),

(5) A C mx-Cl(A) and mx-Int(A) C A,

(6) mx-Cl(mx-Cl(A)) = mx-Cl(A) and mx-Int(mx-Int(4)) = mx-
Int(A).

LeMMA 3.2 (Popa and Noiri [23]). Let (X, mx) be an m-space and A a
subset of X. Then x € mx-Cl(A) if and only if UNA # 0 for every U € mx
containing x.

DEFINITION 3.3. A minimal structure mx on a nonempty set X is said to
have property B [17] if the union of any family of subsets belonging to mx
belongs to mx.

REMARK 3.2. Let (X,71,72) be a bitopological space. Then the families
(1,7)SO(X), (3,7)PO(X), (i,7j)a(X) and (¢,5)SPO(X) are all m-structures
on X satisfying property B by Theorem 2 of [16] (resp. Theorem 4.2 of [9]
or Theorem 3.2 of [13], Theorem 5 of [18], Theorem 3.2 of [13]).

LEMMA 3.3 (Popa and Noiri [26]). Let (X, mx) be an m-space and A a
subset of X. Then, the following properties are equivalent:
(1) mx has property B,
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(2) if mx-Int(A) = A, then A € my,
(8) if mx-Cl(A) = A, then A is mx-closed.

DEFINITION 3.4. A function f : (X,myx) — (Y,0) is said to be weakly m-
continuous [27] (resp. m-continuous [25]) if for each x € X and each V € &
containing f(z), there exists U € mx containing x such that f(U) C Cl(V)
(resp. f(U) C V).

DEFINITION 3.5. A function f : (X,mx) — (Y, 01,02) is said to be (4, j)-
weakly m-continuous if for each z € X and each V € o; containing f(x),
there exists U € mx containing z such that f(U) C jCI(V).

THEOREM 3.1. For a function f : (X,mx) — (Y,01,02), the following
properties are equivalent:

(1) f is (i, j)-weakly m-continuous;

(2) mx-Cl(f~1(jInt(iC(B)))) C f~1(iCl(B)) for every subset B of Y;

(8) mx-Cl(f~L(jInt(F))) C f~(F) for every (i, j)-regular closed set F
of Y;

(4) mx-Cl(f~1(V)) C f~1(iCI(V)) for every o;-open set V of Y;

(5) f~HV) € mx-Int(f~1(jCU(V))) for every o;-open set V of Y.

Proof. (1) = (2): Let B be any subset of Y. Suppose that z € X —
f~Y(iCl(B)). Then f(z) € Y —iCl(B) and there exists a o;-open set V of
Y containing f(z) such that V. N B = . Therefore, V N jInt(iCl(B)) =
@ and hence jCI(V) N jInt(iCl(B)) = @. Therefore, there exists an mx-
open set U containing z such that f(U) C jCI(V). Hence, we have U N
F(jInt(iCY(B))) = @ and = € X — mx-CI(f!(jInt(iCl(B)))) by Lemma
3.2. Thus, we obtain mx-CI(f~!(jInt(iCl(B)))) C f~1(iCl(B)).

(2) = (3): Let F be an (i,j)-regular closed set of Y. Then F =
iCl(jInt(F)) and we have

mx-CI(f~1 (jInt(F))) = mx-Cl(f~! (jInt(iCl(jInt(F)))))
C fTHECIGInt(F))) = fH(F).

(

(3) = (4): Let V be a oj-open set of Y. Then iCl(V) is (4, j)-regular
closed. Then we obtain mx-Cl(f~1(V)) C mx-Cl(f~!(jInt(:CL(V)))) C
fHEcV)).

(4) = (5): Let V be a g;-open set of Y. Then Y — jCI(V') is 0;-open and
we have mx-Cl(f~1(Y — jCI(V))) C f~}(iCY — jCI(V))) and hence X —
mx-Int(f~1(FCUV))) C X — f~1([Int(jCUV))) € X — f~1(V). Therefore,
we obtain f~}(V) C mx-Int(f~1(jCLV))).

(5) = (1): Let z € X and V be a o;-open set containing f(z). We have
z € fY(V) C mx-Int(f~1(jCI(V))). Then there exists U € mx contining
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x such that z € U C f~1(§C1(V)). Hence f(U) C jCI(V)). This shows that
f is (4, j)-weakly m-continuous.

THEOREM 3.2. For a function f : (X,mx) — (Y,01,02), the following
properties are equivalent:

(1) f is (i, j)-weakly m-continuous;

(2) f(mx-Cl(A)) C (3,5)-Clg(f(A)) for every subset A of X;

(8) mx-Cl(f~Y(B)) C f~1((3,7)-Clg(B)) for every subset B of Y;

(4) mx-CI(f~L(jTnt (i, /)-Clo(B)))) C £1((, )-Clo(B)) for every sub-
set B of Y.

Proof. (1) = (2): Assume that f is (i, j)-weakly m-continuous. Let A be
any subset of X, z € mx-Cl(A) and V be a 0;-open set of Y containing f(z).
Then, there exists an mx-open set U containing z such that f(U) C jCI(V).
Since z € mx-Cl(A), by Lemma 3.2 we obtain U N A # @ and hence
0 # f(U)N f(A) C jCI(V) N f(A). Therefore, we obtain f(z) € (3, 7)-
Clg(f(A))-

(2) = (3): Let B be any subset of Y. Then we have f(mx-
Cl(f7Y(B))) < (,5)-Cla(f(f~%(B))) < (4,7)-Clg(B) and hence mx-
CI(f~1(B)) € F1((5,7)-Clo(B)).

(3) = (4): Let B be any subset of Y. Since (i, )-Clg(B)) is o;-closed in
Y, by using Lemma 2.2

mx-Cl(f~1(jInt((3, )-Clo(B)))) C f~1((4, 5)-Clo(jInt((i, 5)-Clo(B))))
= fH(iCI(jInt((3,j)-Clo(B)))) C £~ (iCI((3, 1)-Cls(B)))

= f71((3,4)-Clo(B)).

(4) = (1): Let V be any oj-open set of Y. Then by Lemma 2.2,
VC ]Int(iCl( )) = jInt((2, )- Clg( )) and we have mx-Cl(f~}(V)) C mx-
CI(J = (j10t((i,)-Cla(V)))) € £~(0,3)-Clo(V)) = ~"GCI(V)). Thus we
obtain mx-Cl(f~}(V)) c f~1(iCI(V)). It follows from Theorem 3.1 that f
is (4, j)-weakly m-continuous.

REMARK 3.3. If 0 = 01 = 09, then by Theorems 3.1 and 3.2, we obtain the
results established in Theorems 3.1 and 3.2 of {27].

THEOREM 3.3. For a function f : (X,mx) — (Y,01,02), the following
properties are equivalent:

(1) f is (i, j)-weakly m-continuous;

(2) mx-Cl(f~Y(V)) C f~1(iCI(V)) for every (j,1)-preopen set V of Y;

(3) f~HV C mx-Int(f~H(jCUV))) for every (i, j)-preopen set V of Y.
Proof. (1) = (2): Let V be any (j,?)-preopen set of Y. Suppose that

z ¢ f~1(iCI(V)). Then there exists a o;-open set W containing f(z) such
that W NV = 0. Hence we have iCI(W NV) = 0. Since V is (j, ¢)-preopen,
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we have
V N jCUW) C jInt(:Cl(V)) N jCYW) C jCl(jInt(:CI(V)) N W)
C jCIGECHV)) N W) C jCIGECHV N W) = jCL(D) = 0.

Since f is (i, j)-weakly m-continuous and W is a o;-open set containing
f(z), there exists U € mx containing z such that f(U) C jCY(W). Then
fU)NV = ¢ and hence U N f~}(V) = 0. This shows that z ¢ mx-
CI(f~1(V)). Therefore, we obtain mx-Cl(f~1(V)) C f~L(iCL(V)).

(2) = (3): Let V be any (3, j)-preopen set of Y. By (2), we have

FUV) € FEIRGCUVY)) = X - FHECKY — §CUV))
C X = mx-Cl(f 1Y — jCUV))) = mx-Int(f " (GCL(V))).

(3) = (1): Let V be any o;-open set of Y. Then V is (i, j)-preopen in
Y and f~Y(V) € mx-Int(f~1(5CI(V))). By Theorem 3.1, f is (i, j)-weakly
m-continuous.

REMARK 3.4. If 0 = 07 = 09, then by Theorem 3.3, we obtain the results
established in Theorem 3.3 of [27].

DEFINITION 3.6. Let (X, 71, 72) be a bitopological space and m;; = m(7;, 75)
an m-structure on X determined by 71 and 75. A function f : (X, 11, 72) —
(Y, 01,02) is said to be (4, j)-weakly m-continuous if a function f : (X, ms;)
— (Y, 01,02) is (i, j)-weakly m-continuous, equivalently if for each z € X
and each V' € o; containing f(z), there exists U € m;; containing x such
that f(U) C jCI(V).

REMARK 3.5. 1) A bitopological space (X, 11, 72) having an m-structure
mi; = m(7;, 7;) determined by 7 and 7o is briefly called a space (X, 11,72)
with an m-structure m;;.

2) If my; = (¢,7)SO(X) (resp. (4,5)PO(X)), we obtain the definition of
(4, j)-weakly semi-continuous (resp. (i, j)-weakly precontinuous) functions.

By Definition 3.6 and Theorems 3.1-3.3, we obtain the following theo-
rems.

THEOREM 3.4. Let (X, m1,72) be a bitopological space with an m-structure
mi; on X. For a function f: (X, 11,m72) — (Y, 01,02), the following proper-
ties are equivalent:

(1) f is (i, j)-weakly m-continuous;

(2) my;-Cl{f~1(jInt(iCY(B)))) C f~1(iCY(B)) for every subset B of Y;

(8) mi;-Cl(f1(jInt(F))) C f~UF) for every (i, j)-regular closed set F
of Y;

(4) mU CI(f~Y(V)) C fHiCV)) for every o;-open set V of Y;

(5) fF~YV) € my;-Int(f~1(jCI(V))) for every g;-open set V of Y.
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THEOREM 3.5. Let (X, 11, 72) be a bitopological space with an m-structure
mi; on X. For a function f : (X, n,m2) — (Y, 01,02), the following proper-
ties are equivalent:

(1) f is (i, j)-weakly m-continuous;

(2) f(mi;-Cl(A)) C (3,5)-Clg(f(A)) for every subset A of X;

(3) my;-Cl(f~1(B)) C f~1((i,5)-Clg(B)) for every subset B of Y;

(4) ma-CA(f = (jTut((5, )-Cla(B)))) C £~ ({3, )-Cla(B)) for every sub-
set B of Y.

THEOREM 3.6. Let (X, 71,72) be a bitopological space with an m-structure
mi; on X. For a function f : (X, 11,72) — (Y, 01,02), the following proper-
ties are equivalent:

(1) fis (i, j)-weakly m-continuous;

(2) mi;-Cl(f~1(V)) C f71(CLV)) for every (j,1)-preopen set V of Y;

(3) F7Y(V) C my;-Int(f~1(CYV))) for every (i, j)-preopen set V of Y.
REMARK 3.6. 1) If m;; = (4, j)SO(X) (resp. (4,5)PO(X)), by Theorems 3.4
and 3.5 we obtain the results in Theorems 3.2 and 3.3 of [12] and Theorems
3.1 and 3.2 of [23] (resp. Theorems 3.1 and 3.2 of [19)).

2) If m;; =SO(X), by Theorem 3.6 we obtain the results in Theorem 3.1
of [27].

3) If 7 =1 = 1 and my; = SO(X), then by Theorem 3.4 we obtain the
results in Proposition 2.2 of [6].

4) If 7 = 71 = 7 and m;; = 7, then by Theorem 3.4 we obtain the
results in Lemma 3.1 of [2] and also by Theorem 3.6 we obtain the results
of Theorem 3.6 of [2].

4. Weak m-continuity and m-continuity

DEFINITION 4.1. A function f : (X,mx) — (Y,01,02) is said to be m-i-
continuous if f: (X, mx) — (Y, 0;) is m-continuous.

LEMMA 4.1. For a function f : (X,mx) — (Y,01,02), the following prop-
erties are equivalent:

(1) f is m-i-continuous;

(2) f~Y(V) = mx-Int(f~1(V)) for every o;-open set V of Y;

(3) f~YF) = mx-Cl(f~Y(F)) for every g;-closed set F of Y.
Proof. The proof follows from Definition 4.1 and Theorem 3.1 of [25].

DEFINITION 4.2. A bitopological space (X, 71, 72) is said to be (4, j)-regular
[11] if for each z € X and each 7;-open set U containing z, there exists a
7;-open set V such that x € V C jJC(V) C U.

LEMMA 4.2 (Popa and Noiri [28]). If a bitopological space (X, 11,72) is (3,
j)-regular, then (i,5)-Clo(F) = F for every 7;-closed set F.
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THEOREM 4.1. Let (Y,01,02) be an (i, j)-reqular bitopological space. For a
function f: (X,mx) — (Y,01,02), the following properties are equivalent:

(1) f is m-i-continuous;

(2) f71((5,5)-Clo(B)) = mx-Cl{f~'((i,§)-Clo(B))) for every subset B
of Y;

(3) f is (4, j)-weakly m-continuous;

(4) f7YUF) = mx-Cl(f~Y(F)) for every (i,j)-0-closed set F of Y;

(5) f~Y(V) = mx-Int(f~1(V)) for every (i,j)-8-open set V of Y.

Proof. (1) = (2): Let B be any subset of Y. Since (i, j)-Clg(B) is o;-closed
in Y, it follows from Lemma 4.1 that f~1((i,j)-Clg(B)) = mx-CI(f ~*((3, )-
Cly(B)))-

(2) = (3): Let B be any subset of Y. Then by (2) and Lemma 3.1 we
have

mx-Cl(f~1(B)) € mx-Cl(f((3, 5)-Cle(B))) = f~*((5, 5)-Cls(B)).
Hence mx-Cl(f~1(B)) C f~1((i,5)-Clg(B)). It follows from Theorem 3.2
that f is (4, j)-weakly m-continuous.

(3) = (4): Let F be any (i,j)-0-closed set of Y. Then by Theo-
rem 3.2, mx-Ci(f~Y(F)) C f71((i,5)-Cly(F)) = f~}(F). By Lemma 3.1,
171 (F) = mx-CI(f~L(F)).

(4) = (5): Let V be any (4,j)-0-open set of Y. By (4), X — f~}(V) =
FFUYY = V) = mx-Cl(f~Y(Y = V)) = X — mx-Int((f~}(V)). Hence
F7HV) = mx-Int(F71(V)).

(5) = (1): Since Y is (¢, j)-regular, by Lemma 4.2 (¢,5)-Cly(B) = B
for every ag;-closed set B of Y and hence every o;-open set is (i, j)-6-open.
Therefore, f~1(V) = mx-Int(f~1(V)) for every o;-open set V of Y. By
Lemma 4.1, f is m~i-continuous.

REMARK 4.1. If 0 = 01 = 09, then by Theorem 4.1, we obtain the results
established in Theorem 4.1 of [27].

THEOREM 4.2. Let (X,11,72) be a bitopological space with an m-structure
mi; and (Y, 01, 02) an (i, j)-regular bitopological space. Then, for a function
f (X, 7m,m) — (Y,01,02), the following properties are equivalent:

(1) f is m-i-continuous;

(2) 171((3,5)-Clo(B)) = mis-CU(f1((5,§)-Clo(B))) for every subset B
of Y;

(3) fis (i, j)-weakly m-continuous;

(4) f~HF) = my;-CI(f~Y(F)) for every (i, j)-9-closed set F of Y;

(5) f~HV) = my;-Int(f (V) for every (i, j)-0-open set V of Y.

REMARK 4.2. If m;; = (4,5)SO(X) (resp. (%,5)PO(X)), then by Theorem
4.2 we obtain the results in Theorem 3.2 of [27] (resp. Theorem 3.3 of [19]).
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DEFINITION 4.3. A function f : (X,mx) — (Y,01,02) is said to have the
(3, j)-m-interiority condition if mx-Int(f(GCIf~1(V)))) C f~1(V) for every
oi;-open set V of Y.

THEOREM 4.3. If a function f : (X,mx) — (Y,01,02) is (i, j)-weakly
m-continuous and satisfies the (i, j)-m-interiority condition, then f is m-i-
continuous.

Proof. Let V be any o;-open set of Y. Since f is (i, j)-weakly m-continu-
ous, by Theorem 3.1 f~1(V) C mx-Int(f1(jCL(V))). By the weak (i, 5)-
m-interiority condition of f, we have mx-Int(f(jCI(f~1(V)))) ¢ f~Y(V).
Therefore, f~1(V) C mx-Int(f~1(jCU(V))) € mx-Int(f~1(V)) C f~YV).
By Lemma 4.1, f is m~i-continuous.

DEFINITION 4.4. Let (X, 11, 72) be a bitopological space with an m-structure
mi;. A function f : (X,7,7) — (Y,01,02) is said to have the (i, j)-m-
interiority condition if f : (X, m;;) — (Y, 01,02) has the (i, j)-m-interiority
condition.

By Theorem 4.3 and Definition 4.4, we have the following theorem.

THEOREM 4.4. If a function f : (X,11,7) — (Y,01,02) is (i, j)-weakly
m-continuous and satisfies the (i, j)-m-interiority condition, then f is m-i-
continuous.

REMARK 4.3. If m;; = (4,7)SO(X) (resp. (3,7)PO(X)), then by Theorem
4.4 we obtain the results in Theorem 4.2 of [28] (resp. Theorem 4.2 of [19]).

5. Some properties of (i, j)-weak m-continuity

DEFINITION 5.1. A bitopological space (X, 71, 72) is said to be pairwise
Urysohn [3] if for each distinct points z,y of X there exist a 7;-open set U
and a 7;-open set V such that z € U,y € V and jCI({U) NiCl(V) = 0 for
i, =1,2

DEFINITION 5.2. A bitopological space (X, 71, o) with m-structures m;; and
my; is said to be pairwise m-Hausdorff or pairwise m-Ty if for each pair of
distinct points  and y of X, there exist an m;;-open set U containing x and
an mj;-open set V containing y such that UNV =0 for i # j,7,7 = 1,2.

REMARK 5.1. If m;; = 7; and mj; = 7;, then we obtain the definition of
pairwise Tp-space [11].

THEOREM 5.1. Let (X,71,72) be a bitopological space with m-structures
mg; and mj; and (Y,01,02) a pairwise Urysohn space. If f : (X, 11,72) —
(Y,01,02) is a pairwise weakly m-continuous injection, then (X,71,72) is
pairwise m-T5.



Weakly continuous functions 695

Proof. Let z and y be any distinct points of X. Then f(z) # f(y).
Since Y is pairwise Urysohn, there exist a o;-open set U and a o;-open
set V such that f(z) € U, f(y) € V and jCWU) ﬂzCl( ) = 0. Hence
FIECU)) N f7LECHV)) = 0. Therefore, my;-Int(f~1(jCYU))) N mys-
Int(f~1(iCI(V))) = 0. Since f is pairwise weakly m-continuous, by The-
orem 34 z € f~YU) C my-Int(f~1(jCIV))) and y € f_l(V) C mys-
Int(f~1(iC1(V))). Hence, there exist U, € m;; and V,, € mj; such that
z € Uy C my;-Int(f~1(jCUU))) and y € V,, C myi-Int(f~1(iC1(V))). Hence
Uz NVy = 0. This implies that (X, 71, 72) is pairwise m-Tb.

REMARK 5.2. If my; = (4,5)SO(X) (resp. (%,7)PO(X)), then by Theorem
5.1 we obtain the results in Theorem 2.5 of [12] (resp. Theorem 2.1 of [19]).

DEFINITION 5.3. A bitopological space (X, 71, 72) is said to be pairwise
connected [22] if it cannot be expressed as the union of two nonempty disjoint
sets U and V such that U is 7;-open and V is 7;-open, where %, j = 1,2 and

i # j.
DEFINITION 5.4. A bitopological space (X, 71, 72) with two m-structures
m;; and my; is said to be pairwise m-connected if it cannot be expressed as

the union of two nonempty disjoint sets U and V' such that U is m;;-open
and V' is m ;-open, where 4,j = 1,2 and ¢ # j.

THEOREM 5.2. Let (X, 71,72) be a bitopological space with two m-structures
mi; and my; having property B. If a function f : (X, 11,m2) — (Y,01,02)
is a pairwise weakly m-continuous surjection and (X, 11,72) is pairwise m-
connected, then (Y, 01,09) is pairwise connected.

Proof. Suppose that (Y, 01,02) is not pairwise connected. Then, there ex-
ist a o4-open set U and a oj-open set V such that U # 0,V #0,UNV =0
and UUV =Y. Since f is surjective, f~1(U) and f~!(V) are nonempty.
Moreover f~Y3(U)N f~Y(V) = @ and f~Y(U)U f~1(V) = X. Since f is
pairwise weakly m-continuous, by Theorem 3.4 we have f~1(U) C my;-
Int(f~1(jCL(U))) and f~HV) C my;-Int(f~1(iC1(V))). Since U and V are
oj-closed and o;-clsoed, respectively, we have f~1(U) C my;-Int(f~1(U))
and f~1(V) C myi-Int(f~1(V)). Hence by Lemma 3.1 f~1(U) = myj-
Int(f~}(U)) and f~}(V) = mj-Int(f~1(V)). By Lemma 3.3, f~1(U) is
my;-open and f~1(V) is my;-open in (X, 71, 72). This shows that (X, 1, 72)
is not pairwise m-connected.

REMARK 5.3. If mi; = (Z,])SO(X) and Mj; = (], Z)SO(X) (resp. mg; =
(,7)PO(X) and mj; = (j,i)PO(X)), then by Theorem 5.2 we obtain the
results in Theorem 2.4 of [12] (resp. Theorem 6.2 of [19]).
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DEFINITION 5.5. An m-space (X, mx) is said to be m-compact [27] if every
cover of X by mx-open sets has a finite subcover. A subset K of X is said
to be m-compact if every cover of K by mx-open sets has a finite subcover.

DEFINITION 5.6. Let (X, 71, 72) be a bitopological space with an m-structure
mj. A subset K of X is said to be m-compact if K is m-compact in
(X, mU)

DEFINITION 5.7. A subset K of a bitopological space (X, 11, 72) is said to
be (i, j)-quasi H-closed relative to X [1] if for each cover {U, : a € A}
of K by T;-open sets of X, there exists a finite subset Ag of A such that
K c U{jCl(U,) : o € Ap}.

THEOREM 5.3. If f : (X,mx) — (Y,01,09) is (i, j)-weakly m-continuous
and K is an m-compact set in (X, mx), then f(K) is (i, j)-quasi H-closed
relative to (Y, 01, 09).

Proof. Let K be m-compact in X and {V, : @ € A} any cover of f(K) by
o;-open sets of (Y, 01,02). For each z € X, there exists a(x) € A such that
f(z) € V). Since f is (i, j)-weakly m-continuous, there exists U, € mx
containing x such that f(U;) C jCl(V,()).- The family {U, : z € K} is
a cover of K by sets of mx. Since K is m-compact, there exist a finite
number of points, say z1,%2,...,Zn in K such that K C U{U;, : = €
K,k =1,2,...,n}. Therefore, we obtain f(K) C U{f(Us,) : zx € K,k =
1,2,...,n} C U{jCl((Viyz,)) : @x € K,k = 1,2,...,n}. This shows that
f(K) is (i, j)-quasi H-closed relative to (Y, 01, 02).

REMARK 5.4. If 0 = 01 = 09, then by Theorem 5.3, we obtain the result
established in Theorem 5.5 of [27].

THEOREM 5.4. Let (X, 11, 72) be a bitopological space with an m-structures
mi;. If f (X, m,m2) — (Y,01,02) is (i, j)-weakly m-continuous and K is
an m-compact set of (X, 11, 72), then f(K) is (i, j)-quasi H-closed relative to
(Y, 01, 02).

Proof. This is an immediate consequence of Theorem 5.3.

DEFINITION 5.8. Let (X,mx) be an m-space and A be a subset of X.
The mx-frontier of A, mx-Fr(A), is defined as follows: mx-Fr(A) = mx-
Cl(A) Nmx-Cl(X — A) = mx-Cl(A) — mx-Int(A).

THEOREM 5.5. Let (X,mx) be an m-space and (Y,01,02) a bitopological
space. The set of all points z of X at which a function f : (X,mx) —
(Y,01,09) is not (i, j)-weakly m-continuous is identical with the union of
all mx -frontiers of the inverse images of the o;-closure of o;-open sets of Y
contining f(z).
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Proof. Let z be a point of X at which f is not (7, j)-weakly m-contin-
uous. Then, there exists a o;-open set V of Y containing f(z) such that
UN(X — f71(jCI(V))) # 0 for every mx-open set U of X containing z.
By Lemma 3.2, z € mx-Cl(X — f~1(jCl(V))). Since z € f~*(jCL(V)), we
have £ € mx-Cl(f~1(§CI(V))) and hence z € mx-Fr(f~1(jCI(V))).

Conversely, if f is (, j)-weakly m-continuous at x, then for each o;-open
set V of Y containing f(z), there exists an mx-open set U containing x
such that f(U) C jCl(V) and hence z € U C f~1(jCL(V)). Therefore,
we obtain that z € mx-Int(f~(jC1(V))). This contradicts that z € mx-
Fr(f~1(jCUV))).

REMARK 5.5. If 0 = 01 = o9, then by Theorem 5.5, we obtain the result
established in Theorem 5.7 of [27].

THEOREM 5.6. Let (X, 11,72) be a bitopological space with an m-structure
mi;. The set of all points z of X at which a function f : (X,7,72) —
(Y,01,02) is not (i, j)-weakly m-continuous is identical with the union of
all mg;-frontiers of the inverse images of the oj-closure of o;-open sets of Y
contining f(x).

REMARK 5.6. If m;; = (¢,5)SO(X) (resp. (i,7)PO(X)), then by Theorem
5.6 we obtain the results in Theorem 4.3 of [28] (resp. Theorem 4.3 of [19]).

6. New forms of (i, j)-weakly continuous functions

There are many modifications of open sets in topological spaces. In
order to define some new modifications of open sets in a bitopological space,
let recall f-open sets and d-open sets due to Velicko [29]. Let (X, 7) be a
topological space. A point z € X is called a 6-cluster (resp. §-cluster) point
of a subset A of X if CI(V) NA # 0 (resp. Int(Cl{V)) NA # B) for every
open set V containing x. The set of all §-cluster (resp. é-cluster) points of A
is called the 0-closure (resp. d-closure) of A and is denoted by Clg(A) (resp.
Cls;(A)). If A = Clg(A) (resp. A = Cls(A)), then A is said to be §-closed
(resp. O0-closed) [29]. The complement of a #-closed (resp. d-closed) set is
said to be 6-open (resp. d-open). The union of all f-open (resp. d-open) sets
contained in A is called the 8-interior (resp. d-interior) of A and is denoted
by Intg(A) (resp. Ints(A)).

DEFINITION 6.1. A subset A of a bitopological space (X, 71, 72) is said to be
(1) (¢,7)-0-semi-open [20] if A C jCl(iInts(A)), where i # 7,4, j = 1, 2,
(2) (3, 7)-6-preopen [21] if A C iInt(jCls(A)), where ¢ # j, i, j =1, 2,
(3) (¢, 5)-6-semi-preopen (simply (3, j)-0-sp-open) if there exists an (i, 7)-

d-preopen set U such that U ¢ A C jClU), where ¢ # j, 4, j = 1, 2.
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DEFINITION 6.2. A subset A of a bitopological space (X, 71, 72) is said to be
(1) (4, j)-6-semi-open if A C jCl(ilntg(A)), where i £ 7,1, j =1, 2,
(2) (3,4)-0-preopen if A C iInt(jClg(.")), where i # j, 7,5 =1, 2,
(3) (4, j)-0-semi-preopen (simply (i, j)-0-sp-open) if there exists an (3, j)-
0-preopen set U such that U C A C jJCI(U), where i # j, 4,5 =1, 2.

Let (X,71,72) be a bitopological space. The family of (3, j)-6-semi-
open (resp. (i,j)-0-preopen, (i,j)-d-sp-open, (i,7)-8-semi-open, (i,7)-6-
preopen, (4, j)-0-sp-open) sets of (X, 71, 72) is denoted by (¢, 7)6SO(X) (resp.
(4, /)0PO(X), (i, ))§SPO(X), (i, 5)§SO(X), (4, §)6PO(X), (i, j)§SPO(X)).

REMARK 6.1. Let (X,7m,72) be a bitopological space. The family
(1,7)980(X), (i, 7)OPO(X), (i, 7)6SPO(X), (i, 7)8O(X), (1, 7)6PO(X) and
(,7)6SPO(X) are all m-structures with property B.

For a function f : (X,7m,72) — (Y,01,02), we can define many
new types of (i,j)-weakly m-continuous functions. For example, in case
mi; = (i,5)080(X) (resp. (5,3)5PO(X), (i,)6SPO(X), (,5)680(X),
(¢,7)0PO(X), (3,7)0SPO(X)) we can define new types of (i, j)-weakly m-
continuous functions as follows:

DEFINITION 6.3. A function f : (X, 7, 7) — (Y, 01,02) is said to be (i, j)-
weakly §-semi-continuous (resp. (i,j)-weakly &-precontinuous, (i,7)-weakly
§-sp-continuous) if f : (X, my;) — (Y, 01,02) is (4, j)-weakly m-continuous,
where m;; = (4, j)0SO(X) (resp. (¢, J)0PO(X), (¢,7)0SPO(X)).

DEFINITION 6.4. A function f : (X, 71, 72) — (Y, 01,02) is said to be (i, j)-
weakly 6-semi-continuous (resp. (3, j)-weakly 0-precontinuous, (i, 7)-weakly
6-sp-continuous) if f : (X, my;) — (Y,01,02) is (4, j)-weakly m-continuous,
where m;; = (¢, 7)0SO(X) (resp. (3,5)0PO(X), (4,5)SPO(X)).

Conclusion. We can apply the characterizations established in Section
3 and several properties obtained in Section 5 to the functions defined in
Definition 2.7, Definitions 6.3 and 6.4 and also to functions defined by using
any m-structure m;; = m(71, 72) determined by 7 and 7 in a bitopological
space (X, 11, 72).
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