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APPROXIMATION OF COMMON FIXED POINTS 
OF A FAMILY OF ASYMPTOTICALLY 
QUASI-NONEXPANSIVE MAPPINGS 

Abstrac t . In this paper, we study the convergence of the sequence of Ishikawa 
iteration of rank-r to common fixed points of a finite family of asymptotically quasi-
nonexpansive mappings in uniformly convex Banach spaces. Our results extend and im-
prove some known recent results. 

1. Introduction 
Let C be a subset of normed space X and T : C —• C be a mapping. Then 

T is said to be an asymptotically quasi-nonexpansive mapping, if F(T) ^ 0 
and there is a sequence {kn} C [1, oo) with lim kn = 1 such that 

n—>oo 

||Tnx - p\\ < kn\\x - p\\ for all x E C and p G F(T) 

(F(T) denotes the set of fixed points of T). T is an asymptotically nonex-
pansive mapping [2], if there is a sequence {kn} C [l,oo) with lim kn = 1 

n—too 
such that 

||Tnx - r"j/|| < kn\\x - y\\ for all x,yeC. 

If for each n € N, there are constants L > 0 and a > 0 such that 

IITnx - Tny\\ < L\\x - y\\a for all x, y G C, 
then T is called uniformly (L — a)-Lipschitz. Every asymptotically nonex-
pansive mapping is uniformly (L — 1)-Lipschitz mapping. 
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In [3], Ishikawa introduced a new iteration process as follows: 

Xn+1 = (1 - a n ) x n + a n T y n , 

Un — ( 1 - b n ) x n + b n T x n , n = 1 , 2 , • • • , 

where {an} and {&„} are sequences in [0,1] satisfying certain restrictions. 
In 1973, Petryshyn and Williamson [5] gave necessary and sufficient con-

ditions for Mann iterative sequence (cf. [4]) to converge to fixed points of 
quasi-nonexpansive mappings. In 1997, Ghosh and Debnath [1] extended 
the results of Petryshyn and Williamson [5] and gave necessary and suffi-
cient conditions for Ishikawa iterative sequence to converge to fixed points 
for quasi-nonexpansive mappings. 

Qihou [6] extended results of [1, 5] and gave the necessary and suffi-
cient conditions for Ishikawa iterative sequence to converge to fixed point of 
asymptotically quasi-nonexpansive mappings. 

Recently, first author [8] introduced Ishikawa iteration process of rank-r 
which is similar to the following: 

xi € C; 

%n+1 = (1 
yn,i = (1 - an,i+\)xn + an,i+iTiyn,i+i',i = 1,2,3, • • • , r - 1; 
Vn,r — 

The modified Ishikawa iteration process of rank r is the following: 

x i G C ; 

2-n+l = (1 Qti,i)%n "I" Un,i'i 
Vn,i = (1 - an,i+i)xn + an,i+iT?yn^i+i]i = 1,2,3, •• • , r — 1; 
Hn,r — 

It is very useful in computing to common fixed points of nonlinear mappings. 
In this paper, we study the convergence of Ishikawa iteration of rank 3 for 

three uniformly (L — a)-Lipschitz type asymptotically quasi-nonexpansive 
mappings on a compact convex subset of a uniform convex Banach space. 
Our scheme is given as follows: 

Let C be a nonempty compact convex subset of a uniformly convex 
Banach space X and for ¿ = 1,2, 3, let Tt : C —> C be uniformly [Ll — a, )-
Lipschitz and asymptotically quasi-nonexpansive mappings with sequence 
{*4°> such that - 1) < 00. 

(1-1) 

(1-2) 
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Define a sequence { x n } in C as follows: 

xi G C, 

^ ( xn+l = (1 — &n)xn + QnTiVni 

Vn = (1 — bn)xn + bnTr^Zn, 

zn - (1 - cn)xn + CnT$xn for all n G N, 

where { a n } , {bn} and {cn} are sequences in (0,1). Our results generalize 
and improve the results of [6, 7, 10]. 

2. Preliminaries 

The following lemmas will be used to prove the main theorems. 

L e m m a 2 . 1 ([6]). Let { « „ j - ^ L j , { 7 n } ^ = i be three sequences of non-

negative numbers satisfying an+\ < (1+Pn)an+jn V n G N and J2n=l A » < 

+oo, y)°°=1 7„ < +oo. Then lim an exists. 
n—»oo 

L e m m a 2 .2 ([9]). Let X be a uniformly convex Banach space, 0 < a < tn < 

¡3 < 1, xn, yn G X, limsup||xn|| < a, limsup ||yn|| < a, lim \\tnxn + (1 -
n—*oo n—*oo n—>oo 

tn)yn\\ = a, a > 0. Then lim \\xn - yn\\ = 0. 
n—* oo 

L e m m a 2.3 . Let C be a nonempty convex subset of a uniformly convex 

Banach space X and for i — 1 , 2 , 3 , let Ti : C —> C be uniformly (Li — 

ai)-Lipschitz and asymptotically quasi-nonexpansive mappings with sequence 

{ A ; ^ } such that ~ 1) < oo. Define a sequence {xn} in C as follows: 

' xi G C, 

^ xn+1 = (1 — an)xn + anL\yni 

Vn = {1 — bn)xn + 6nT;fzn, 

zn = (1 - cn)xn + cnT£xn for all n G N, 

where {an}, {bn} and{cn} are sequences in (0,1). / / F ( T i ) n F ( T 2 ) n F ( T 3 ) ^ 0 , 
then lim \\xn-p\\ exists for all p e F(Ti) n F(T2) n F(T3). 

n—>oo 

3 

P r o o f . Let p G p | F(Tj). Then 
¿=1 

(2.1) \\Zn~p\\ = | | ( l - c n ) x n + c n r 3 n x n -p|| 

< {1 - cn)\\xn - p\\ + cn\\T^xn - p\\ 

<kW\\xn-p\\, 
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a n d 

(2.2) ||yn - p\\ = | |(1 - bn)xn + bnT£zn - p\\ 

< {\-bn)\\xn-p\\+bn\\T2zn-p\\ 

F r o m (2.1) a n d (2.2), we have 

(2.3) \\xn+l-p\\ < ( l - a n J I I X n - p l l + a n l l T T i / n - p l l 

<kWkWkP\\xn-p\\. 

Observe t h a t 
oo oo 

£ ( * £ W > - 1 ) = £ [ * M 2 ) ( 4 3 ) - 1 ) + 4 1 ] ( 4 2 ) - 1 ) + W - 1 ] 
n=l n=1 

oo oo 

n=1 n=l 
oo 

+ * - 1) < oo 
n=1 

for some cons t an t s K\, K<i > 0 . Using L e m m a 2.1, we o b t a i n t h a t l im \\xn~p|| 
n—>oo 

exists. • 

3. M a i n r e s u l t s 

THEOREM 3.1. Let C be a nonempty compact convex subset of a uniformly 

convex Banach space X and for i = 1 , 2 , 3 , let Ti : C —> C be uniformly 

(L{ — ai)-Lipschitz and asymptotically quasi-nonexpansive mappings with 

sequence {k$} such that Yl^Lii^ ~ 1) < °o . Define a sequence {xn} in 

C as follows: 

(3.1) 

xi e C, 

xn+1 = (1 ~~ an)xn + O-nLlVni 

Vn = (1 — b n ) x n + bnT^Zn, 

Zn = (1 - Cn)xn + cnT£xn for all n e N, 

where { a n } , {bn} and {cn} are sequences in [0,1] such that 0 < a < an < 

a < 1,0 < b< bn <b < 1 and 0 < c < c n < c < l . 
If F(T\) C\F(T2) n F ( T 3 ) 0, then the sequence {xn} converges strongly 

to a common fixed point of T\, and T3. 

P r o o f . By L e m m a 2.3, we have lim \\xn - p|| exis ts for all p € F(Ti) n 
n—• 00 

F(T2) n F ( T 3 ) . Set l im | |x n - p | | = d for some d > 0. T h e n , f r o m (2.1) a n d 
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(2.2), we have 

limsup ||zn — p|| < limsup ||xn — p\\ = d 
n—>00 ra—• 00 

and 
limsup ||yn - p \ \ < limsup ||:rn - p | | = d, n—>00 n—>oo 

respectively. 
Note that 

limsup \\T?yn - p\\ < l i m s u p ^ 1 ) | | y n - p\\) < d 
n—»00 n—*oo 

and 

lim | |x„+i - p | | = lim ||(1 - an)(xn-p) + a„(T"yn - p ) | | = d. 
n—>00 n—too 

Thus, from Lemma 2.2, we get 

( 3 . 2 ) l i m \\xn-T?yn\\ = 0 . 
n—>00 

Next, 

| | x „ - p | | < | | x n - 7 r ! / „ | | + | | 7 r i / „ - p | | 

< H ^ - T ^ i i + ^ I I ^ - p I I , 
which gives that 

d < liminf ||yn - p | | < limsup ||yn - p | | < d 
n >oo ji—»OQ 

and hence 
lim ||y„ - p|| = d. 

n—>00 
Note that 

limsup \\T?zn-p\\ < limsup(fci2)||z„ - p | | ) < d 
n—»00 n—• 00 

and 

d= lim \\yn-p\\= lim ||(1 - bn)(xn - p) + bn(T?zn - p)||. n—>00 n—> 00 
Thus, from Lemma 2.2, we get 

(3.3) lim | | x n - T 2 " z n | | = 0 . 
n—>oo 

Note 

||z„ - p|| < ||®„ - T£zn|| + | |2?zn - p|| 

< ||xn — T£zn\\ + k^\\zn — p||, 

which gives that 

d < liminf ||zn — p|| < limsup \\zn — p\\ < d, 
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and hence lim ||zn — p\\ — d. 
n—>oo 

Since 
lim sup — p|| < limsup(43 ) | |xn - p||) < d, 

n—>oo n—> oo 
and 

d= lim \\zn-p\\= lim ||(1 - cn)(xn - p) + Cn(Tgxn - p)\\. 
n—> oo n—>00 

Thus, from Lemma 2.2, we get 
(3.4) lim ||xn - T2xn\\ = 0. n—»00 
Since C is compact, {x , ,}^! has a convergent subsequence {a;nfc}^=1. Let 
(3.5) lim xnk = p. 

k—>oo 

Then from (3.1), (3.2) and (3.3), we have 
(3-6) Iknfc+1 - Xnk II < ank IIT?kynk - xnk || -» 0 
and 
(3.7) IIyn - xn\\ < bn\\T?zn - xn\\ - 0. 

Again, from (3.2) and (3.5), we have 
(3.8) lim T^kynk = p. k—too 
Since lim xnk+\ = p, we have 

k—* oo 

(3.9) lim Tnk+1ynk+i = p. 
k—>oo 

Prom (3.6), (3.7), (3.8) and (3.9) we have 

0 < ||p - Tip11 = ||p - T?k+1ynk+i + T^+lynk+1 - 7?*+ 1xn f c + 1 
,rpnk + l T>r»fc + l , rpUk + 1 _ rpTlk + l 
' - t l xnk +1 J-1 -1! nk -11 <Mfc 

+T?"+1ynk - T1P|| 

< HP - i?k+1Vn>+ill + \\T?k+1ynk+i - T?«+1xnk+11| 
+ ||T?*+1xnk+1 - T^xnk\\ + ||T?*+1xnk - 7 T + V J I 

+ \\T?«+l
ynk-TlP\\ 

< I\P ~ T?k+1ynk+11| + Li ||ynfc+1 - xnk+1 P 
+Li\\xnk+1 - Xnk ||ai + Li ||xnt - I P 
+L1||T1

n*ynfc - p p - 0 as n - oo. 
Next, 

(3.10) \\zn - xn\\ < cn\\T£xn - arn|| 0. 



Approximation of common fixed points of a family 657 

From (3.3) and (3.5), we have 

(3.11) lim T?kznk = p. 
k—> oo 

Since lim xnfc+i = p, then 
k—>oo 

(3.12) lim T?k+1znk+1 = p. 
k—»oo 

From (3.6), (3.11) and (3.12), we have 

0 <\\p- T2p|| = \\p - T?k+1znk+1 + T2k+lznk+l - 7? f c + 1xn f c + 1 

XT" f c + 1 i . , _ Tnk+1<r i Tn f c + 1T >-L2 xnk+l J-2 n-k ' 2 Xnk J-2 k 

+T£k+1znk - T2P\\ 

< \\p - T^+1znk+1\\ + ||T^+1znk+1 - T^+1xnk+1\\ 

+\\T?k+1xnk+1 - T^+1xnk\I + \\T%k+1xnk - T2k+1znJ 
+mk+iznk-T2p\\ 

< \\p - T?k+1znk+1 II + L2\\znk+! - xnk+1\r 
+L2\\xnk+1 -Xnk\\a2 +L2\\xnk -z- ;|a2 nk\ 

+L2\\T2kznk - p p -> 0, as n - oo. 

Now from (3.4) and (3.5), we have 

(3.13) lim T%kxnk=p. k—>oo 
Since lim xnfc+i = P, it follows from (3.4) that 

A;—> oo 

(3.14) lim T£k+1xnk+1 = p. 
k—>oo 

From (3.6) and (3.14), we obtain 

o < HP - R3P|| = ||P - T?+1xnk+1 + T?k+1xnk+1 - T%k+lxnk 

+T£k+1xnk - Tsp\\ 
< \\p - T™k+1xnk+1\\ + L3\\xnk+1 -Xnk\\a3 

+L3\\T£kxnk - p||a3 - 0 as n - oo. 

Thus, p is a common fixed point of T\,T2 and T3. Since the subsequence 
{ x n k o f converges to p and lim ||x„ — p|| exists, we conclude n—»oo 
that lim xn = p. m 

n—> 00 

COROLLARY 3.2. Let C be a nonempty compact convex subset of a uniformly 
convex Banach space and for i = 1,2, let Ti : C —> C be uniformly (Li — 
ai)-Lipschitz and asymptotically quasi-nonexpansive mappings with sequence 
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{knsuch that — 1) < 00 • Define a sequence {xn} in C as follows: 

xi € C, 
(3.15) x n + i = ( 1 - an)xn + anTfyn, 

k yn = (1 - bn)xn + bnT£xn for all n € N, 

where {an} and {bn} are sequences in [0,1] such that 0<a<an<a<l 
and 0 <b<bn <b < 1. 

If F(Ti) fl F(T2) 0, then the sequence {xn} converges strongly to a 
common fixed point of T\ and T2. 

REMARK 3 .3. Corollary 3 . 2 is an improvement of the results of Qihou [7] 

when cn and c'n = 0. 

In the same manner we have the following theorem. 

THEOREM 3.4. Let C be a nonempty compact convex subset of a uniformly 
convex Banach space and for i = 1, 2, • • • , r; let Ti : C —> C be uniformly 
(Li — oti)-Lipschitz and asymptotically quasi-nonexpansive mappings with 
sequence such that — 1) < 00. Let {xn} be an iterative 
sequence of the modified Ishikawa iteration process of rank r defined in C 
by (1.2), where { a n j j } (i=l, 2, ••• ,r) be sequences of real numbers in [0,1] 
such that 0 < aj < an<i < ai < 1 for all i € 1 ,2 , • •• ,r and n G N. If 
F(T\) fl F(T2) fl • • • fl F(Tr) 0, then the sequence {xn} converges strongly 
to a common fixed point of T i , T2, • • • ,Tr. 
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