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APPROXIMATION OF COMMON FIXED POINTS
OF A FAMILY OF ASYMPTOTICALLY
QUASI-NONEXPANSIVE MAPPINGS

Abstract. In this paper, we study the convergence of the sequence of Ishikawa
iteration of rank-r to common fixed points of a finite family of asymptotically quasi-
nonexpansive mappings in uniformly convex Banach spaces. Our results extend and im-
prove some known recent results.

1. Introduction

Let C be a subset of normed space X and T : C — C be a mapping. Then
T is said to be an asymptotically quasi-nonexpansive mapping, if F(T) # 0
and there is a sequence {k,} C [1,00) with lim k, = 1 such that
n—0o0

|T"z — p|| < knllz — p|| for all z € C and p € F(T)

(F(T) denotes the set of fixed points of T'). T is an asymptotically nonex-
pansive mapping [2], if there is a sequence {k,} C [1,00) with lim k, =1
such that e

|T"z — TMy|| < knllz — y|| for all z,y € C.

If for each n € N, there are constants L > 0 and « > 0 such that
|IT"z — T"y|| < L||z — y||* for all z,y € C,

then T is called uniformly (L — «a)-Lipschitz. Every asymptotically nonex-
pansive mapping is uniformly (L — 1)-Lipschitz mapping.
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In [3], Ishikawa introduced a new iteration process as follows:

Tnt1 = (1 — an)zn + anTyn,
Yn :(l—bn)wn+bnTIn,n=1,2,... ,

where {a,} and {b,} are sequences in [0, 1] satisfying certain restrictions.

In 1973, Petryshyn and Williamson [5] gave necessary and sufficient con-
ditions for Mann iterative sequence (cf.[4]) to converge to fixed points of
quasi-nonexpansive mappings. In 1997, Ghosh and Debnath [1] extended
the results of Petryshyn and Williamson [5] and gave necessary and suffi-
cient conditions for Ishikawa iterative sequence to converge to fixed points
for quasi-nonexpansive mappings.

Qihou [6] extended results of [1, 5] and gave the necessary and suffi-
cient conditions for Ishikawa iterative sequence to converge to fixed point of
asymptotically quasi-nonexpansive mappings.

Recently, first author [8] introduced Ishikawa iteration process of rank-r
which is similar to the following:

x1 € C,
Tn+l = (1 - an,i)-rn + an,iTiyn,i;
Yni = (1 - an,i+1)xn + an,i+1criyn,i+1;i = 17 2, 3’ T — 17

Ynr = Tn-

(1.1)

The modified Ishikawa iteration process of rank r is the following:

T € C
(12) 4 T = (1 = ani)zn + aniT7 Yn,i;
Yni = (1= @nit1)Tn + anit1 T Ynit1;0=1,2,3,--- ,r —1;
Yn,r = Tn.

It is very useful in computing to common fixed points of nonlinear mappings.

In this paper, we study the convergence of Ishikawa, iteration of rank 3 for
three uniformly (L — a)-Lipschitz type asymptotically quasi-nonexpansive
mappings on a compact convex subset of a uniform convex Banach space.
Our scheme is given as follows:

Let C be a nonempty compact convex subset of a uniformly convex
Banach space X and for i = 1,2,3, let T; : C — C be uniformly (L; — «;)-
Lipschitz and asymptotically quasi-nonexpansive mappings with sequence

{k$} such that % (k) — 1) < 0.
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Define a sequence {z,} in C as follows:

1 €C,
Tn+1 = (1 — an)Tn + anTTYn,
Yn = (1 — bp)zn + bpT3 2p,
zZn = (1 — ¢cp)xn + T3y for all n € N,

(1.3)

where {a,},{b.} and {c,} are sequences in (0,1). Our results generalize
and improve the results of [6, 7, 10].

2. Preliminaries

The following lemmas will be used to prove the main theorems.

LEMMA 2.1 ([6]). Let {an}o2 1, {Bn}2 1, {1n}5%; be three sequences of non-

n=1»
negative numbers satisfying any1 < (14 0p)an+m Vn € N and > 02, Br <

+00, Y o2 1 Yo < +00. Then lim ay, exists.
n-—o0

LEMMA 2.2 ([9]). Let X be a uniformly convex Banach space, 0 < a < t,, <
B <1, zn, yn € X, limsup||z,| < a,limsup ||y < a, lim |[tp,z, + (1 —
n—oo

n—oo n—oo

tn)ynl = a,a > 0. Then lim ||z, — yn| = 0.
n—o

LEMMA 2.3. Let C be a nonempty convexr subset of a uniformly conver
Banach space X and for i = 1,2,3, let T; : C — C be uniformly (L; —
a;)-Lipschitz and asymptotically quasi-nonexrpansive mappings with sequence
{k,(f)} such that Zzo:l(k,(f)—l) < 00. Define a sequence {zn} in C as follows:

z1 €C,
Tnt1 = (1 = an)Zn + anTTYn,
Yn = (1 - bn)mn + bnT2nzn,
zn = (1 —cp)xn + T3z, for alln € N,

where{an}, {bn} and{c,} are sequencesin (0,1). If F(T1)NF(T2)NF(T3)#0,
then lim ||z, — p|| exists for all p € F(T1) N F(T2) N F(T3).
n—oo

3
Proof. Let p € (| F(Ti). Then
i=1
(2.1) [2n —pll = |1 = en)n + cnT3'zn — pl|
< (1 = en)ll@n = pll + cnl|T5'zn — pll
< kP2 — pll,
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and
(2.2) lyn — pll = (1 = bp)2n + bn T3 2 — pl|
< (1= ba)llzn — pll + a1 2 — Dl
< kPkP ||z - pll.
From (2.1) and (2.2), we have
(2.3) 1Zn+1 =PIl < (1 — an)llzn — pll + an||T'yn — pl|
< kPEPED |zn — pl-
Observe that

S (KORDKD — 1) = Y HOKD (D - 1)+ DR = 1) + £ 1)

n=1 n=1

<K1Yy (K -1+ Ky (k2 1)
n=1 n=1

o0
+ Z(k,(ll) —-1) < o0
n=1

for some constants K, Ko >0. Using Lemma 2.1, we obtain that lim ||z,~—p||
n—00

exists. =

3. Main results

THEOREM 3.1. Let C be a nonempty compact convex subset of a uniformly
convexr Banach space X and for i = 1,2,3, let T; : C — C be uniformly
(L; — «;)-Lipschitz and asymptotically quasi-nonezrpansive mappings with
sequence {kﬁf)} such that z;’f:l(k,(f) — 1) < 0o. Define a sequence {z,} in
C as follows:

I € C,
Tn41 = (1 - an)l'n + anT1nyna

Yn = (1 = bp)zpn + by 15 2,

zn = (1 —cp)xn + T3z, for alln € N,

(3.1)

where {an},{bn} and {cn} are sequences in [0,1] such that 0 < a < a, <
a<1,0<b<b, <b<landl<c<e, << 1.
If F(Ty) N F(T3) N F(T3) # B, then the sequence {z,} converges strongly
to a common fized point of T1,T> and T3.
Proof. By Lemma 2.3, we have lim |z, — p|| exists for all p € F(T1) N
n—o0

F(Ty)N F(T3). Set lim ||z, — p|| = d for some d > 0. Then, from (2.1) and
n—oo
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(2.2), we have

limsup ||z, — p|| < limsup ||z, — p|| = d
n—oo

n—00
and
limsup ||y» — p|| < limsup ||z, — p|| = d,
n—o0 n—00
respectively.
Note that
limsup | T{yn — p|| < limsup(k{)|lys — pll) < d
n—00 n—00
and

Hm (|Zny1 — pll = lim [[(1 = an)(zn — p) + an(T'yn — p)|| = d.
n—0o0 n-—00
Thus, from Lemma, 2.2, we get
(3.2) lim ||z, — T7'yx| = 0.
n—o00
Next,
#n = Il < llzn — T7Ynll + 1 T7yn — pll
< Nz = T yall + 5P llyn — 2,
which gives that
d < liminf |ly, — p|| < limsup ||y, — pll < d
=00 n—00

and hence
lim ||y, — pl| = d.
n—00
Note that
lim sup || 75"z, — p|| < limsup(k{?||z, — pl|) < d
n—0 n—oo
and

d= lim |y, —p|| = lim ||(1 = bp)(@n — p) + ba(T3 20 — P)|-
n—oo n—0o0

Thus, from Lemma 2.2, we get
(3.3) lim ||z, — T3’ 20| = 0.

n—oo
Note

[2n = pll < llzn — T3zl + 1722 — p
< Nn — T3znll + kP |l2n — pll,
which gives that
d < liminf ||z, — p|| < limsup ||z, — p|| < d,
n—o0

n—oo
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and hence lim |z, —p|j =d.
n—oo

Since
limsup |13z, — pl| < limsup(k& ||z, — p||) < d,
n—oo

n—oo
and
d= lim |z, —pl| = lim [[(1 = ca)(zn — ) + ca(T5zn — D)].
n—oo n—oo

Thus, from Lemma 2.2, we get

(3.4) lim ||z, — T3z,| = 0.
n—oo

Since C is compact, {z,}52, has a convergent subsequence {zn, }32 ;. Let
(3.5) kgrgo Tp, = P

Then from (3.1), (3.2) and (3.3), we have
(3.6) [Zng+1 = Ty | < @ny IT7* Yy, — Tni |l — 0
and
(3.7) lyn = @nll < bal|T5'2n — 2nl| — 0.

Again, from (3.2) and (3.5), we have
(3.8) lim T7*yn, =p.

k—oo

Since klim Zn,+1 = P, wWe have

From (3.6), (3.7), (3.8) and (3.9) we have
0<|lp-Tipll=lp- Tlnkﬂynkﬂ + Tlnkﬂynkﬂ - Tflk+liﬂnk+1

+T1"’°+1mnk+1 — T1"’°+1mnk + T{”‘Hxnk — T{”‘Hyn
+T7 y,, — Tl

<l = T g | + 1T s = TP 2|
HITT* angr = TP ||+ |T7 2n, = T g,
+I T g, — T

< lp = T i1 ll + Li g1 = Tngar |
+ L] Tn 41 — @ng I** + Ll @ng, — yne |
+L1 || T7*yn,, — pl|** — 0 as n — oo.

k

Next,
(3.10) l2n — 2n|| < enllT5'zn — za|l — 0.
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From (3.3) and (3.5), we have
(3.11) lim T5*2,, =p.

k—o00

Since lim zp, 41 = p, then
k—o00

(3.12) lim T 4 =p.
From (3.6), (3.11) and (3.12), we have
0 < lp — Topll = llp — Tp* zmpa + Tp** 2n 11 — T3 an i

AT g 0 — Ty g, + Ty% e, — T2,
+T3* " 2n, — Top

<lp = T3 2z | + 15 21 — T3 gy
+“T;k+1a)nk+1 - 2nk+1xnk“ + “T2nk+1$nk - T2nk+1znk”
+HI|T5* " 20, — Top

< llp = T3z | + Lallzng1 = Tna |2
+Lo||Zni+1 — @, |*? + Lofl@n, — 2, [|*?
+La||T5* 2, — p||*? — 0, as n — oo.

Now from (3.4) and (3.5), we have
(3.13) lim T3*z,, =p.

k—o00

Since klim Tni+1 = D, it follows from (3.4) that
—00

(3.14) kll)nolo T;k+1$nk+1 =D
From (3.6) and (3.14), we obtain
0 < lip—Tspll = Ip = T3 @nps + T3 21 — T3 2,

+T5* " o, — Tap|
1
<Hlp = T3* 21| + Lsll@ng+1 = 2o, ]|
+L3||T3*zp, — p||** — 0 as n — oo.

Thus, p is a common fixed point of 17,75 and T3. Since the subsequence
{Zn, }32, of {zn}32, converges to p and nlggo |z — p|| exists, we conclude
that lim z, = p. "

n—00
COROLLARY 3.2. Let C be a nonempty compact convex subset of a uniformly

conver Banach space and for i = 1,2, let T; : C — C be uniformly (L; —
a;)-Lipschitz and asymptotically quasi-nonexpansive mappings with sequence
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{k,(f)} such that Eflo:l(k,(f)—l) < 00. Define a sequence {x,} in C as follows:

1 € C,
(3.15) Znt+1 = (1 — an)zp + anTTYn,
Un = (1 = bp)zn + b T3z, for alln € N,

where {an} and {b,} are sequences in [0,1] such that0 <a <a, <a<1
and 0 <b<b, <b<1.

If F(h) N F(Ty) # 0, then the sequence {x,} converges strongly to a
common fixed point of Ty and T.

REMARK 3.3. Corollary 3.2 is an improvement of the results of Qihou [7]
when ¢, and ¢, = 0.

In the same manner we have the following theorem.

THEOREM 3.4. Let C' be a nonempty compact convex subset of a uniformly
convezr Banach space and for i = 1,2,--- ,r; let T; : C — C be uniformly
(L; — a;)-Lipschitz and asymptotically quasi-nonezpansive mappings with
sequence {k,(f)} such that Zf;l(k,(f) —1) < co. Let {z,} be an iterative
sequence of the modified Ishikawa iteration process of rank r defined in C
by (1.2), where {an;:} (i=1, 2, --- ,r) be sequences of real numbers in [0, 1]
such that 0 < g; < apn; <@ <1 foralli € 1,2,---,r andn € N. If
F(Ti)NF(Tx)N---NF(T,) # 0, then the sequence {z,} converges strongly
to a common fized point of T1,15,--- , 1.
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