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ON A CERTAIN CLASS OF ANALYTIC FUNCTIONS
ASSOCIATED WITH A CONVOLUTION STRUCTURE

Abstract. Making use of a convolution structure, we introduce a new class of an-
alytic functions defined in the open unit disc and investigate its various characteristics.
Apart from deriving a set of coefficient bounds, we establish several inclusion relation-
ships involving the (n,d)-neighborhoods of analytic functions with negative coefficients
belonging to this subclass.

1. Introduction and preliminaries
Let A(n) denote the class of functions normalized by

00
(1.1) fB)=2- > az® (ax>0, neN:={1,2,3,..}),
k=n+1
which are analytic and univalent in the open unit discid ={z : z€C, |2| <1}.
For functions f € A(n) given by (1.1) and g(z) € A(n) given by

o0
(1.2) 9(z)=2— Y bz (>0, neN),
k=n+1
we recall the Hadamard product (or convolution) of f and g by
o0
(1.3) (fxg)(z)=2— Z arbpz® (2 €U).
k=n+1
In terms of the Hadamard product (or convolution), we choose ¢ as a fixed
function in A(n) such that (f*g)(2) exists for any f € A(n), and for various
choices of g we get different linear operators which have been studied in re-
cent past. To illustrate some of these cases which arise from the convolution
structure (1.3), we consider the following examples.
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_ (@)1 ()1 2 -
(14) 9@ =2+ ) (ﬂl)k—l---(ﬂj)k—l( P z+k_;+lsz

where
(al)k_l ‘e (ap)k_l 1
(B)k-1--- (Bgle—1 (k— 1)V

then the convolution (1.3) gives the Dziok—Srivastava operator [6]:

/1((11, sy Qp; /Bl’ T aﬂq; Z)f(Z) = Hg(alngl)f(z)a

where o, -, 0p; B1, -, B, are positive real numbers, p < ¢+ 1;p,q €
N U {0}, and (a); denotes the familiar Pochhammer symbol (or shifted
factorial).

I =

REMARK 1. Whenp=1,qg=1; a1 = a, as = 1; 81 = ¢, then the Dziok-
Srivastava operator (1.4) corresponds to the operator due to Carlson-Shaffer
operator[3] given by

L(a,0)f(2) := (f * 9)(2),

where

(1.5)  L(a,c)f(z) = 2F(a,1;¢;2) * f(2)
=z 4 Z (a)%akzk (c#£0,-1,-2,...),

and F'(a,b;c;z) is the well known Gaussian hypergeometric function.

REMARK 2. Whenp=1,¢=0; 0y =m+1, as = 1; §1 = 1, then the the
above Dziok-Srivastava operator yields the Ruscheweyh derlvatlve operator
[9] given by

(1.6) D™f(z):=(f*g)(z) =z + Z <m+k_1)akzk.

k=n+1
(2) Furthermore, if

(1.7) 9(z) =z + Z k<k+a>mzk (0 >0; meZ)),

k=n+1 lto

then the convolution (1.3) yields the operator Z(o,m)f : A(n) — A(n)
which was studied by Cho and Kim [4] (see also [5]).
(3) Lastly, if

0 l
a9 g@=a+ 3 (S H wxoien),
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then (1.3) gives the multiplier transformation J(u,l)f : A(n) — A(n),
which was introduced by Cho and Srivastava [5].

REMARK 3. For p = 0, the operator defined with (1.8) gives the Saldgean
operator

(1.9) Dif(z) =z + i Kk (1>0),
k=n+1

which was initially studied by Saligean [11].

Following Goodman [7], Ruscheweyh [10], Silverman [12] (see also [1, 2,
8]), we define the (n, §)-neighborhood of a function f € A(n) by

(1.10) Nps(f) = {A(n):h(z)=z— Y afand Y k|ak—ck]§5}.

k=n+1 k=n+1
In particular, for the identity function

e(z) =z,

we immediately have

(1.11) N, s(e) == {f € A(n): h(z)=2— Z cx2* and Z klek| < 6}
k=n+1 k=n+1
For the purpose of this paper, we introduce here a subclass of A(n)
denoted by Sp(g; A, b) which involves the convolution (1.3) and consist of
functions of the form (1.1) satisfying the inequality:

1 z((f * 9)(2)) )‘
I (S I CEr arm ) R
where z €U, 0 < A <1, beC - {0}

The definition of the function class S,(g; A, b) is essentially motivated
by earlier investigations in [1] and [8] in each of which further details and
references to other closely related subclasses can be found.

We deem it proper to mention below some of the function classes which
emerge from the function class S, (g; A, b) defined above. Indeed, we observe
that if we specialize the function ¢g(z) by means of (1.4) to (1.9), and denote
the corresponding reducible classes of functions of S,(g; A, b), respectively,
by HE (X b;a1,B1), PE(A\b), QT(\b), LI(Ab), ML (A b,1), and RL(\,b),
then it follows that

1. f(Z) € Hg()‘a b1 agq, ﬂl)

1 2(Hg(en, B1) f(2)) ~
’b((l—A)Hﬁ(al,ﬂl)f( )+ Az(HE (a1, B1) f(2)) 1)‘ <1 (z€l), (1.13)
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2. f(2) € P2(\b)
1 z(L(a,c)f(2)) _ .

” b< L(a,0)f(z) + Az(L(a,c) f(2)) 1>‘<1 (zelU), (114)
3. f(2) € Q”‘(A b)
1 2(D™ f(2))’ ]

- b( A)D™f(2) + Az(D™f(z)) 1>‘ <1l (zel), (1.15)
4. f(z) € Lg(\,b)
L 2(Z(o,m)f(2)) . .

N b< (o, m)f(z) + Az(Z(o, m) f (2)) 1)\“ (z €U), (1.16)
5. f(z )EMn()\bl)
1 2(J (1, D) f(2)) _ .

- b< N (1, D) f(2) + A2(T (1, 1) £ (2)) 1)‘<1 (zelU), (1.17)
6. f(2) € RL(\D)
1 DH—lf(z)

= b ((1 — NDif(2) + A\zDH1f(z) - 1) <1l (z€l). (1.18)

The purpose of the present paper is to investigate the various proper-
ties and characteristics of functions belonging to the above defined subclass
Sn(g; A, b) of analytic functions in the open unit disk ¢/. Apart from de-
riving a set of coefficient bounds for this function class, we also establish
several inclusion relationships involving the (n, §)-neighborhoods of analytic
functions with negative and missing coefficients belonging to this subclass.
Special cases of some of these inclusion relations are also mentioned.

2. Coeflicient inequalities

The following result gives the necessary and sufficient condition for the
function f(z) € A(n) to be in the class S,(g; A, b).

THEOREM 1. Let the function f € A(n) be defined by (1.1), then f(z) is in
the class Sp(g; A\, b) if and only if

(2.1) > AL+ Ak = DB - 1) + kY brax, < [b]-
k=n+1
Proof. Let a function f(2) of the form (1.1) belong to the class S,(g; A, b).
Then in view of (1.12), we obtain the following inequality:
o A1=-MN(k- l)bkakzk
uiant <Pl (zeu).
z— Y [Mk—1)+ 1]bgaz*®
k=n+1
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Thus putting z = r (0 < r < 1), we obtain

S (1= A)(k — Dbgagrt—?
(2.2) kentl <ol (z€l).
1- Z [)\(k‘ -1+ 1]bkakrk—1
k=n+1

We observe that the expression in denominator on the left-hand side of
(2.2) is positive for r = 0 and also for all (0 < r < 1). Thus after some
simplification, we obtain

(2.3) > AL+ Ak = DJ([b] — 1) + k} brapr®~ < |b),
k=n+1
and letting 7 — 1~ through real values, (2.3) leads to the desired assertion
(2.1) of Theorem 1.
Conversely, by applying (2.1), we find that
|2((f * 9)(2)) = (1 = N)(f * 9)(2) — A=((f * ) z))'l
— 181 [(1 = X)(f * 9)(2) + A=((f * 9)(2))|

o0 o0

‘ Z - l)bkakzkl b |b|‘2 - Z [/\(k - 1) + l]bkakzk‘
k=n+1 k= n+1
< > (1= Nk = Dbea|z|* — [bl|z| + [b] Z + 1]bag|2(*
k=n+1 k=n+1
)
< 3 {1+ Ak = D](b] — 1) + k} bax — [b] < 0.
k=n+1

Hence, by (1.12), we infer that f(z) € Sn(g;A,b), which evidently com-
pletes the proof of Theorem 1. =»

Corresponding to the various subclasses which arise from the function
class Sp(g; A, b) by suitably choosing the function g(z) as mentioned in (1.13)
o (1.18), we arrive at the following corollaries giving the coefficient bound
inequalities for these subclasses of functions.

COROLLARY 1. Let the function f € A(n) be defined by (1.1), then f(z) is
in the class HE(M, b; a1, 1) if and only if

[e o]
(2.4) D AL+ Ak - D8l - 1) + k}arTy < [b].
k=n+1
REMARK 4. For specific choices of parameters p,q, a1, 31 (as mentioned
in the Remarks 1 and 2), Corollary 1 would yield the coeflicient bound
inequalities for the subclasses of functions PZ(A,b) and QT(A,b).
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COROLLARY 2. Let the function f € A(n) be defined by (1.1), then f(z) is
in the class LG (A, b) if and only if

x0
(25) Y AL+ Ak=-D)(bl - 1)+ k}k (k+0)™ak < [b] (1+0)™
k=n+1
COROLLARY 3. Let the function f € A(n) be defined by (1.1), then f(z) is
in the class M} (\,b,1) if and only if

(2.:6) Y A+ Ak - Dbl — 1) + &} (k+ w'ar < o] (1+p)
k=n+1

REMARK 5. When p = 0, Corollary 3 would give the coeflicient bound

inequality for the subclass of functions RY, (), b).

3. Inclusion relations involving (n, §)-neighborhoods

In this section, we establish several inclusion relations for the normalized
analytic function class Sp(g; A, b) involving the (n, §)-neighborhood defined
by (1.11).
THEOREM 2. If by > bp(k > n+1),|b| > 1 and
|6](1 + n)

(3.1) 0= (B = DA+ 7N + 7+ 1} bpsr
then
(32) Sn(g; A, b) c Nn,ﬁ(e)‘

Proof. Let f(z) € Sh(g; A, b). Then, in view of the assertion (2.1) of The-

orem 1, we obtain
oo

(bl = DA +nX) +n+ b S ax < b
k=n+1
which readily implies that

°° |b]
(33) D @< {A+n0)(b = 1) +n+ 1} bogr

Making use of (2.1) again in conjunction with (3.3), we get

0 o0
b1 Y kag <o+ @ +nA)(1 = [b)bas1 D a
k=n+1 k=n+1

< Ib + (1 + 2N (1 = |B])bst

|b](1 + n)
(1+nA)(b|—1)+n+1

i
(T +7nX)(Jb] = 1) + 71 + 1) by
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Hence

= [bi(L +n) _
(34) kgn;lkakg{(1+nA)(|b|—1)+n+1}bn+1 =9 (bf>1)

which, by means of the definition (1.11), establishes the inclusion relation
(3.2) asserted by Theorem 2. »

4. Neighborhoods for the class S,(g,A,7,b)

In this section, we determine the neighborhood properties for the func-
tion class S, (g, A, n,b) which we define as follows.

A function f € A(n) is said to be in S,,(g, A, 1, b) if there exists a function
h(z) € Sn(g, A, b) such that
(4.1) ‘————1‘<1—n (z€eU;0<np< ).

THEOREM 3. If h € S,(g, A, b) and
{1+ nA)(|bl — 1) +n + 1}bpt1

(42) =1 e AT AN (B = ) T e = (2> Y
then
(4'3) Nn,5(h) C Sg(g’ A b)

Proof. Suppose that f € Ny, 5(h). We then find from the definition (1.10)
that

00
Z klay —cx| <90
k=n+1

which readily implies the coefficient inequality:

o0

]
Z |ak—Ck|Sn—H (neN)

k=n+1

Next, since h € S,(g, A, b), therefore we infer that

0]
(4.4) o <
;;n;q - {(T+nA) (bl —1) +n+1}bpy1’

so that
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&)

F@ ) 1’ < k=%:+1 |ax — ck
) 1- i Ck
k=n+1

) {@+nN)(b]=1)+n+ 1} byt
(m+1){(1+nN)(b| = 1)+ n+ 1}bay1 — |b|
=1- n,
provided that 7 is given by(4.2). Thus, by definition, f € S,(g; A, n,b) for
given by (4.2). This evidently completes our proof of Theorem 3. =

IA

For various choices of g(z), as detailed in Section 1; see also (1.13), (1.16)
and (1.17), we arrive at the following corollaries giving the corresponding
neighborhood properties for these subclasses of functions.

COROLLARY 4. If h € HY(\ b;a1,81) and

o H{O+nN(bl =) +n+ 1}
m=1 (n+ D){(1+nN)(b| - 1) +n+ l}p:H -y (18] > 1),

then
Nn,&(g) - Hg(Aa m, ba aq, /61)
COROLLARY 5. If h € LZ(A,b) and

HA+nN)(b|-1)+n+1}(n+1)(n+o+1)™
(n+1D){A+nA)(b] —-1)+n+1}n+1)(n+1)™ — |b|(c + 1)™

(16| > 1), then

m=1-

Nps(g) € L3 (A, m2,b).
COROLLARY 6. If h € ME(\ b,1) and

1 S{(L+nA)(b] = 1) +n+1}n+p+ 1)
BT A D{A+ (b - D +n+ T+ p+ DL — b1+ p)
(|b| > 1), then

Nn,ﬁ(g) C M'rl:()‘a"]&b,l)

REMARK 6. Making use of Remarks 1 and 2, Corollaries 4 and 5 yield the
neighborhood results for the subclasses PZ(\,b) and Qn*(A, b), respectively.
Also, for o = 0, Corollary 6 would evidently give the neighborhood result
for the subclass of functions R, (), b).
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