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ON PRESERVERS OF DETERMINANT OVER A FIELD

Abstract. Operators preserving the determinant of real matrices were studied in [1],
[2] and [5] under assumption that the operator is linear. In this paper the linearity of the
operators is not assumed: we only assume that the operators are of the form F = [f; ;],
where functions f; ; : F — F for4,j = 1,2,...,n and F is a field. In the matrix space
M, (F) = F**™, we characterize these operators from M,, ..(F) into itself preserving the
determinant. An operator preserving the determinant of matrices must be linear as in [4].
The form of operator F is presented.

1. Introduction

Let N denotes the set of positive integer numbers. For fixed m,n € N by
M, n(F) we denote the set of m x n matrices over the field . Finally, let
Mp(F) == Mpo(F).

First of all let us introduce

DEFINITION 1. We say that an operator F : M,(F) — M, (F) defined by
(1) F(A) :=[fi;(a:;)], where f;; : F — F,i,j=12,...,n,
preserves the determinant of matrices from My (F) if and only if for every
matrix A € Mp(F), A = [a;;], the equality

det (F(A)) = det (A)
holds, where the matrix F(A) := [fij(ai;)] for i,j =1,2,...,n.

2. Preservers of the determinant

In the part of the paper we characterize the operators of the form (1)
preserving the determinant. At the begining we prove

LEMMA 1. Let F from My (F) into itself is an operator of the form (1) which
preserves the determinant of matrices, then there exist constants d; ; # 0 for
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1,7 =1,2,...,n such that

(2) fi,j(x) = di’j"l? for xz e F,
where
n
(3) Hdi,a(i) =1
i=1
for an arbitrary permutation o = (o(1),0(2),...,0(n)) of the integer num-
bers 1,2,...,n.

Proof. For n = 1 if an operator F from M;(F) into itself of the form (1)
preserves the determinant of matrices then f1(z) =z for z € F.

Let F' from M,(F) into itself for n > 2 of the form (1) be an operator
preserving the determinant of matrices.

First we prove that every function f; ; for 4,5 = 1,2,...,n is of the form

(4) fij(z) =dijz+b;; for zelF,

where di,j, bi’j e F.

Let us take an arbitrary fixed pair (k,[) such that k,l € {1,2,...,n} and
consider the function fi;.

Let 0 = (0(1),0(2),...,0(n)) be a permutation of the integer numbers
1,2,...,n. Let By € M,(F) be a generalized permutation matrix with
entries

z for (i,0(7)) = (k,1)
bioiy =41 for (r,o(r)),r=1,2,...,n,r#1
0 in other cases,

forz € F.
From the property of a generalized permutation matrix we obtain det(B1)
= (—1)frz, where I, denotes the number of inverses of the permutation o.
Consider the matrix F'(B;). Using Laplace’s theorem expanding about
k-th row we get

det(F(B1)) = fri(z)Dry + Ris

where the Dy is cofactor of the element fi;(x), whereas Ry, is from La-
place’s theorem the sum of the remaining products entries of the k-th row
by the corresponding cofactor. Thus both Dy, and Ry, are constants and
do not depend on the variable x.

Because F' is an operator preserving the determinant and det(B;) =
(=1)!rz, then we have det (F(B;)) = det (B;) and

(5) fei@)Dgy+ Ry =2 for zeF.
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Putting z = 0 in (5) we have
(6) fi1(0)Diy + Ry = 0.
Subtracting (5) and (6) we obtain

(fri(®) = fk1(0)) Dyy =z for z€F
and Dy; # 0. From the above
fru(z) = D;llm + fei(0) for zeF
and functions fi; are of the form (4), where di; # 0 for k,1 =1,2,...,n.

Next we prove that all coefficients by ; for k,l = 1,2,...,n are equal to
Z€ro.

Let us consider a matrix By € M, (F) with entries z;; € F for ¢,j =
1,2,...,n. Then using (4) the matrix F'(By) has entries d; jx;; + b; ; for
i,7 =1,2,...,n. Because F' is an operator preserving the determinant, we
have det(Bs) = det(F(Bs)), i.e.,

(7) S0P [[aiow = D VP[] ([iowTion + biem) »
oES, =1 oES, =1

where S, is the set of all permutations ¢ = (o(1),0(2),...,0(n)) of the
integer numbers 1,2, ..., n; I, denotes the number of inverses of the permu-
tation 0. The formula (7) is an equality of two polynomials of n? variables
z;; € F,i,j =1,2,...,n. If two polynomials are equal then coefficients are
equal, respectively. On the left side of (7) we have the term 1-[[i; z; ;;);
on the right side there is [T_; d; o(s) - [ ;=1 %i,0(;)- Hence we obtain (3) for
every permutation o.

Let k € {1,2,...,n} be fixed. On the right side of (7) we find the term
of n — 1 variables [[I_; ;¢ dio(s)%s,0(i)bk,o(k)- There is not this term on the
left side of (7). Therefore i) ;4 di0(:)%i0(s)0k,0(k) = O holds. From (3)
we have d; ,(;) # 0 and we obtain by ;) = 0 for arbitrary k € {1,2,...,n}.
Because o was an arbitrary permutation, we obtain b;; = 0 for all 4,j =
1,2,...,n. =

Let us denote by C the matrix
(8) C= [C,”j] with Cij = fi,j(l) for i,j = 1, 2, Loy N

REMARK 1. If an operator F' from M, (F) into itself for n € N of the form
(1) preserves the determinant of matrices, then by Lemma 1, it follows that
cij #0and f;;(0)=0fori,j=1,2,...,n.

LEMMA 2. Let F from Mu(F) into itself for n € N be an operator of the
form (1) which preserves the determinant of matrices. Then

(9) rank (C) = 1,
where the matriz C is defined by (8).
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Proof. For n =1 the condition (9) is true.
For n > 2 let us consider the minor

Cik Cil

Crk Crl

of the matrix C with arbitrarily fixed indices i,r,k,lsuchthat 1 <i<r <n
and 1 <k<l<n.

Let us consider the generalization permutation matrix By € My (F) with
entries 1 on positions

(1,0(1)),(2,0(2)),...,(¢ — 1,0(: — 1)), (3, k), ¢ + 1,0(i + 1)),
cey(r=10(r=1),(r,D),(r+1,0(r + 1)),

and entries 0 on all other positions.

Let Bs € M,(F) be the matrix obtained from B4 by interchanging
the i-th and r-th columns. Then the determinants det(By) = (—1)% and
det(Bs) = (—1)%e*!, where I, denotes the number of inverses of the permu-
tation o(1),0(2),...,0(t — 1),k,0(i +1),...,0(r —1),L,o(r +1),...,0(n)
of the integer numbers 1,2,...,n.

The F(B4) and F(Bs) are generalized permutation matrix. The deter-
minants

B; =

-5 (n,0(n))

det(F(By)) = (—1)1"01,0(1)02,0(2) e Ci1,0(i~1)CikCit1,0(i+1) - - -
Cr—1,0(r—1)CrlCr41,0(r+1) - - - Cn,o(n)
and
det(F(Bs)) = (—1)Iq+101,a(1)02,a(2) e € 1,0(i-1)CilCit 1,0 (i41) - - -
Cr—1,0(r—-1)6rkCr+1,0(r+1) - - - Cn,o(n)-

Because F preserves determinants, we get det(F(By)) = (—1){¢ and
det(F(Bs)) = (—1)%a*!. Then the equality holds det(F(By)) + det(F(Bs))
= 0. From the above it follows

CikCri — CiiCrk = 0.

This means that for an arbitrary minor B3 of the matrix C of the order 2
we have det(Bs) = 0. Then (9) is true. m

LEMMA 3 (see [3]). A matrizc C € My n(F), ¢ij #0 fori=1,2,...,m;

j=1,2,...,n has rank (C) = 1, if and only if there exist non-zero elements
UL, U2, ..., Um and V1,V2,...,Vn tn the field F such that for all entries c;;
of the matriz C the equalities

(10) cij=wv; fori=12,....m; j=12,...,n

are satisfied.



On preservers of determinant over a field 523

We prove

THEOREM 1. Let F' from My(F) into itself, where n € N, be an operator of
the form (1). Then F preserves the determinant of matrices, if and only if
there exist constants u; # 0, v; # 0 fori,5 =1,2,...,n such that

(11) fij(x) =wvjz for z€F, 4,j=12,...n
where

n
(12) Huivi =1

i=1

Proof From Lemma 1, we infer that functions f; ; have the form (2). For
z =1 we obtain that d; j = ¢;; for i =1,2,...,m, j =1,2,...,n and (11)
holds.

By Lemma 2, we obtain (9), and from Lemma 1, we get (3). Using
Lemma 3 and (10) we obtain (12).

Conversely, assume that an operator F of the form (1) is defined by (11)
and the assumptions (8), (9) and (12) are fulfiled.

Let H = [h; ;] € M,(F) be an arbitrary matrix. From the definition of
the determinant and (11) we have

det(F(H)) = > (=% ] wivo(iyhioq)s

pESH =1

where S,, denotes the set of all permutations ¢ = (o(1),0(2),...,0(n)) of
the set {1,2,...,n}.

Using properties of the determinants, (12) and the definition of o it
follows that

det F(H) Huz a(z) Z h, od) = 1- det(H)
oES,

Thus the operator F' from Mn(]-' ) into itself preserves the determinant of
matrices. m

The result of Theorem 1 may be written as

THEOREM 2. Let F' from My(F) into itself be an operator of the form (1).
Then F preserves the determinant of matrices if and only if there exist
nonsingular diagonal matrices M € My(F), M = diag(u1,ug,...,un),
N € M,(F), N = diag (v1,v2,...,vs) such that

F(A) = MAN for all A€ My(F) with det(M)-det(N)=1.

REMARK 2. The results of Theorems 1 and 2 were obtained with no regu-
larity assumption on operator F' (i.e. continuity, measurability or others).
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In the paper [4] similar problem and results concerning the preservers of
the determinant are presented. Let ® : M, (R) — M,(R) be a linear oper-
ator. In virtue [4, Theorem 3.1] we obtain that & is an operator preserving
the determinant if and only if there exist invertible matrices M, N € M,(R)
such that ®(A) = M AN or ®(A) = MA!N and det(MN) = 1, where A’
denotes the transposition of the matrix A.
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