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A NOTE ON TRANSVERSAL HYPERSURFACES 
OF LORENTZIAN ALMOST PARACONTACT MANIFOLDS 

Abstract. Transversal hypersurfaces of Lorentzian almost paracontact manifolds 
are studied. It is proved that transversal hypersurfaces of Lorentzian almost paracon-
tact manifolds admit an almost product structure and almost product Lorentzian metric 
structure.We shall also derive a formula which gives the relation between the connection 
with respect to the Lorentzian metric g and that with respect to induced Lorentzian met-
ric G. Some properties of Lorentzian (f,g, u, v, A)-structure, transversal hypersurfaces 
of Lorentzian cosymplectic manifolds and Lorentzian paracontact Sasakian manifolds are 
also studied. 

1. Introduction 
Let M b e a Lorentz ian a lmost paracontac t manifold (cf. [1], [2]) with 

a Lorentz ian almost paracontac t s t ruc ture (<f>, 77 ,5) , that is, <f> is a (1, 1) 
tensor field, £ is a ( t ime-l ike) vector field, 77 is a 1-form and g is a Lorentz ian 
metr i c on M such t h a t 

<j>2 = i + n®^ »/(O = - i , = 0, 

(1 ) 7 7 0 ^ = 0, 

(2 ) g (4>X, 4>Y) = g(X,Y) + rj (X) r, (Y), 

(3 ) $ (X, Y) = g (<f>X, Y)=g (X, cj>Y) = <f>(Y,X),g (X, £) = V (X), 

for all X,Y G TM. 
A Lorentz ian a lmost paracontac t manifold is called (cf. M a t s u m o t o [1]): 

Lorentz ian paracontac t manifold if 

(4 ) $ (X, Y) = 1 ((yxri) Y + (VYV) x ) , x, v e TM. 
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Lorentzian para-Sasakian (in brief, LP-Sasakian [2]) manifold if 

(5) (Vx<t>)Y = g(<j>X,cl>Y)Z + r,(Y)<l>2X, X,Y eTM. 

Lorentzian special paracontact (in brief, LSP-Sasakian) manifold, if 

Here V is the covariant differentiation with respect to g. 
Let M be a hypersurface of a Lorentzian almost paracontact manifold 

M with Lorentzian almost paracontact structure^, rj, g). Let the induced 
metric on M also be denoted by g. 

2. Transversal hypersurface 
Let M be a hypersurface of Lorentzian almost paracontact manifoldM 

equipped with an Lorentzian almost paracontact structure (<f>,£,T]). We 
assume that the structure vector field £ never belongs to the tangent hy-
perplane of the hypersurface M. Such a hypersurface is called a transver-
sal hypersurface of a Lorentzian almost paracontact manifold. Transver-
sal hypersurfaces never contain the structure vector field £ of the defining 
Lorentzian almost contact structure. In this case the structure vector field £ 
can be taken as an affine normal to the hypersurface. Since the vector field 
X e TM and £ are linearly independent, therefore we may write 

(6) $(X,Y) = eg{<t>X,<t>Y), e2 = 1, X,Y eTM. 

or 

(8) 0 = + 
(fX = F((t>X) + u((f>X)Z, 

X + T]{X)Z = F2X + (uoF) (X) (9) 

Taking account of equation (9) we get 

(10) 

(11) 
F2 = I, 

TJ{X)=UOF(X), X e TM. 

In view of (10), we have 

Theorem 2.1. Each transversal hypersurface of a Lorentzian almost para-
contact manifold admits an almost product structure F and a 1-form u. 
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Prom (10) and (11), it follows that 

77 = u) o F, 
T] (FX) = (w o F) FX, 
T](FX)=uj{F2X), 

(VoF)X = u(X), 
(12) u = r joF . 

Now, we assume that M admits a Lorentzian almost paracontact metric 
structure (4>,£,r],g). 

We denote by g the induced metric on M also. Then for all 1 , 7 £ TM, 
we obtain 

(13) g (FX, FY) = g(X,Y)+r] (X) V (Y) - u(X)u (Y). 

We define a new metric G on the transversal hypersurface given by 

(14) G (X, Y) = g (c(>X, <pY) =g(X,Y) + V (X) r, (Y). 

So, 

G (FX, FY) = g (FX, FY) + rj (FX) rj (FY) 

using (12), we have 
(15) G (FX, FY) = g(X,Y) + V (X) r, (Y) - u(X)u (Y) 

+ (r/o F) (X) (no F) (y) 
= g(X,Y) + V (X) r) (Y) - u(X)u> (Y) +u(X)u (Y) 
= g(X,Y)+V(X)r](Y) = G(X,Y), 

where equations (10), (12), (13) and (14) are used,then we get 

G (FX, FY) = G(X,Y), X, Y € TM. 

Then G is Lorentzian metric on M that is (F, G) is an almost product 
Lorentzian structure on the transversal hypersurface M of M. Thus, we are 
able to state the following 

THEOREM 2 . 2 . Each transversal hypersurface of Lorentzian almost para-
contact manifold admits an almost product Lorentzian structure. 

We now assume that M is orientable and choose a unit vector field 
N of M, normal to M. Then Gauss and Weingarten formulae are given 
respectively by 

(16) VXY = VXY + h(X,Y)N, X,Y € TM, 
VXN = -HX, X G TM, N e T X M , 
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where V and V are respectively the Levi-Civita connections in M and M, 
and h is the second fundamental form related to H by 

(17) h(X,Y)=g(HX,Y). 

For any vector field X tangent to M, defining 

(18) <pX = fX + u (X) N, 

(19) <f>N = -U, 

(20) £ = V + XN, 

rj(X)=v(X), 

(21) A = r1(N) = g(£,N). 

For X € TM we get an induced Lorentzian (/, g, u, v, A)-structure on the 
transversal hypersurface such that 

(22 ) f2 = I + u®V + v®U, 

(23) fU = -XV, fV = XU, 

(24 ) u o / = Xv, v o f = —Xu, 

(25) u (U) = —1 — A2, u(V) — v(U) = 0, v ( F ) = - l - A 2 , 

(26) g (fX, fY) =g(X,Y) + u (X) u (Y) + v(X)v (Y), 

(27) g (X, fY) = g (fX, Y), g(X,U)=u ( X ) , g(X,V) = v (X), 

for all X,Y € TM where X = r}(N). 
Thus, we see that every transversal hypersurface of an Lorentzian al-

most paracontact metric manifold also admits a Lorentzian (f,g,u,v, X)-
structure. 

Next we find relation between the induced almost product metric 
structure (F,G ) and the induced Lorentzian (/, g, u, v, A)-structure on the 
transversal hypersurface of an Lorentzian almost paracontact metric mani-
fold. 

In fact, we have the following 

THEOREM 2 . 3 . Let M be a transversal hypersurface of an Lorentzian al-
most para contact manifold M equipped with Lorentzian almost para contact 
structure (</>,£, rç, (?) and induced almost product metric structure (F,G). 
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Then we have 

(28) Xu = u, 

( 2 9 ) F = f - j u ® V , 

(30) FU = jV, 

(31) uoF = uof = \v, 

(32) FV = fV = X U, 

(33) voF = \u. 
A 

Proof . We have 

4>X = FX + u) (X) 
i = V + \ N, 

(34) 4>X = FX + u (X) V + Aw (X) N, 

(35) 4>X = fX + u (X) N. 

From equation (34) and (35) we have 

\u>X = u(X), 

or 

Xu> = u, u = —u, 
A 

which is equation (28) 

fX — FX + UJ (X) V, 
f = F + u®V, 

f = F + ^ u ® V , 
A 

or, 

F = f - j u ® V , 

which is equation (29) 

(uoF) (X) = (uof) (X) - (X) u (V) = uof, u (V) = 0 

uoF = uof = Xv which gives equation (31) 

FU = fU — (U) V = -XV - ( - 1 ~ A2) F = 1 v 

A A A 
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which gives equation (30) 

(voF) (X) = (vof) (X) - I U ( X ) V (V) = (vof) (X) - (X) ( - 1 - A2) 

= —Ait (X) - (X) ( - 1 - A2) = ju (X) 
A A 

„ i 
voF = —u, 

A 

which is equation (33) 

FV = fV - \u{V)V = fV = \U, 

which is equation (32). Here equations (18) to (29) are used. 

LEMMA 2 . 4 . Let M be a transversal hypersurface with Lorentzian 
(f,g,u,v,X)-structure of a Lorentzian almost para contact manifold M. 
Then 

(36) (Vx4>) Y = ( ( V x f ) Y-u{Y)HX + h (X, Y) U) 
+ ((Vxu)Y + h(X,fY) N), 

(37) V x £ = (VXV - A H X ) + (ih (X, V) + XX) N, 
(38) (Vx<t>) N = (-VxU + f H X ) , 
(39) {Vxri) Y = ( V j f - Ah (X, Y)), 
for all X, Y 6 TM. 

The proof is straight forward and hence ommited. 

THEOREM 2 . 5 . Let M be a transversal hypersurfaces with Lorentzian 
( / , g, u, v, A)-structure of a Lorentzian cosymplectic manifold M. 

Then 

(40) (Vxf)Y = u(Y)HX -h(X,Y)U, 
(41) (Vxu)Y = -h(XJY), 
(42) V * ^ = A HX, 
(43) h (X, V) = -XA, 
(44) VXU = f H X , 
(45) (Vxv) = \h(X,Y), 
for all X, Y G TM. 

P r o o f . Using (36), we obtain 

( (Vx/ ) Y - u (Y) HX + h (X, Y) U) + ( (V xu) Y + h (X, fY)) N = 0. 
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Equating tangential and normal parts in the above equation, we get (40) 
and (41) respectively. Using (37), we have 

Equating tangential and normal parts we get (42) and (43) respectively. 
Using (36) and equating tangential, we get (44). In the last (45) follows 
from (39). • 

THEOREM 2 . 6 . If M be a transversal hypersurface with Lorentzian 
(f,g,u,v,\)-structure of a Lorentzian cosymplectic manifold,then Q, on M 
is given by 

THEOREM 2 . 7 . Let M be a transversal hypersurface with Lorentzian 
( / , g, u, v, \)-structure of a Lorentzian para Sasakian manifold M. Then 

(y) X + u (y) HX-h (X, Y) U, 

(47) (Vjru) Y = X(g (X, Y) + 2« (X) v (Y)) - h (X, fY), 

Proof . Using equations (1), (2), (5), (20) and (36), we obtain 

(Vx0) y = 9 MX, d>Y) £ + V (y) 
= g(X,Y)^ + V(X)r](Y)C + r](Y)X + r1(X)ir1(Y), 

( ( V X / ) Y-u(Y)HX + h ( X , Y ) U) + ((Vxu) Y + h(X, fY) N) 

(VxV - AHX) + (h (X, V) + XX) N = 0. 

( 4 6 ) (Vx/) Y = (g (X, Y) + 2<; (X) v (Y)) V, 

( 4 8 ) 

( 4 9 ) 

(50) 

vxy = fX + X HX, 
h(X, V) = u(X) - XX, 

VXU = u (fX) + u ( X ) V + Xv (X) + fHX - XX. 

= g (X, Y) (V + XN) + V (X) r, (Y) (V + XN) 
+ r,(Y)X + r](X) (V + \N)rj(Y), 
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( (Vx/) Y-u(Y)HX + h (X, Y) U) + ((Vxu) Y + h (X, f Y ) N) 
= g (X, Y) V + v (X) v (V) V + v (F) X + (v (X) v (y)) V 

+ Xg (X, Y)N + Xv {X) v(Y)N + Xv (X) v (y) N. 

Equating tangential and normal parts in the above equation, we get 

( V X / ) Y = (g (X, Y) + 2v (X) v (Y)) V 
+v (Y)X + u (y) HX-h (X, y) u, 

(Vxu) Y = A (g (X, Y) + 2*; (X) v (Y)) - h (X, f Y ) , 

-<t>(Vxt) = -<f>2X, 
(Vjtf) = <PX, 

(VxV - AHX) + (h (X, V) + XX) N — fX + u (X) N, 

comparing tangential and normal parts we get 

= fX + X HX, 
h (X, V) = u (X) - XX. 

Hence equations (42) and (43) are obtained. Here equations (18), (20) and 
(37) are used. 

Using (39) and definition of Lorentzian para Sasakian manifold, we ob-
tain 

VXU = u ( f X ) + u (X) V + A (v) X + f f f X - XX. 

T H E O R E M 2 . 8 . If M is transversal hypersurface with Lorentzian 
(f,g,u,v,X)-structure of a Lorentzian para Sasakian manifold M. Then 
$ on M given by 

$>(X,Y) = g(XJY) 

satisfying 

(Vx*) (y, Z) + (Vy$) (Z, X) + (Vzi&) (X, Y) 
= g(X,Z)v{Y)+g(Y,X)v(Z) 

+ g (Z, Y) v (X) + 6v (X) v (Y) v (Z) 
+ v(X)g(Z,Y)+v(Y)g(X,Z) + v(Z)g(Y,X). 
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P r o o f . We have 

(51) (Vx$)(Y,Z)=g(Y,(Vxf)Z) 
= g(Y,(g(X, Z) + 2v (X)v(Z)V 

+v (Z)X + u (Z) HX-h (X, Z) U) 
= g (X, Z) g (Y, V) + 2v (X) v (Z) g (Y., V) 

+v{Z)g{Y,X)+u{Z)g{Y,HX) 
-h(X,Z)g(Y,U) 

= g(X,Z)v(Y) + 2v(X)v(Z)v(Y) 
+v(Z)g(Y,X) + u(Z)h(X,Y) 
-h (X, Z) u (y). 

Similarly we obtain, 

(52) ( V y ( Z , X) = g (Y, X) v (Z) + 2v (Y) v (X) v(Z) + v (X) g (Z, Y) 
+u (X) h (Y, Z)-h (Y, X) u (Z), 

(53) ( V z $ ) (X, Y)=g (Z, Y) v (X) + 2v (Z) t; (Y) v(X) + v (Y) g (X, Z) 
+u (Y) h (Z, X)-h (Z, Y) u (X). 

Adding equations (51), (52) and (53), we obtain 

( V x $ ) (Y, Z) + ( V y ( Z , X) + (Vz$) (X, Y) 
= g (X, Z) v (Y) + g (Y, X) v(Z) + g (Z, Y) v (X) 

+ 6v (X) v (y) v(Z) + v (X) g (Z, Y) + v (Y) g (X, Z) 
+ v (z) g (y, x) + u (x) h (y, z) + u (y) h (z, x) 
+ u (Z) h {X, Y) — h (Z, Y) u(X)-h (X, Z) u (y ) 
-h(Y,X)u(Z), 

( V x $ ) (y, Z) + (Vy$) (Z, X) + ( V z * ) (X, Y) 
= g(X,Z)v(Y)+g(Y,X)v(Z) + g(Z,Y)v(X) 

+ Qv (X) v (y) v (Z) + V (X) g (Z, Y) 
+ v(Y)g(X,Z) + v(Z)g(Y,X). 
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