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GENERALIZATION OF A CLASS OF POLYNOMIALS

Abstract. An attempt is made to investigate a class of polynomials defined in form
of Rodrigues type formula and Mittag-Lefler Function. Some generating relations and
finite summation formulae have also been obtained.

1. Introduction, notation and results
Chak [1] defined a class of polynomials as:

(L.1) G)(@) = ook nes (g D) ae ),
where D = di’ k is constant and n =0,1,2,....
T

Chatterjea [2] studied a class of polynomials for generalized Laguerre
polynomial as:

1
(12)  T@,p) = — o " exp(pa”)(z? D)"[a"*" exp(—pa")).
Gould and Hopper [3] introduced generalized Hermite polynomials as:
(1.3) Hy(z,a,p) = (—1)" 27" exp(pz") D" [z" exp(—pz")].

Singh [11] obtained generalized Truesdell polynomials by using Rodrigues
formula, which is defined as:

(1.4) T (z,r,p) = 2~ exp(pa") (zD)"[z* exp(—pz")].

Mittal [5] proved a Rodrigues formula for a class of polynomials Tlgz)(m),
which is given by

1 _
(1L5)  T(@) = — 2 exp{pu(e)} D2 exp(—pi(2)}]
where, p(z) is a polynomial in = of degree k and z € (0, 0co).
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Mittal [6] also proved the following relation
(16)  TEH (@) = o M exppe(@)}0"a exp(—pr(@))]

d
where, 0 = z(s + zD), D = . and s is constant, which can be generalized
as:

" =z"(s+zD)(s+1+zD)(s+2+zD)...(s+(n—1)+zD).

In this paper, we introduced a new class of polynomial defined as
- 1 5
w1 TEPHTV@) = S a7 Ealpi(@)}0" o Bal —pu(o)}]

where a > 0, n = 0,1,2,..., k is finite and non-negative integer, E,(z) is
Mittag-Leffler function (Mario N. Berberan e Santos [4]) which is defined
as:

o0
z’l’l

(1.8) Eo(2) =) w5
Zo I(an +1)

Generalized Laguerre polynomials (Srivastava and Manocha[14]):

It is denoted by the symbol A (z) and defined as

x—a—n—l

(1.9) L (z) = (2D)"[z*t1 e,

n!
Hermite polynomials (Rainville [10]):

It is denoted by the symbol H,(x) and defined as
(1.10) H,(z) = (=1)" exp(z?) D" [exp(—z?)].

Konhauser polynomials of first kind (Srivastava [13]):

It is denoted by the symbol Y,*(z; k) and defined as:

—kn—a—1

z
(1.11) Y (@i k) = T

(l‘k+1 D)"[a:"‘+1 e .

Konhauser polynomials of second kind (Srivastava [13]):

It is denoted by the symbol Z(x; k) and defined as:

n+a - (T zt
(1.12) Zn(z: k) = w Z(_I)J( ) :
! =

j/Tkj+a+1)

where k is a positive integer.
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LP(z) polynomials (Prabhakar and Suman [9]) which is defined as:

1 J—
I B S st ot

k

Re(8) > —1 and « is any complex number with Re(a) > 0.
The following relations are also established by Prabhakar and Suman [9]
(1.14) LyP(a*) = Z(a; k),

(1.15) LYA(x) = LB (x).

Srivastava and Manocha [14] verified following result by using induction
method,

(1.16) (@?D)*{f(2)} = =™+ D™{z"" f(2)}.

We are also using the operational formulae (based on Mittal (7], Patil
and Thakare [8] work)

o0

(1.17) " (zuv —a:Z( )9” ™(v)07(u) where 61 = z(1+ zD),
=0

(1.18) ¥ (xaf(x)) =z%(1 — zt)” ) flz(1 — xt) 7Y,
(1.19) etf (:1:"_” f(x)) = 2%(1 4 )"+ flz(1 4 1),

2. Generating relations
We obtained some generating relations of (1.7) as

21) S TP V(@) = (1 - )7+ Eufpy()] Eal-pef{a(1 — )71},

n=0

(22) Y TEATH D @) = (14 0P Bolpi(a)] Bal-pefe(1 + )},
n=0

m-n o,f+s—1 m — s+n Eq z
(2.3) Z( N )Tlg(rﬁjn) N@)em = (1 g et )Ea[pk{m[?{c(—)t])_l}]

x Tt i1 - )71}
where 0 < t < 1.
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Proof of (2.1): From (1.7), we consider

3o TP D (@) 0 = 27 Eo{pi(2)} e®[2? Eaf—pi(2))]

n=0

using (1.18), above equation reduces to,

o0
n=0
=27 Eo{pi(z)} 2°(1 — 2t) %+ Ey[-pi{a(1 — zt)™'}]
and replacing ¢ by t/x, which gives (2.1).

Proof of (2.2): From (1.7), we consider
oo

Z Tlgz,ﬁ—n+s—1) (z)t" = z—(B—n)-n Ea{pk(x)}ew[mﬂ_” Ea{—pk(l')}]

n=0
using (1.19) and simplifying the above equation which reduces to:

o0

Z T’Ez,ﬁ—n+s-1) (:L‘)tn

n=0

= 27F Eo{pi(@)} 2 (1 + )7+ By [—pi{z(1 + 1)}].
Proof of (2.3): Again from (1.7) we consider

0e? Ea{-pela)}] = nl o s TP ()

or

"l Bol-ph(@)}]) =l € |7 e T2 )

applying operational formula, above equation can be written as

e tm pm4n
z 1 [xﬂ Ea{—pk(x)}]
m—0 m!
= n! ZPt(1 — pt)~(BHstn) 1 TP D1 — 2)71).

Eo[pi{z(1 - zt)~1}] ~Fn
Therefore, we get

[e o]
1 1 -
E | gBmAn 2 plefts=1) .y m
m=0 m!l nl (m - n) v Ea{pk(x)} k(m+n) ('T)

1 _
_ Bneq _ —(B+s+n) T(a,ﬁ+s 1) 1— )11,
e Eopila(l-zty 1)) b Um0
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Above equation can be written as:

io: ™ ( m+mn ) T(a»ﬁ+s—1) (.’L’)tm
— n k(m+n)

and replacing t by t/z, which immediately leads to (2.3).

3. Finite summation formulae
We obtained two finite summation formulae for (1.7) as

a,f+s— =1 o5
31 T V@)=Y — (B)m T (@), where >0,

m=0

n

o,B+s— 1 a,y+s—
(3.2) T,Sn A+ 1)(x) = Z - (B—Y)m T,E(n'fr_n) 1)(:13), where 8—v > 0.

m=0

Proof of (3.1): We can write (1.7) as,
- 1 _4 _
TP (@) = =2~ " Ba{pu(2)}6" (22"~ Ba{-pe()}],

using (1.17) we get,

n

T (@) = Za P Eafm@e 3 (7)o (Bl -pel@ HOT @)

m=0
which yields

n

(3.1.1) % 2 Eo{pe(@)}e S

m=0

n!
ml(n — m)!
xz" ™[(s+zD)(s+1+xD)(s+2+zD)...(s+ (n—m— 1)+ zD)]
x [Eo{—pr(2)}]2™[(1 + 2D)(2 + D)(3 + zD)...(m + zD)]z~}

n—m—1

= Bolpele)} Y e 1 (o4 i+ 2D) [Ba{ome(a)}] (B
m=0 =0

where (), is a factorial function defined (Rainville [10]) as

Bm=BB+1)B+2)...8+m—-1), m—-1>0
and

(B =1
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If 3=01in (1.7) and n is replaced by n — m then (1.7) becomes

1

T(as 1)(.'1:) = m)'

k(n—m)

™) B {pi(2)}0" ™ [Eo{—pr(z)}]

thus, we have

1 n—m _ n-m 1 (as—1)
m 6 [Ea{—Pk(fE)}] =z m Tk(n_nll) (z).
Above equation can be written as:
n—-m-—1
(3.1.2) m E([) (s+i+zD)[Ea{—pr(z)}] = m T ) (@).

Use of (3.1.2) and (3.1.1), yields (3.1).

Proof of (3.2): From (1.7) we consider,

Z 2" T (2) 1 = 27 Ea{pr(2)}e?[2® Ea{-pi()}],

n=0
using (1.18) above equation reduces to,
3z TP (@) 7 = (1 — 2t)"P) Eu[pi(a)] Eal-pi{z(1 — zt) 7},
n=0

Above result can be written as:

oo
n=0

(wt)"‘

= (1 —2t)~0*) i(ﬂ —Y)m E,[pk(2)] Eo|—pr{z(1 — xt)~1}].

m=0

Using result (2.1), we get

oo
Z e Tlgz,ﬁ+s—1) (.’L‘) "
n=0

B=Y)m (%—),Z 277 Eq{pk(z)}e® [w“’ Ea{—pk(-’r)}]

S (8= P o Y B pa(@)}0°e Ea-pela)}]

n=0

Mz 1M]8

3
Il
)
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=2 2.6 ;ﬁ%%w”%m@wmwa&mm1
n=0m=0 : :

_ZX:”’“”’< gt B P Bl pr@
n=0m=0

Equating the coefficients of t*, we get
" Téz,ﬂ+s—1) (z)

—Z—ww7> Ea{pe(2)}6" ™" Ea{—pi(x)}]

( )

therefore, we obtain

Tlgz,[ﬂ-s—l) (z)
"1 z—7—(n—m)
= 7712::0 ml (B —=7)m m—)r

applying (1.7), which follows (3.2).

Eo{pi(z)}6" ™ [2" Ea{—pk(2)}]

4. Special cases
Here, we obtained some special cases of T,Ez’ﬂ +s—l)(a:) polynomials.
Putting @ = 1 and replacing 3 by « in (1.7), then (1.7) immediately
leads to,
(4.1) r{bats=D) gy = ploetsl) (g

therefore, we can say that (1.6) is a particular case of (1.7).
If « = 1, replacing 8 by a + 1, px(z) = p1(z) = z and s = 0 in (1.7),
then this equation reduces to

(4.2) T{(z) = L (z) = Ly®™(x) = Z3(z;1) = Yo (=; 1),
If we replace S by o+ 1, a =1, pg(z) = pz” and s = 0 in (1.7), gives
(4.3) Tv® () = T (2, p).

Substituting a = 1, replacing 8 by 1 —n, px(x) = 2%, s = 0 in (1.7) and
using (1.16), which yields

(4.4) (@) = E ),
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