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SOME INEQUALITIES OF ACZEL TYPE FOR GRAMIANS
IN n-INNER PRODUCT SPACES

Abstract. Some inequalities of Aczel type for Gramians in n—inner product spaces
which generalize pecaric result for n—inner product spaces are given. Applications con-
nected to Schwartz’s inequality for n—inner product spaces are also noted.

1. Introduction

The concept of n-inner product and n-inner product space is a gener-
alization of the concept of an inner product space (n = 1) and of 2-inner
product space (n = 2). The theory of n-inner product spaces have been
intensively studied by many authors. A systematic presentation of the re-
cent results related to the theory of n-inner product spaces as well as an
extensive list of the related references can be found in [3].

The main aim of this paper is to point out some new inequalities of Aczel
type for Gramians in n—inner product spaces, which also generalizes and
extends the results of Peéaric and complement, in a sense of, Chapter XX
of the book [13], but for n—inner product spaces. Some applications to real
or complex numbers which are closely connected with those embodied in
chapter IV of [13], for n—inner product space, are also given.

2. Preliminaries

(1) Here we give basic definition and elementary properties of n—inner
products. Let n be a natural number and X a linear space of dimension > 1
over the field k = R, of real numbers or the field k = C, of complex numbers.
Suppose that (.,. | .,...,.) be a k-valued function on X! = X x X x..-x X
(n + 1 times) satisfying the following conditions:

(i) (z,z | a2,...,an) > 0 and (z,z | ag,...,a,) = 0 if and only if the
vectors T ,ag,...,a, are linearly dependent,
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(i) (z, z | az,...,an) = (a2,02 | z,as,...,a,),

(iii) (z, ¥ | a2,..-,an) = (z,y | aip,...,ai,) for every permutation
(i2,...,%n) Of (2,...,n),

(IV) (11,', Y | a2a'--;an) = (y,:l? | a’2""aan)7

(v) (az,y | ag,...,an) = a(z,y | ag,...,a,) for every scalar a € K,

(vi) (z+2',y|a2,...,an) =(z, ¥ | a2,...,an) + (&', y | ag,...,an).

A function (.,. | .,...,.) is called an n-inner product on X and (X, (.,. |

.y -+ +y.)) is called an n-inner product space (or an n-pre-Hilbert space). Some
basic properties of n-inner product can be obtained as follows:
(1 —-1) If k = R, then (iv) reduces to

(:B,y ' (lQ,...,(ln) = (:'/7m | 0’2"",0'71,)'
(1 — 2) From (ii) and (iii), it follows that
(z,x | ag,...,an) = (ai,a; | az,...,8i-1,Z,Qit1,...,an)

holds for any i € {2,...,n}.
(1 — 3) From (iv) and (v), we have

0,y ] ag,...,an) =0, (z,0]az,...,a,) =0

and also
(2.1) (z,ay | az,...,a,) =@(z,y | az,...,an).

(1 — 4) Using (ii)—(vi), we get

(az,a2 | zty,as,...,an)=(xty,zty|az...,an)

=(z,z|ag...,an) + ¥,y | az,...,an) £ 2Re(z,y | az,...,an).

and
(2.2) Re(z,y | ag,...,a,)

1
= Z[(GZaaz | 1‘+y,03,---,an)—(a2,a2 | x_yya?ﬁ"",a'n)]'

In the real case k = R, (2.2) reduces to

(2.3) (z,y]a2,...,a,) = i[(a%ag | z+y,...,an)—(a2,a2 | z—y,...,an)]
Using this formula it is easy to see that, for any a € R, we have

(2.4) (z,y | aag,...,a,) = ?(z,y | az,...,a).

In the complex case k = C, using (2.1) and (2.2), we get

Im(z,y | ag,...,a,) = Re[—i(z,y | ag,...,an))

1 ) .
= Z[(az,az|m+zy,...,an)—(a2,az|z—zy,...,an)]



Aczel type inequalities in n-inner product spaces 611

which, on combination with (2.2), yields

(z,y ] a2,y...,a,) = i[(az,az |z4+y,...,a,) — (a2,02 |z —y,...,a5)]
+ Z;[(az,az | z+iy,...,an) — (a2,a2 | T — 1y, ..., a,)]-

Using the above formula and (2.1), we get, for any o € C
(2.5) (z,y | aag,...,an) = |of? (z,y | az,. .., an).
However, for a € R, (2.5) reduces to (2.4). Also, from (2.5) and (iii), we get
(z,y | ag,...,ai-1,004, 0341, ...,0p) = |a|2(:t;,y | ag,...,ai—1,ai,0i41,-..,0n)
and

(z,y ] ag,-..,ai-1,0,8i41,...,a,) =0,

for some i € {2,...,n}.

(2) In any given n-inner product space (X, (.,.|.,...,.)), we can define
a function ||.,...,.|jon X™ as
lz1,a2,...,60)| = V(21,21 | G2, ...,0,)

for any x1,a2,...,a, € X. It is easy to see that this function satisfies the
following conditions:

(i) ||z1, a2, - .., an|| = 0if and only if z1, ag, . . ., a, are linearly dependent,

(ii) ||lz1, @2, - .., an|| = ||z,, @iz -, - - - , a4, || for every permutation of
(i2y...,1n) Of (2,...,n),

(iii) |laz1, a2,...,an|l = || ||Z1, a2, - - ., an|| for every real «,
(iv) ||lz1 + 21, a2, ..., an|| < |lz1,02,- .-, an] + ||2], a2, ..., an]l -

(3) A natural extension of the Cauchy-Schwartz-Buniakowsky inequality,
in n—inner product space (3],

(26) |(CL',y | az,... ’a’n)|2 < (‘TH’I’. | az, ... ,an)(y,y | az,. . -,an),
is the Gram’s inequality [1],
(2.7) I(z1,x2,...,2Zn | a2,...,an) >0,

which holds for any choice of vectors x1,2,...,Z, € X and is strict unless



612 A. Rafiq, N. A. Mir, S. Hussain

Z1,%2,--.,Tn,02,--.,0, are linearly dependent, where

P(:I:l,:l,'z,...,.’l:n | ag,...,an)

(z1,21 | ag,...,an) (1,22 | Q2,...,8n) . .. (ZT1,Zn | a2,...,0n)
(z2,z1 ] a2,...,0n) (z2,22 | Q2,-..,ap) - .. (T2, Zp | Q2,...,0a,)
(Zn,z1 | @2y...,0p) (Tn, 22| @2y...,8p) . . . (Tn,Tn | a2,...,0pn)
The Gram’s determinant, I'(z1,z9,...,Zn | a2,.,...,a,), of the vectors
z1,Z2,...,ZIy with respect to the vectors ag,...,a, is given by
L(z1,22,...,2n | a2,.,...,an) = det G(z1,Z2,...,Zn | G2, .,...,an),
where
G(z1,z2,...,Zn | @2,...,0a)
(z1,21 | ag,...,an) (1,22 | Q2,...,8p) . .. (T1,Zn | @2,...,Gp)
(x2,21 | agy-..,an) (T2, 22| @2,...,85) . .. (T2,Zn | a2,...,0p)
[ (Zn, 71| G2,...,8n) (Tn, T2 | G2,...,n) . . . (Tn,Tn | G2, ..., an) ]

(4) In 1956 J. Aczel established an interesting inequality (page 117
of [13]).

Let a = (a1,a2,...,a,) and b = (b1, b, ...,b,) be two sequences of real
numbers such that either
(a2 —a%2—---—a2)>00r (B3 —b2—---—b2) >0,
then
(2.8) (o} —af—---—ad)(b] —b5--- —B}) < (a1b1 — agby — -+ — anbn)?,

with equality if and only if the sequences a and b are proportional.

In [11], S. Kurepa pointed out the following inequality of Aczel type
which holds in Hilbert spaces (page 602 of [13]).

Let X be a real Hilbert space and ¢, a unit vector in X. Suppose that
a,b € X are given vectors such that

(2.9) (w? — llao]l*) x (v* — [1bol|*) > 0,
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where u = (a,¢), v = (b,¢), ap = a — uc, and by = b — vc, then
(2.10) (u® — Jlaol®) (v* — lIbo||?) < (uw — (ao, bo))>.

If @ and b are independent and strict inequality holds in (2.9), then strict
inequality also holds in (2.10).

In [14] and also (page 603 of [13]) J. E. Pecari¢ proved an interesting
converse of a known inequality of Kurepa (page 599 of {13]) which asserts
that,

[ (z1,51) ... (Z1,Ym) |

(2.11) det

_(xma yl) s (xm, y'm)_
< F(wlam%"'7$m)r(y11y27"'>ym)7

where z;,y; € X, (i = 1,m) and X is an inner product space over the real or
complex number field k and T is the Gramian of the vectors involved above.
Pecarié’s result is:

(2.12) (u2 —T(z1,%2,-- -, Zm)) (V¥ = T(y1, 92, -, Ym))
(@) - @) |\

< | uv —det

_(xmayl) - (wmaym)_j
provided that
u? — I(z1,z2,...,Zm) >0 or v — T(y1,92,---,Ym) > 0,

where z; y; (i = 1,m) are vectors in a real inner product space X. Note
that this result is a generalization for Gramians of the Aczel inequality (2.8).

3. Main results

THEOREM 1. Let X be a real n—inner product space and c,as,...,a, € X
with ||c,az,...,an| = 1. Suppose that a,b € X are given vectors and u,v €
R such that,

(3.1) (u2 — |lao, az, - - .,an||2)(v2 — |lbo, az, - - . ,an||2) >0,
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where
(3.2) u=(a,clay...,a,), v=(bc|ay,...,a,),
ap =a—uc and bg = b — ve.
Then
(3.3) (u? — l|lag, aa, ..., an|?)(v? - ||bo, az,. .., ax|?)

< (uv — (ao, bo | a2, . .. ,an))2.

Proof. Consider

(3.4) (ao,bo | az,...,an) =(a—uc,b—vc|ay,...,a,)

= (a,b| az,...,an) — (a,c| az,...,an)(b,c| az,...,an)

and
(3.5) llag, az, . . .,anl* = (@ — uc,a —uc| az,...,an)

= ||la,az,...,an|? — (a,c| ag, ..., an)?,
(3.6) b0, az, - .., an|l> = (b —ve,b—ve| ag, ..., an)

= ||b,ag,...,aa]*> — (b,c| ag,...,a.)%
Since
(3.7 (u? — ||ag, az, - - . , an||?) (W% — ||bo, @z, - - ., an|*) >0
implies

((ayc| ag,...,an)? — ||a,a2,...,an|° + (a,c | az, ..., an)?)
x((b,c|ag,...,an)% — ||b,ag,...,ax|*> + (b,c| ag,...,an)?) >0,

using (m? — n?)(p? — ¢®) < (mp — nq)?, for m,n,p,q to be real, we get

(3.8) 2(a,c|ag,...,an)% = |la,ag,...,an]> >0,
2(b,c| az,...,an)* — |Ib,az,...,an|> > 0.

Now consider

('u,2 - |lao, a2, - - . ,an||2)(v2 — ||bo, a2, - - - ,an||2)
= [(a,c | az,...,an)2 — ||a,a2,...,an||2 + (a,c| az,...,an)z]
xk@qa%“w%f—uhwrnﬂdﬁ+wm|@,“@@ﬂ

< (2(a,c| ag,...,an)(b,c| az,...,an) — |la,a2,...,ax ||b,a2,...,an||)2.
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By simple calculation, using (3.8), and

(mz _ n2) (pz _ qz)
< (mp —ng)?, for m, n, p, q to be real, we get
(u? — ||ao, a, . .. ,an||2)(v2 - ||bo, ag, - - - ,an||2)
< ((a,c| ag,...,an)(b,c| ag,...,an) — (ao,bo | az,...,an))>.

Using (3.2), we get

(u? — ||ag, az, - - . , an||*) (W% — ||bo, az, . . . , an||*)
< (w — (ao,bo | a2,.-.,aa))?.

If a and b are independent then strict inequality holds in (3.1), then
strict inequality also holds in (3.2). =

In [1], the authors proved an interesting result which asserts that:

_ 4,2
(z1,91]a2,...,an) ... (Z1,ym | Q2,...,8n)
(3.9) det
_(xmayl|a'27"'7an)"'(xmaym|a27---aa'n)_
<I(z1,22,---,Zm | Q2y-- -, 6n) L (Y1, Y25 - - - Ym | Q2,- .., 8p),

where z;,y; € X,(i = 1,m) and X is an n-inner product space over the
real or complex number field k and I is the Gramian of the vectors involved
above. However the converse of (3.9) is proved in following theorem.

THEOREM 2. Let {z1,...,zn} and {y1,...,Yn} be two set of linearly inde-
pendent vectors in n—inner product space X. Set

Y =L(x1,- -, Tny Y10+, Yn)

take as,...,a, €Y and u,v € R. Let T be a matriz defined by

[ (z1,91 | a2,..-,an) ... (T1,¥m | a2, .., 04)

1
[

_(xm7y1 | a2a'-~aan) ... (wm>y’m | a‘2,"~7a"n,)J
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Then
(3.10) (u? —T(z1,22,...,%m | a2,...,8a)) (¥ =T(y1, %2, .- -, Ym | a2, - .., an))
[ (21,91 | a2,...,82) ... (T1,Ym | G2,...,05) ] 2
< | uv —det
| (Zm, 91 | @2,-..580) - .. (Tm,Ym | G2,...,6n)
provided that
u? —f(wl,m,...,mm az,...,an) >0
or
v —T(y1,92,---,Ym | G2,...,an) >0
Proof. Since
u? —f(zl,zg,...,mm az,...,an) >0,
and
v? —f(yl,y2,...,ym | ag,...,an) > 0.
We know that
(m? — n?)(p* - ¢°) < (mp — ng)®,
then
(uz—f(xl,mg,...,zmmz,.. )( fyl,yg, ,ym|a2,...,an))
< (wv — (1,22, -, Tm | a2y, @n) 2 (Y1, Y2, - Ym | 2y - ., 00)3)?
[ (z1,%1 | az2,---,an) - .. (Z1,Ym | a2,...,an)— 2
< | uv —det n
| (Zm,y1 | G2, .58n) - . - (Tm,Ym | G2, .., 0n) ]
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4. Some inequalities of Aczel type for Gramians

Let us denote by f(ml, Yly--+»ZTm,Ym | G2, - .., an), the determinant given
by,

F(xl’yla""zm,ym l a2a-~-,a'n)

[(x1,91 ] @2,---,8n) (T1,92]@2y---,@n) - .. (T1,Ym | G2, .., @n)

= det . . . ,

_(:L‘m7yl la27"'7an) (xm7y2 I 02,.-.,(1") .. (-'L'maym | a?a“',an)_.

where z1, y1,-..,Zm,Ym, @2,...,a, are vectors in n— inner product space
(X;(5-]+---5-))- In addition, we observe that if y; = z1,..., Ym = Tm,
then

f(wl,yl,...,xm,ym |ag,...,an) = (21,22, .., ZTm | G2, - ., Cn).
By the use of this notation, the inequality (3.9) may be written as:
(41) f(ﬂ?l,.’l)Q,...,.’I)m | a?a"wan)f(yhy%""y’m | a27""an)

~ 2
> F(xhyl""ax'ﬂhym | a'27""a'n)

for all z;,y; € X, (¢ = 1,m). The first result which gives a converse of (4.1)
is embodied in the following theorem:

THEOREM 3. Let (X; (,,.|.,...,.)) be an n-inner product space over the
real or complex number field k and a, b, ¢ be three real numbers satisfying
the following condition.:

a,c>0 and b? > ac.
Then for all z;,y; € X, (i = 1,m), such that either
a> f(zl,zz,...,zm | ag,...,an),
or
c>T(y,y2, .. ym | az,...,an),

then we have the inequality

(4.2) [a—f(ml,wz,...,zm | ag,...,an)][c—f(yl,yg,...,ym | ag,...,an)]
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< min[(b+ Ref(:zl,yl, ey Ty Ym | G2, ..., an))E,
(E= |Ref‘(:1:1,y1,...,zm,ym | ag, ..., an)|)?
(bilmf(zl,yl,...,zm,ym | ag,...,an))2,
b+ |Imf(m1,y1,...,azm,ym | ag,. .., an)|)?,
(bt |f‘(m1,y1,...,mm,ym | ag,. .., an)l3.
Proof. Suppose that a > f(ml,wg,...,zm | a2,...,a,) and consider the

polynomial
P(t) =at? —2bt +c, t € R.

Since a > 0 and b® > ac, it follows that there exists a ¢y € R such that

P(tp) =0.
Now put
Qi(t) = P(t) — [T(x1,Z2,- -, Tm | G2, - -, an)t?
q:2Ref(m1,y1,...,a:m,ym | ag,...,an)t
+f(y1,y2,...,ym|a2,...,an)],
for t € R, and
Q1(t) = P(t) — [[(z1,22, ..., Zm | G2, - .-, an)t°
:}:2|Ref(m1,y1,...,zm,ym | ag,...,an)|t
+f(yl,y2>---7ymIGZa---,an)]
fort € R.

A simple calculation gives

Q1(t) = (a— f‘(wl,:c2,...,:vm | a2,...,an))t2
—2(b+ Rel(z1,41,-+ -, TmyYm | 02,...,05))t

+(c—T(y1,92,.--,Ym | @2,...,ap)), fort € R

and
Q1(t) = (a—T(z1,22,...,Zm | az,...,an))t?
—-2(b+ |Ref(x1,y1,...,xm,ym | ag,...,an)|)t
+(c—f(y1,y2,...,ym | ag,...,an)), for t € R.
Since

Qi(to) = —[(z1, T2, ..., Tm | G2,...,an)t3
F2Rel (21,91, Tm, Ym | Q2,...,an)t0

+T(y1,92, -, Ym | G2, -+, 00)]
<0
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as, by (3.9), one has

|Ref‘(x1,y1,...,xm,ym | ag,...,an)2
< f(zl,mg,...,wm | az,...,an)f(yl,yg,...,ym | ag,...,an),
which gives
[f(ml,mg,...,a:m | ag,...,an)t ¥2Ref(x1,y1,...,xm,ym | ag,...,an)t
+f(y1,y2,...,ym | ag,...,an) >0, for all t € R.
Hence we conclude that (Q; has at least one solution in R, i.e.,
0< iAl = (b:i:Ref(zl,yl,...,xm,ym | az,...,an))?

—(a—l"(a:l,a:2,...,xm | a2y'--aan))(c_r(ylayZ"“)ym | a2,...,an)).
Similarly, @ has at least one solution in R which is equivalent to

1— -
0 S ZAI = (b + |R‘e1—‘($17y1’ ooy Ty Ym | a, .. '7an)|)2

—(a—T(z1,22,...,zm | az,...,an)(c—T(v1,¥2,-- -, Ym | G2,..-,an)),
and the first part of (4.2) is proved.
The last part can be proved similarly by considering the polynomial:

Qa(t) = P(t) — [[(z1, %2, . .., Tm | G2, . .-, Qn)t2
:{IQImf(ml,yl,...,mm,ym | ag,...,an)t
+f(y1,y2,...,ym | ag,...,an)l,

Q2(t) = P(t) — [T(z1, 22, .., Tm | G2, - - ., an)t°

:}:2Imlf(w1,y1,...,wm,ym | az,...,an)|t
+f(y17y27"'7ym | (12,...,an)]
and
Q3(t) = P(t) — [[(z1,%2, .., Zm | a2, ..., an)t
:}:2‘f(m1,y1,...,zm,ym|a2,...,an),t
+f(y1,y2"",ym | a27"'7an)]
respectively. This completes the proof. =
REMARK 1. Let (X; (,,. | .,...,.)) be an n—inner product space and

My, M, € R. Then for all z;,y; € X (i = 1,m) with

o~

[(z1,z2,...,Zm | ag,...,an) < |M;]|

or

F(yl’y27"'aym | a’2""aan) < |M2|
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One has the inequality:
(ME —T(21,%2,-- -, Zm | G2y, 00))(MF —T(y1,92, .., Um | a2, ..., a2))
< min[(M; M, — Ref(ml,yl, ey TmyYm | @2, - - - ,an))2,
(MiM — |ReD(z1,91,- - - T Ym | G2, - .., @))%,
(M1 My — Imf(ml,yl, co s TmyYm | G2, .. .,an))z,
(MyMy — |ImT (21,41, - -+, Tmy Y | @25 - - -5 0n) )2,
(MiMs — (21,91, -, Ty Ym | 2, - - -, )],
which improves result in (3.10).

Now, using the above theorem, we can give the following inverse of in-
equality (3.10), in n—inner product spaces.

COROLLARY 1. Suppose that a,b,c,z;,y; (i = 1,m) are as in Theorem 3.
Then we have the inequalities:

0< f(ml,zz,...,zm | az,...,an)f(yl,yg,...,ym | ag,...,an)
—[Ref(a;l,yl,...,xm,ym | ag,...,an))2
< b? —ac+af(y1,y2,...,ym | ag,...,an)
+cf(z1,$2,...,xm | az,...,an)
+2min[:i:bRef(m1,y1,...,.'L'm,ym | ag,...,an);
:i:b|Ref(:L'1,y1,...,a:m,ym | ag,...,an)|],

0< f(ml,mg,...,xm | ag,...,an)f(yl,yg,...,ym | a2, ...,an)
~[ImT(z1,y1,- -, Tm, Ym | G2, - - -, an)]?
sz—ac+af(y1,y2,...,ym|a2,...,an)
+cf(m1,m2,...,:vm|a2,...,an)
+2min[:tb1mf(m1,y1, ey Ty Ym | Q25 -5 00);

+b| Imf(ml,yl, ey Ty Ym | G2, - .-, an)|]
and

0< f(whwg,...,xm | a2,...,an)f(y1,y2,...,ym | ag,...,an)
—|f(w1,y1,...,mm,ym | ag,...,an)2
< b? —ac+af(y1,y2,...,ym | ag,...,an)
+cf(m1,z2,...,zm | ag,...,an)
+26|T(21, Y1, - - - Ty Y | G2, - - -, )]
The proof follows by a simple calculation from (4.2). We omit the details.
The following result also holds.
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COROLLARY 2. Let (X; (.,.]+.-.,.)) be an n—inner product space given
as above and M € R, for all z;,y; € X (i =1, m) with

T 1
[P(.’El,(l,'2,...,:l,‘m I (12,...,a,n)]2 SM

T 1
or  [T(y1,¥2y---,Ym | Q2,...,8n)]2 < M,

then we have the inequality

0< f(wl,xg,...,:cm | a2,...,an)f(y1,y2,...,ym | ag,...,an)
—[Ref(a:l,yl,...,zm,ym | ag,...,an)]?
SMz[f(atl,xg,...,zm|a2,...,an)
—2Ref(w1,y1,...,xm,ym|a2,...,an)

+F(y1’y2’ sy Ym I az,. .. 7a'n)]‘
It is important to note that a similar theorem can also be stated.

THEOREM 4. Let (X; (.,.|.---,.)) be an n— inner product space over the
real or complex number field and a, 3, be the three real numbers with the
property that

,y>0 and (%> o,
then for all z;,y; € X, (i = 1,m), such that either
~ 1
a > [[(z1,22,.-.,Tm, a2, --,0n)]?
=~ 1
or y2 [F(ylay27'"7y7n1a2a"-aa"n)]2-
We have the inequality
~ 1 ~ 1
[a- [F(wl’x%"'7$maa2a"',a’n)]2][7_ [F(yhy?""7y‘m’a2a""an)]2]
. = 1
< min[(8+ |Rel (1,1, -, Zm,Ym | Q2,--- ,an)|2)2,
~ 1
(ﬁi IReF(xlvyli ey Ty Ym | az, ... 1an)|2)2a
~ 1
(:Bi |F(l'1,y1,- -y Imy Ym | ag, ... ,an)|2)2]-

Proof. Suppose that a > [f(xl,:m, ey T, G2,y . .. ,an)]% and consider the
polynomial

Pt)=at?-26t+v, teR.

Since @ > 0 and 32 > av, it follows that there exists a to € R such that
P(tg) =0.

Now put
~ 1
Q1(t) = P(t) — [(T(z1,z2,...,Zm | az,-.. ,an))ft2
F2pit + lf‘(yl,yg,...,ym | ag,...,an)]%] for teR, i=1,2,3.
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where
01 = |Ref(x1,y1,...,xm,ym | ag,...,an)|,
¢2 = IImF(xlayl,'- sy TmyYm | az, - -'7a'n)|7
¢3 = |F(1’1,y1,~-- y Tmy Ym l agzy... ,a'n)l-

The proof is same as in Theorem 3. =

Now, using the above theorem, we can give the following converse of
inequality in (3.9) for n-inner product spaces.

COROLLARY 3. Suppose that o, 3,7,%i,y; € X (i = 1,m) are as in theo-
rem 4, then we have the inequalities:

0< f(ml,xg,...,:z;m | az,...,an)%f(yl,yg,...,ym |Ia2,...,an)%
—IRef(ml,yl,...,mm,ym|a2,...,an)|
< B —ay+ol(z,za,...,%m | ag,...,an)%
4L (Y1, Y20 - - U | a2,...,an)%
+28[ReT(Z1, Y1, - - s Ty Ym | G2, - -+, a0) |

~ 1~ 1
0<TI(z1,z2,...,Tm | a2,-..,6n)2(y1,y2,- .-, Ym | @2,...,an)2
_lImP(xlayla"',mm7ym | (12,...,(1n)|
~ 1
Sﬁz—a7+al"(x1,x2,...,a:m | ag,...,an)2

poud 1
+7F(y1ay27' oy Ym l az,... aa'n)2
:}:2IB|ImF($1>y1’" 3 Imy,Ym I az,... aan)l

and
OSf(:z:l,:z:g,...,:z:m | ag,...,an)%f(yl,yg,...,ym | a2,...,an)%
—| f(ml,yl,...,xm,ym | ag,...,an)]
S,B2—a'y+af($1,:c2,...,:vm | az,...,an)%

+'7f(y1,y2,...,ym | ag,...,an)%
:i:2ﬂ|f(m1,y1,...,:1:m,ym | ag,...,an)l|
COROLLARY 4. Let (X;(.,. | .,...,.))_be an n— inner product space and
M > 0. Then for all z;,y; € X (i =1,m) with
[f(xl,xg,...,xm l az,...,an)]% <M
or

o~

[F(ylay2" <oy Ym | az, .. -,an)]

(g

<M,
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then we have the inequality,

=

0 Sf(.’zl,zz,...,zm | az,...,an)%f(yl,yg,...,ym | ag,...,an)
—|f(w1,y1,...,zm,ym | ag,...,an)|
(T(z1,22,- ., Tm | G2, - -, 8n))?
<M —2|f(z1,y1,...,xm,ym|a2,...,anl)|

+(f(y17y2a <oy Ym | az,... 7an))§

The following inequality [1], analogue of Hadamard’s inequality, in n—inner

1
2

product space, (X,(.,.|.,...,.)) for the Gram’s determinant is
m

(4.3) T(z1,22,.- -, Tm | 62,..,00) < [ llzi, 02, .-, an?
i=1

for all z; € X and a; € X (i = 1,m) such that
L(zy,za,...,2m) 0 L(ag,. ..,a,) = {0}.
Equality holds in (4.3) if
(i) there exists at least one j € {1,...,m} such that x; = 0;
(ii) the vectors x1,...,Zm are linearly independent and
(ziyzj | ag,...,an) =0, 1<i<j<m.
In the next theorem we point out a converse inequality for the inequality
(4.3).
THEOREM 5. Let (X; (.. ]| .,...,.)) be an n—inner product space over
the real or complex number field k and a,b, c three real numbers satisfying
condition:
a,c>0 and b2 > ac
then for all z; € X, (i =1,m) (m > 2), such that either
k m
a> iz, a2, ...,axl|* or ¢ > H |z, az, .., an|*,
i=1 i=k+1
where 1 < k < m, we have the inequality

k m
49 (a-TTl=az . anl)(c= T loiraa,. .. anll)
=1

i=k+1
< (b+I(z1,22,...,Tm | a2, .., a0))%
Proof. Fix k € {1,2,...,m} and suppose that a > Hle lz:, a2, ... an|*
Consider the polynomial
P(t) = at® — 2bt + c, teR.



624 A. Rafiq, N. A. Mir, S. Hussain

Since a > 0 and b® > ac, it follows that there exist a t; € R such that
P(tp) = 0. Now put

k
Qit) = P(t) - [[T s, a2, .. anll*s?
=1

m
F2I'(z1,...,Zm | a2,...,an)t + II IIxi,ag,._,,an”‘l]
i=k+1

for a € R.
A simple calculation gives

k
Qu(t) = [(a ~TTlzis a2, .. ,an||4)t2 —2(b+T(z1,...,2m | az,...,an))t
=1

m
+ (C - H ”zi,a27 e aan|l4)] for t € R.
i=k+1

By inequality in (4.3), one has:

m
T%(z1,...,Zm | a2,...,0,) < II||.17:i,¢12,...,an||2
i=1

k m
= (TTlhess 02, - senll) ( IT Nwisaz, - aall®),
=1

i=k+1

which gives

k
[(H |zi, ag, - - . ,an||4)t2 —2I(z1,. .-, Zm | G2, ..., an)t
i=1

m
+ H ”mii az, ... 7an||4] > 0’
i=k+1

for all te R.
Since

k
Ql(tO) = — [H ||:L',-,a2, cens an||4)t(2, - 2F(171, R o I > T ,an))to
=1

m
+ H ”-’Ei,GQ, s 1an“4] <0,
i=k+1

we conclude that ()1 has at least one solution in R, i.e.,
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1 ~
0< ZAI =(b+T(z1,...,Tm | az,...,an))>

k m
- (a-TThossaz,-sanl*) (c= TT Mossaz,.--aal),
i=1

i=k+1
and the theorem is proved. =»

The following converse of inequality (4.3) holds.

COROLLARY 5. Suppose that a, b, ¢ and z; € X (i = 1,m) are as above.
Then one has the following inequality:

k
0 <[] llzi a2, .., anl* = T*(z1, ..., Zm | a2, ..., an)
i=1
m k
<b -ac+a II ||x¢,a2,...,an||4+cII IIxi,az,...,anH“
i=k+1 i=1

i2f‘(m1,...,xm | ag,...,an)b.

COROLLARY 6. Suppose that M > 0 and z; € X,(: = 1,m), with the
property that

k m
[T leiaz,. . anll® < M or T] lisisaz,anll® < M.
i=1 i=k+1

Then one has the inequality:

m
0 <[] lzi, a2, .. anl* —T?(z1,...,Zm | a2, ..., an)
i=1
k m
< M?[[Tlimisa2,-- s anll* + [ llaisaz,. .., anlt*
=1 i=k+1
—2I'(z1, .-, Tm | Q2,...,ap)]

By a similar argument as in the proof of the last theorem, we also have:

THEOREM 6. Let (X; (.,.|.,...,.)) be an n— inner product space over the
real or complex number field k and «, 8, v be the real numbers with a, v > 0
and 3% > ory. Then for all z; € X (i = 1,m) such that
k m
H ”-Tia(127 .. 'aan”2 <a or II “xiaa% e 'aan”2 <7 (1 < k < m)
i=1 i=k+1
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We have the inequality,

k m
(a=TTl=iaz, . senl?) (v= I llmisa,. ., aall?)
=1

i=k+1
~ 1
<BE@1, T | Gz, an)})2.

Now, by the use of the above theorem, we can also state the following con-
verse of inequality (4.3):

COROLLARY 7. Suppose that a, 3, v and z; € X (i = 1,m) are as above,
then

m
OSH||:1:i,a2,...,an”2—I‘(zl,...,mm|a2,...,an)
i=1
m k
< ﬁz —ay+ta II ||m,-,a2,...,an||2+'yII ”z‘ba%---aa’n“2
i=k+1 i=1

+28[0(z1, ..., Zm | Gz, ...,an)]2.
COROLLARY 8. Let M > 0 and z; € X, (i = 1,m), be such that

k m
H”wia‘127"'van"2 SM or H llxiya2a""an||2SM,
i=1 i=k+1

then one has the inequality:

m
0< Hllwi,az,...,anﬂz—I‘(xl,...,xm | ag,...,an)
i=1

k m
<M 1,1;[1 ||wi,a2,...,an||2+i=];£1 llzs, az, . . ., an||?

—2[?(-’171, vy T | az,.. "an)]%

In addition, we note that the following inequality improving inequality (4.3)
also holds:

(4.5) T(z1,...,Zm]az,...,an)
Sr(mla"'amk l a2""’an)r($k+la"'7xm | a2a"'7an)'
(see [1]), wherez; € X, (i=1,m) and 1 < k <m.

By the use of this inequality and a similar argument as above, we can
obtain the following converses of (4.5).

(i)Ifa> fz(xl,...,a:m | az,...,an) orc> f2($k+1,...,mm | ag,...,an)
and b? > ac > 0, then
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[a—f2(w1,...,zk | a2,...,an)][c—f2(a:k+1,...,xm as,...,an)]
< (b:!:I‘(zl,...,xm|a2,...,an))2,

from which one can easily obtain

0§f2(a:1,...,:1:k | a2,...,an)f2(:vk+1,...,xm | az,...,an)
—T%(z1,...,%m | ag,-..,0z)
< b —ac+al*(Tkp1,. ., Tm | G2y .., 00)

+cf2(w1,...,a:k | ag,...,an)
+2I(z1,...,Zm | a2,...,an)b.

If f(xl,...,wk | ag,...,an) < M or f(xkﬂ,...,mm | ag,...,a,) < M,
then also

O§I~‘2(:1:1,...,:1:k|az,...,an)f2(wk+1,...,mm|a2,...,an)
—f2(x1,...,xm|a2,...,an)
< M?[[*(z1,...,2k | ag,. .., an)
+T%(Zks1y. ., Tm | G2, .-, an)
—2T(Z1, ..., Tm | G2, . .-, an))-
(#1) If ¢,7 > 0 and (% > ay then for all z; € H, (i = 1, m) with o
Zf(wl,...,m“ag,...,an) or 'yzf(:ck+1,...,xm|a2,...,an).

One has the inequality:
[@ =L(z1,...,2k | a2,. .., 60)][Y = D(@ks1s - - > Tm | G2, - - -, Cn)]
<BEIT@1, - Tm | 0z, -, a0)|3)?,
which gives the following converse of (4.5),
0< f(ml,...,mk | az,...,an)f(a:k+1,...,xm | ag,...,an)
—f(ml,...,mmlag,...,an)
Sﬂz—av—i-af(a:kﬂ,...,xm | az,...,an)
+AD(zy, ..., Tk | a2,...,an):t2[f(m1,...,zm | ag,...,an)]%ﬂ.

Iff(zl,...,mk ag,...,an) < M or F(mk_}_l,...,l'm | ag,...,an) < M, then
also '
OSf(:vl,...,mk | az,...,an)f(mkH,...,xm | ag,...,an)
—T(z1,...,Zm | a2,-..,0n)

< M[[(z1,...,zk | a2, ... ,a0p)

+f(xk+1,...,mm ] a2,...,an)—2[f(a:1,...,mm az,...,05)]

[N

!
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5. Some applications

1. Suppose that (X;(.,.|.,...,.)) is an n—inner product space over the real
or complex number field k. If z, y € X and M; M, are real number
such that

||a:,a2,...,an|| < |M1| or ”y7a2a-~'aan” < |M2|a

then the following generalization of Aczel’s inequality in n—inner product
spaces holds:
(ME — |, a2, ..., anl*) (M3 — |ly, a2, ..., an]|?)
< min[(My My — Re(z,y | ag, ..., a,))?,

(MM, — |Re(z,y | ag, ..., a,)|)%,

(MiMy —TIm(z,y | az,...,an))?,

(MM — |Im(z,y | as, .. .,an)|)?,

(MiM2 — |(z,y | az,...,an)|)2].
This inequality is obvious from Theorem 3. We omit the details.

2. Suppose that z,y € X and My, M € R are as above. Then by the use

of Theorem 4, we have the following interesting inequality of Aczel type
in n—inner product spaces:

1 1
(My — ||z, a2, - ..,a.|))2 (M2 — ||y, az, - . -, as|)2
1 1
< |MiMs|2 — |(z,y | az, .- -, an)|?,
provided that

||w7a2,--'7an|| < |M1| and ”y,ag,...,anH < |M2|
Note that if a = (a1,a,...,an),b = (b1,by,...,b,) € R™ satisfy a? —
aZ—---—a2 >0 and b? —b% —-.- — b2 > 0, then we have the inequality,

1 1
[laa| — (a3 + - -+ a2)2][|by| — (b3 + - - + b2)2]
< (Ja1by|? — |agbe + - - - + anbn|2)2.

This is a new inequality of Aczel type for real numbers (see also [8]).
3. By the use of Corollary 2, we also have the following converse of Schwartz’s
inequality in n—inner product spaces:

0< |lma az,. .. ,an”2“y7 az,... 70’71“2 - [Re(:v,y I az,. .. 7an)}2
< M2min{||lz — y,az,...,a% ||z +y,a2,. .., a,]%

provided that z, y € X with

|z, a2,...,an|| < M or |y,ag,...,an| < M.
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