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SPLIT QUATERNIONS AND THE LIE GROUP 5f 

Abstract. In this work we showed that the pseudosphere S3 is a Lie group. We 
obtained a Lie algebra and a Lie product rule of this group. Moreover examining actions 
of this group we gave some theorems. 

1. Introduction 
The only spheres which have Lie group structure in Euclidean space are 

the circle S1 and the sphere S3. S1 is considered as the set of unit complex 
numbers, S 3 is considered as the set of unit quaternions and their group 
structures are constructed in [1]. 

Pseudo spheres which have Lie group structure in semi-Riemannian 
spaces are more than Euclidean spheres. 

Lie group structures of the hyperbol S*j, Lorentzian sphere the Sf and 
the 2 winged hyperboloid HQ are examined in [3], [4]. Also in [3] the group 
structure of the Lorentzian sphere Sf constructed by means of quaternion 
product. 

In this work we considered the pseudosphere S | in the semi-Euclidean 
space 

Rl = {R5, (+,+,-, -,-))• 
We defined a group operation on the pseudosphere S | by means of split 
quaternion product. We showed that is a Lie group together with this 
operation. We obtained the Lie algebra of this group. We found the rule 
of Lie product of left invariant vector fields. We gave some theorems. Fur-
thermore we defined a C°°— action which is transitive and effective from 
the Lie group onto the Lorentz manifold S3 (r) with an arbitrary radius. 
We showed that some transformations which are obtained by means of this 
action are isometries. Finally, we showed how the orbits of points on (d) 
change when the action is restricted to geodesies on the Lie group S3. 
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In this work for v = (vi,..., , w = (wi, ...,we,) € i?®, we take 

(v, w) = V\W\ + «2^2 — V3W3 — V4W4 — V5W5. 

If (v, v) > 0, v is a space-like vector. If (v, v) < 0, v is a time-like vector. If 
(v, v) = 0, v is a null vector. 

2. Split quaternions 

DEFINITION 2.1. Let us consider 

H' = {a = aol + a\i + 0,23 + a^k : ao, a\, 02,03 G R} , 

where the products of {1, i,j, k} are given as in the following table 

<g> 1 i j k 
1 1 i j k 
i i — 1 k —j 
j j -k 1 -i 
k k j i 1 

Elements of H' are said to be split quaternions. 

H' is an algebra. A norm of a = aol + a\i -I- 0,23 + ask is defined as 

N (a) = a ® a = OQ + af — 02 — 

where 
a = aol — a\i — a-2j — 0,3k 

is the conjugate of a. Thus we can consider the pseudosphere Sf ^ the set 
of split quaternions with norm 1. That is 

Sf = {a = aol + a\i + a,2j + 0.3k : N (a) = 1} . 

is a Lie group with the split quaternion product operation. The Lie 
algebra of this group is the set of pure quaternions. This is isomorphic to 
the Lorentz space Rf. (See [5, 6]). 

3. Lie group structure of pseudosphere Sf 

DEFINITION 3.1. Note that 

S3 = {X = (Xi,X2,X3,X4,X5) 6 J?3 : xf + x\ — x\ - x\ - x\ = 1, 

i.e. (X,X) = 1}. 

Let us define the following operation on S3, 

0 : x S3 —> 
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given by 

(3.1) X Q Y 

- ( + « + , 
V V 1 + x W 1 + V5 ) 

where X* = (x\,x2, £3, £4), F * = (2/1,2/2,2/3,2/4) and <g> is the split quater-
nion product. 

THEOREM 3 . 1 . (S3,©) is a Lie group. 

P r o o f . S3 is a differentiate manifold, e = (1,0,0,0,0) € Sf is the unit 
element and for X — (xi, £3, £4, £ 5 ) , X~x = (xi, — X2, —£3, —£4, — £5) € 
S|. Hence the operation © is differentiate. Thus S3 is a Lie group. • 

COROLLARY 3.2. The Lie group Sf is a Lie subgroup 0 / S 3 . 

P r o o f . Substituting X = (£1, £2, £3 , £4,0) and X = (2/1,2/2,2/3>2/4,0) into 
equation (3.1) gives X 0 Y = X* <g> Y*. • 

4. Lie algebra of Lie group S | 
We can write the Lie group S3 as parametrized by 

( cosh t cosh u\ cosh «2 cos «3, ^ 

cosh t cosh u\ cosh U2 sin 1x3, 

cosh t cosh ui sinh «2, 

cosh t sinh u\, 

\ sinh t / 

Since unit element of Lie group S3 is e = (1,0,0,0,0) , it is valid 

TeSl = Sp{vi,v2,v3,v4} , 

where 

vi = (0,0,0,0,1) 

v2 = (0,0,0,1,0) 

t* = (0,0,1,0,0) 

v4 = (0 ,1 , 0 ,0 ,0) 
The Lie algebra TeS3 is 4-dimensional. The space of left invariant vector 
fields of Lie group S|, denoted by xi (S3), then is isomorphic to TeS|: 

% (S34) - res3
4. 

THEOREM 4.1. Let Xi = Xi (S3) be defined by Xi\e = Vi,i = 1 , 2 , 3 , 4 . Then 

Xi { S i ) = S p { X u X 2 , X 3 , X 4 } . 

(4.1) Si={ a(t,ui,u2,u3) = 
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The bracket product of X%'s are 

[Xi,X,-] = 0 ,0 ' = 1,2,3,4) 
[X2,X^ = 2X4, 
[^3 ,^4] = - 2 X 2 , 
[X4 ,X2] = - 2 X 3 . 

P r o o f . The proof is straight forward. • 

Since 

[Xi,Xj] | e = [Vi,Vj], 

Lie product on the Lie algebra Te ( 5 | ) of S^ is given by 
[wi,^] = 0, 
[v2,vz] = 2^4, 
[U3,U4] = -2U2, 
[V4,V2] = -2V3. 

Moreover, the Killing bilinear form of Te (S3) is 

K (X, Y) = trace ( a d X a d Y ) = 8 (a2/32 + a3/?3 - a4/34), 

where 
4 

X = 
i=1 

4 

i= 1 
COROLLARY 4 .2 . Since 

r = Z * 

K(X,Y) = -8 {X,Y) 

for X, Y 6 Te ( 5 | ) , the transformation Ad is an isometry for the Lie group 

si 

P r o o f . Indeed 

K (X, Y) = K (AdgX, AdgY), (X, Y) = (AdgX, AdgY). . 

5. C°° act ion of t h e group S3 on t h e manifold S3 (r) 

DEFINITION 5.1. Let us define the pseudo sphere S ^ r ) as 

Sl(r) = {X = (x1,x2,x3,x4,x5) e i?3 | 
X 1 + X 2 ~ X 3 — X 4 ~ XT — 7,2J R > R E -R + } -
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Let us consider the mapping 

9:SixSl(r)^S43(r), 

for any 
X = (®I, X2,X3,X4,X5) G S3 

and 
y = (2/1,2/2,2/3,2/4,2/5) e ( r ) , 

given by 

e ( x x ) - ( " r 
v v 1 + ^ 5 v r + y i / 

where X * = (zi,0:2,0:3, £4) , = (3/1,2/2,2/3,2/4)-

THEOREM 5.1. The mapping 9, defined above, is a C°°— action of the Lie 
group S3 onto the manifold S3 ( r ) . 77us action is transitive and effective. 

P r o o f , (i) For X , Y G and P G (r), the equality 

9{X,9{Y,P)) = 0{XQY,P) 

holds. 
(ii) For e = (1,0, . . . ,0) G and each P G ( r ) , 6»(e,P) = P. There 

exists a unique X G such that 0 (X , P) = Q for all P, Q G (r). Thus 
0 is transitive. • 

COROLLARY 5.2. Denoting by the orbit of the point P G ^ ( R ) we 
have (S3V} = S34(r). 

COROLLARY 5.3. For every g G 5|, the mapping 9g : 5^(r) —> S ^ r ) , (/¿vera 
by 0g(X) = 9(g,X), is an isometry. 

P r o o f . Since for all X , Y G Sg (r) 

d ( x , y ) = d(0g ( X ) , ( y ) ) , w/iere d(x,y) = v / | ( x - y , x - y ) | , 

is an isometry. • 

LEMMA 5.4. If S1 is a space-like geodesic on then ( (S 1 ! )^ ) .^ } is a space-
like geodesic on S%(r). 

P r o o f . Let 
P£(Si)r,pl+p22-pl-pl-p25 = r2. 

If we take t = u\ = = 0 in equation (4.1) we obtain 

<2(143) = S1 = (cos-U3,sinu3,0,0,0). 

We can write 

( ( ^ s O ™ = {e(S\P):S1 = (cos «3, sin u 3 , 0 , 0 , 0 ) , 0 <u3<2n} 
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and from this, we obtain 

0 (S\ P) = f3 («3), (0 («3), 0 M) = r 2 + p\ > 0. 

Hence 0 ( 1 x 3 ) is a space-like vector and (3 (u$) is a space-like curve. If 1x1 = 
U2 — U3 = 0 in parametrical expression (4.1), then we have 

a (t) = (cht, 0,0,0, sht) ,t G R. 

This is the parametrical expression of S}, which is a time-like geodesic on 
s l . 

We give the following lemma. 

LEMMA 5.5. IfS\ is a time-like geodesic on S3 then ((Sg)^)^} is a time-like 
geodesic on S$(r). 
P r o o f . Let 

P € S i ( r ) , p l + p l - p i - p l - p i = r \ 

Note that 

( ( 5 3
4 ) ^ - ) { p } = {0(S{, P) : S [ - = (cht, 0 , 0 , 0 , sht),t € R} = 0(t). 

Note also that (0 (t), 0(t)) (0. Hence 0 (t) is a time-like vector and thus (3(t) 
is a time-like curve. A null geodesic of S3 given by parametrical expression 
(4.1) which starts from the point 

e = (1,0,0,0,0) € 

is the line 
n = (a(m) = (1, V3m, m,m,m) : m € R} 

that lies on S3. • 
In this case, we give the following. 

LEMMA 5.6. Let ((S ,|)n){p} be the orbit of P with respect to the action 
9 \n . If n is a null geodesic on ¿>3, then in general, ( ( S ^ n ^ p } is not a null 
geodesic on Sg(r). But if P E S%(r), then it is a null geodesic. 
P r o o f . Let /3(m) = ((S ,|)e){p}. Then, in general, the equality (0(m),0(m)) 
= 0 is not satisfied. If P G 5 | ( r ) , then (0(m),0(m)) = 0. Hence 0(m) is 
a null vector and (3(m) is a null geodesic. • 

References 

[1] F. Brickel , R. S. Clark, Differentiable Manifold, Van Nostrand, Reinhold Comp., 
London, LCCCN 74-125198 (1970). 

[2] B. Karaka§, H. H. Ugurlu , Ri Minkowski 5 uzaymda Si Lie grubu ve C°° — etkileri, 
V. Ulusal Matematik Sempozyumu, Adapazan (1992). 



Split quaternions and the Lie group S3 607 

[3] H. H. Ugur lu , The orbits of points on the space-like region (R\)s of the Minkowski 
5—space R\, Journal of the Institute of Science and Technology of Gazi University, 
Vol. 5 (34 - 42) (1992). 

[4] B. O 'Nei l l , Semi-Riemannian Geometry with Applications to Relativity, Academic 
Press, New York (1983). 

[5] J. Inoguchi , Time-like surfaces of constant mean curvature in Minkowski 3-space, 
Tokyo J. Math. Vol. 21, No. 1,140-152, (1998). 

[6] L. Kula , Y. Yayli , Homothetic motions in semi Euclidean space E2, Mathematical 
Proceedings of the Royal Irish Academy, 105A (1), 9-15 (2005). 

ANKARA UNIVERSITY 
FACULTY OF SCIENCES 
DEPARTMENT OF MATHEMATICS 
06100 TANDOGAN, ANKARA,TURKEY 
e-mails: kabadayi@science.ankara.edu.tr, yayli@science.ankara.edu.tr 

Received June 1, 2006; revised version November 8, 2006. 




