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SOME RELATIONS INCLUDING VARIOUS
LINEAR OPERATORS

Abstract. Making use of the Carlson-Schaffer linear operator, some subclasses of
analytic functions are studied. Some relations including various linear operators are given.

1. Introduction
We denote by A, the class of functions f of the form

o0
1) fR) =22+ ) adf, (peN={1,23,.}),
k=p+1
which are analytic in U = U(1), where U(r) = {z : |z| < r}.
A function f belonging to the class A, is said to be p-valently starlike of
order o in U(r) if and only if

Im{”%@}>a,ueuwxosa<n.

f(z)
We denote by Sy (a) the class of all functions in A, which are p-valently
starlike of order o in U.
For analytic functions

zanz and g¢g(z anz

by f+*g we denote the Hadamard product or com;olutzon of f and g, defined
by
(fxg) Z anbn 2"
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For complex parameters a,b,c (¢ #0,—1,—2,...) we define the hyper-
geometric function oFi(a,b;c;2) by

> (a,n)(b,n) 2"

(2) 2Fi(a, b;¢;2) = Z (c,n)

n=0

(z e l),

where (A, n) is the Pochhammer symbol defined, in terms of the Gamma

function I', by
1 ot
(A’n):I‘()\+n):{ (n=0)

'\ AA+1)---(A+n—-1) (neN).

The power series (2) converges in the unit disk . For Rec > Reb > 0 the
hypergeometric function has the following integral representation

oF1(a,b;c;2) = F—@—)—% S)ub_l(l - u)c_b_l(l —uz) %du.
Using the incomplete Beta function ¢p(a, c; z) defined by
épla,c; z) = z¥ yFi(a, ¢ 2),
Carlson and Shaffer [2| consider a linear operator
L(a,c): A, — Ap,
defined by the convolution:
L(a,c)f(z) = ppla,c; 2) x f(2), f €A,

The Carlson-Shaffer operator maps .4, into itself. If a # 0,—1,—2,..., then
L(a,c) has a continuous inverse L(c,a) and L(c,a) maps A, into A, injec-
tively. Also, if ¢ > a > 0, then

1
L(a,0)f(z) = % (g) we2(1 — ) f(uz)du.

We observe that, for a function f of the form (1), we have

L(a,c)f(z) = ;—EZ:Z — II:; anz".
Thus, after some calculations, we obtain
(3) alla+1,0)f(2) = z[L(a,c) f(2)] — (p — a) L(a, ) f(2).
In particular, we denote

D f(z) = LA +p,p) (A>-p),



Various linear operators 79

which implies that

n 2(2" 71 f(2))™

4) Dfe) = I (new),

The linear operator D* f(z) (p = 1) was introduced by Ruscheweyh [16]. Mo-
reover, the Carlson-Shaffer operator includes other linear operators, which
were considered in earlier works, as (for example) the linear operators intro-
duced by Bernardi-Libera-Livingston ( [1], [12], and [13]), Owa [15] (see also
[19]), and Srivastava and Owa [18].

Let Vp(a, c; ) denote the class of functions f € A, such that

Lla+1,¢)f(z)
©) Re{o S Fr gt
Moreover, by Wy(a, ¢; &) we denote the class of functions f € A, such that
2f'(2) € Vpl(a,c; ).

In particular, we have

Wy (p~1,p;a) =V, (p,p;0) = Sp(a).

Classes Vi(a,c; ), Wi(a,c; a) were investigated by Kim and Srivastava
[11]. Classes of functions defined by some linear operators were also investi-
gated by (among others) Srivastava et al. [6], [7], [8] and [17] (see also [3],
[4] and [5]).

In this paper we present inclusions with respect to the parameter a for
the classes defined above. Also some relations including the Carlson-Shaffer
operator and the Ruscheweyh operator are given.

+p—a}>a (zel).

2. Main results
We shall need the following lemma due to Jack [10].

LEMMA 1. Let w be a nonconstant function analytic in U(r) with w(0) = 0.
if
lw(20)| = max {|w(2)|; |2 < |20} (20 € U(r)),

then there exists a real number k (k > 1), such that
zow'(20) = kw(zp)-

Making use of Jack’s Lemma, Eenigenburg, Miller, Mocanu and Reade
[9] (see also [14]) proved the following result.

LEMMA 2. If q is an analytic function in U(r), q(0) = p and

2q'(2)
Re (q(z) * q(z) +v

) >a (z€U(r), 0<a<pRey>—a),

then
Req(z) >a (z€U(r)).
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Making use of the above lemma, we get the following theorem.
THEOREM 1. If Rea > p — «, then
Vo(a+1,¢a) C Vp(a,ca).
Proof. Let a function f belong to the class Vy(a +1, ¢; a). It is sufficient to
verify condition (5). If we put
R=sup{r: L(a,c)f(z) #0, z€U(r)},

then the function

© o) = ot

is an analytic in U(R) and ¢(0) = p. Taking the logarithmic derivative of (6)
we get

z[La+1,0)f(2)]  z[L(a,0)f(2)] _  2d(2) 3
Cat10/()  Laofle) —q@+a—p FEUED:
Applying (3) and (6) we obtain
(7) (a+l)%%+p—a—l =q(z)+q(zji_—(z)_p (z e U(R)).

Since f € Vp(a + 1, ¢; ), we have

z¢'(2)
Re (q(z) + m) >a (Z € U(R)) .

Lemma 2 now yields

(8) Req(z) >a (2 €U(R)).

By (6) it suffices to verify that R = 1. From (8), (6) and (3) we conclude that
L(a,c)f(z) is p—valently starlike in U(R) and consequently it is p—valent

in U(R). Thus we see that L(a,c)f(z) cannot vanish on |z|] = Rif R < 1.
Hence R =1 and this proves the Theorem 1.

THEOREM 2. If a function f € A, satisfies the following inequality:

Lla+2,0f(z) || _20-0)’+3(p—a)-a

L{a+1,¢)f(z) 2(a+1)(p—a)
(zeU,0<a<p p—a<a<3(p-a)),

(9)

then f belongs to the class Vy(a,c; o).
Proof. Let a function f belong to the class Ap. Putting

(10) o) = PRI )



Various linear operators 81

in (7) we obtain
L{a+2,¢c)f(z)
L{a+1,0)f(2)

p— (2a — pJw(2)
1 —w(z)
(2p - 2a — a) 2w'(2) 2w'(2)
a+(2p—2a—a)w(z) 1—w(z)

(a+1)

+p—a—1=

Consequently, we have

! —2a — iz 2p -2
(11) F(2) = w(2) {z“’ () Zp-2a—a | ‘ul :

w(z) a+ (2p — 20 — a) w(z) 1 —w(z)

where

F(z)z(a+1)%—a—l.

By (3), (6) and (10) it is sufficient to verify that w is analytic in &/ and
lw(z)| <1 (z €lU).
Now, suppose that there exists a point zo € U(R), such that
w(zo)l = 1, [w(z) <1 (J2] < |z0]).

Then, applying Jack’s Lemma, we can write

20w’ (20) = kw(z0), w(zo) =€* (k> 1).
Combining these with (11) , we obtain

F(z0)] = [w(z0), (2p—2a—a)k k+2p— 2«

a+(2p—2a—a)e? 1— et
(2p—2a—a)k k+2p —2a
> - -
_Re(a+(2p—2a—a)e“’ 1—e
2 —_—
2p—a+k3(p_a)_a22(p_a) +3(p—a) a
2(p-a) 2(p—a)

Since this result contradicts (9) we conclude that w is the analytic function
in U(R) and

lw(z)| <1 (z€U(R)).
Applying the same methods as in the proof of Theorem 1 we obtain R = 1,
which completes the proof of Theorem 2.

THEOREM 3. If a function f € A, satisfies the following inequality:

La+2,c)f(z) (p—a)’+(p—a)la+1) . S
LatLof) < Gip—aj@rn  GEW azp-a)
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then
aﬁ(a +1,¢)f(2)
L(a,c)f(z)
Proof. After putting ¢(z) = p+ (a — p) w(z) in (10), the proof is analogous
to the proof of Theorem 2 and we omits details.

—a|<p—a (z€lU).

By Theorem 1, 2 and 3 we obtain following three corollaries:

COROLLARY 1. If Rea > p — a and b — a is positive integer, then
Wp(b, ¢; ) C Wy(a, ¢; ).

COROLLARY 2. If a function f € A, satisfies the following inequality:
(a+2)L{a+3,0)f(2) + (p—a—2)L{a+2)f(2)
(a+1)L(a+2,0)f(z)+(p—a—1)L(a+1,0)f(2)

2(p—0)’+3(p—a)—a
2(a+1)(p—0a)
(zeU,0<a<p, p—a<a<3(p—a)),
then f belongs to the class Wy(a, c; o).

COROLLARY 3. If a function f € A, satisfies the following inequality:
(a+2)L(a+3,0)f(z)+(p—a—2)L(a+2,¢)f(2)
(a+1)L(a+2,0)f(z) +(p—a—1)L{a+1,0)f(2)
(P—a)’+(—a)(a+1)
(@a+p—a)(a+1)
(Zeu, GZP—O‘)»

then

’aﬁ'(a+ 1,¢)f(2)
L'(a,c)f(z)

Putting ¢ = p, a = A+p in Theorem 1, 2 and 3 we obtain following three
corollaries:

—a'<p (z€el).

COROLLARY 4. If a function f belongs to the class A, and

Re{(/\+p+1)gii+}c$;—/\—l} >a, (z€U,0<a<p, Red> —a),
then
A+1
Re{(x\+p)DDTj(rS)—/\} > a, (zel).
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COROLLARY 5. If a function f belongs to the class A, and

’D*“f(Z)_l L2 +2(p—0)—a-]

DM1f(z) 2(A+p+1)(p—0)
(zeU,0<a<p —a<IA<2p-3a),
then e
DM f(z)
Re{()d—p) DI (2) /\} >a (z€U).
COROLLARY 6. If a function f belongs to the class A, and
DM2f(2) P—a)’+(P-a)A+p+1)
DM1f(z) 2p+A—a)(A+p+1)
(zEU,0§a<p, /\Z_a)a

then
DA+ f( z)
DX f(2)
Putting A = 0 in Corollary 5 and 6 we obtain the sufficient conditions
for starlikeness.

(A+p)

—1l<p—a (zel).

COROLLARY 7. If a function f belongs to the class A, and
2 f”( z) D
f'(2) 2(p—a)
then f belongs to the class S p(a).
COROLLARY 8. If a function f belongs to the class A, and

2
—-p+ll<p—a+1- (zeu,0§a<§p),

" _a2 —
IR e -
then
2f'(z) |< —a (z€lU)
f@ PP |

References

[1] S. D. Bernardi, Convez and starlike univalent functions, Trans. Amer. Math. Soc.
135 (1969), 429-446.

[2] B.C. Carlson and D. B. Shaffer, Starlike and prestarlike hypergeometric functions,
SIAM J. Math. Anal. 15 (1984), 737-745.

[3] J. Dziok, Classes of functions defined by certain differential-integral operator, J.
Comp. Appl. Math. 105 (1999), 245-255.

[4] J. Dziok, Applications of the Jack Lemma, Acta Math. Hungar. 105 (2004), 93-102.



84

(5]
(6]

7]

(8]
(9]
[10]

[11]

[12]
(13]
[14]

[15]
[16]

[17]

(18]

[19]

J. Dziok

J. Dziok and H. Irmak, Certain operators and inequalities and their applications to
meromorphically multivalent functions, Demonstratio Math. 36 (2003), 839-846.

J. Dziok, R. K. Raina and H. M. Srivastava, Some classes of analytic functions
associated with operators on Hilbert space involving Wright’s generalized hypergeome-
tric function, Proc. of the Jangieon Math. Soc. 7 (2004), 43-55.

J. Dziok and H. M. Srivastava, Certain subclasses of analytic functions associated
with the generalized hypergeometric function, Integral Transform. Spec. Funct. 14
(2003), 7-18.

J. Dziok and H. M. Srivastava, Classes of analytic functions associated with the
generalized hypergeometric function, Appl. Math. Comput. 103 (1999), 1-13.

P.J. Eenigenburg, S. S. Miller, P. T. Mocanu and O. M. Reade, Second order
differential inequalities in the complez plane, J. Math. Anal. Appl. 65 (1978), 289-305.
I. S. Jack, Functions starlike and convex of order a, J. London Math. Soc. 3 (1971),
469-474.

Y. C. Kim and H. M. Srivastava, Fractional integral and other linear operators
associated with the Gaussian hypergeometric function, Complex Variables Theory
Appl. 34 (1997), 293-312.

R. J. Libera, Some classes of regular univalent functions, Proc. Amer. Math. Soc.
16 (1965), 755-758.

A. E. Livingston, On the radius of univalence of certain analytic functions, Proc.
Amer. Math. Soc. 17 (1966), 352-357.

S.S. Miller and P. T. Mocanu, On some classes of first differential subordinations,
Michigan Math. J. 32 (1985), 185-195.

S. Owa, On the distortion theorems. I, Kyungpook Math. J. 18 (1978), 53-59.

S. Ruscheweyh, New criteria for univalent functions, Proc. Amer. Math Soc. 49
(1975), 109-115.

H. M. Srivastava and S. Owa, An application of the fractional derivative, Math.
Japon. 29 (1984), 383-389.

H. M. Srivastava and S. Owa, Some characterization and distortion theorems in-
volving fractional calculus, generalized hypergeometric functions, Hadamard products,
linear operators, and certain subclasses of analytic functions, Nagoya Math. J. 106
(1987), 1-28.

H. M. Srivastava and S. Owa (Editors), Univalent Functions, Fractional Calculus,
and Their Applications, Halsted Press (Ellis Horwood Limited, Chichester), John
Wiley and Sons, New York, Chichester, Brisbane, and Toronto, 1989.

INSTITUTE OF MATHEMATICS
UNIVERSITY OF RZESZOW

ul. Rejtana 16A

35-310 RZESZOW, POLAND

e-mail: jdziok@univ.rzeszow.pl

Received February 16, 2006.



