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NEW INEQUALITIES OF CEBYSEV TYPE
FOR DOUBLE INTEGRALS

Abstract. In this paper, we establish new inequalities of Cebyéev type involving
functions of two independent variables by using certain integral identities.

1. Introduction
In 1882, P. L. Ceby3ev [2] proved the following classical inequality

) ﬁif(mw)dz - (ﬁsf(w)c@ (52 Sotoree)

a

1
< 756 = @)*llf lloollglloos

provided f, g are absolutely continuous functions defined on [a, b] and f’, ¢’ €
Lo [a,b].

Since the publication of [2], a number of researchers have given various
generalizations, extensions and variants of the above inequality, see [4] and
also some of the recent papers appeared in RGMIA Research Report Collec-
tion. The main purpose of this paper is to establish new inequalities similar
to the inequality (1.1), involving functions of two independent variables and
their partial derivatives and double integrals. The analysis used in the proofs
is based on the integral identities proved in [1} and [3].

2. Statement of results

Let R denotes the set of real numbers and A = [a,b] X [¢,d], a,b,¢,d
€ R. The partial derivatives of a function z(z,y) defined on A are de-
noted by D,z (l‘,y) = %Z (xay)a Dsz (CL',y) = aiyz (:zt,y), DyDyz (a:,y) =

%z (z,y) . We denote by C (A) the class of continuous functions z : A — R
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for which Dyz(z,y), D2z (z,y),D2D1z (z,y) exist and are continuous on
A and belong to Lo (A). For any function z(z,y) € Ly (A) we define
l2llc = SUP(zy)ea |2 (z,y)|. For convenience, we introduce the following
notations to simplify the details of presentation :

k=(b-a)(d-0),
O

mw) = [ja-or+ (v- 59,

b d bd

F(m,y) = (d—c)Sf(t,y)dt—i—(b—a)Sf(x,s)ds—Hf(t,s)dsdt,
b d bd

G(z,y) = (d—c)Sg(t,y)dt+(b—a)Sg(:z:,s)ds—Hg(t,s)dsdt,

A(z,y) = |D1fllo (d = c) Hi (z)
+ |1 D2fllo (b — @) H2 (y) + |1 D2D1 | o Hi (z) H2 (y) »
B(z,y) = ||ID19llo, (d = ¢) Hi (z) + || Dagllo, (b~ a) H2 (y)
+ | D2D1gll o, Hi (z) H2 (y) ,
for f,g€ C1(A) and p : [a, b]2 — R, q:]c, d]2 — R are Peano kernels given

by
_Jt—aif tela,za]
p(z’t)—{t—bif t e (z,b],
_J s—cif s€cy]
q<y,s)_{3_dif s€ (y.d),
and set
bd bd
Lih(z,y)] = {{p(x,t) D1k (t,s)dsdt + {{ q (y,s) D2k (t, 5) dsdt
bd

+{{p(2,t)q(y,5) DaD1h (8, 5) dsdt,

bd
M [h(z,y)] = {\p(z,1) q(y, s) D2D1h (8, 5) dsdt,

ac

for some suitable function h defined on A.
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The proofs of our results are based on the following integral identities
proved in [3] and [1].
LEMMA 1 (3, p. 783). Let h : A — R be such that the partial derivatives
Dih(z,y), D2h(z,y), DaD1h(z,y) exist and are continuous on A. Then
for all (z,y) € A, we have the representation
: bd
(2.1) kh(z,y) — {\h(t,s)dsdt = L[h(z,y)].
ac
Proof. We use the following identity, which can be easily proved by inte-
gration by parts,
1 B B
(2:2) g(u)= Jg(2)dz+ Je(u,2)d () dz,
[81

8-« 88—«

a4

where e : [a, ﬁ]2 — R is given by

{z—a if z € [a,u]
€ (u’ Z) = . )
z_IB’sze (uvﬂ]
and g is absolutely continuous on [, §].

Now, write the identity (2.2) for the partial map h(.,y),y € [c,d] to
obtain

b b
1 1
(2.3) h(z,y)=m§h(t,y)dt+b aprt)Dlh(t,y)dt
a a
for all (z,y) € A. Also, if we write (2.2) for any map h(t,.) we get
1 ¢ 1 ¢
. t = — -
(24)  h(ty) d_c(ﬂlh(t ,8) ds + — C(S:q (y,5) D2h (t,s) ds

for all (¢t,y) € A. The same formula (2.2) applied for the partial derivative
D;h (.,y) will produce

d
1
(2.5) Dih(t,y) = SDlh(t s)ds+—c§q 8) DyD1h(t,s) ds,
2.

for all (¢,y) € A. Substltutlng (2.4) and (2.5) in (2.3), and using the Fubini’s
theorem, we get

b d 1 ¢
(2.6) h(z,y)= S[ Shts)d3+ESq(y,s)Dgh(t,s)ds}dt

b d d
1 1 1
+ _a§p(z,t) [d_CSDlh(t,s)ds+—d_ciq(y,s)Dngh(t,s)ds]dt

a [



46 B. G. Pachpatte

1 bd bd
IRCEDICE) §§n(t 5)dsdt +§§q(y, s) D2h (8, 5) dsdt
bd bd
+ S SP (z,t) D1h (t, s) dsdt + S Sp (z,t) q(y,s) DaD1h (8, s) dsdt] .

Rewriting (2.6), we get the required identity in (2.1).

LEMMA 2 (1, p. 17). Let h : A — R be a continuous mapping on A and
DyD1h(z,y) exists on (a,b) x (c,d). Then we have the identity

(27) kh (x,y) -H (:c,y) =M [h (z‘,y)] )

where
b d bd
H(z,y)=(d—c)\ht,y)dt+ (b—a){h(z,s)ds— || r(t,s)dsdt.
a [+ ac
Proof. Integrating by parts twice we can state :
Ty
(2.8) S S (s —a) (t — ¢) DaD1h (s,t) dtds
ac
T

= (y—o)(x—a)h(z,y) - (y—c) [ h(s,y)ds
- (:1:—a)zsjh(:v,t)dt+ﬁh(s,t)dtds,

29  {{(s—a)(t—d) DDk (s,t)dtds

T

= (¢—a)(d~y)h(z,y) — ([d~y) [h(s,y)ds

d zd
—(z—a){h(z,t)dt+ || h(s,t)dtds,
Y ay

(2.10) gg s —b) (t — d) DDk (s, t) dtds

b
= (d-y) (b—a)h(z,y) - (d—y) | (s,y)ds
d bd
—(b—z){h(z,t)dt+ || h(s,1)dtds,
Yy Ty
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b
(2.11) S!Sl(s —b) (t — ¢) DyD1h (s,t) dtds

TC
b

= (y—o)(b—2)h(z,y) — (y—) | a(s,y)ds

T

- (b—x)gslh(x,t)dt—k ﬁh(s,t)dtds.

Adding (2.8)—(2.11) and rewriting we easily deduce (2.7).
Our main results are given in the following theorems.

THEOREM 1. Let f,g € C(A). Then

bd bd bd
219 |1 {15@ ez - (1§ @) (£ T navas )

ac

1 bd
THEOREM 2. Let f,g € C(A). Then
1bd 1 bd
- %F (w,y)G(w,y)] dydz
bd

< 25 ID2Dx £l D2 Drgll §§ (s () Ho ()] dya.

ac

3. Proofs of Theorems 1 and 2

From the hypotheses of Theorem 1, we have the following identities (see
Lemma 1) :

bd

(3.1) kf(z,y) — | f (¢t s)dsdt = L[f (z,y)],
bd

(3.2) kg(z,y) — {{g(t s)dsdt = L[g(z,y)],

ac

for (z,y) € A. Multiplying the left sides and right sides of (3.1) and (3.2)
we have
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bd bd
(3.3) K f(z,y) g(z,y)—kf(z,v){V9(t,s)dsdt —kg(z,y) || f(t,s)dsdt

bd bd
; (nf(t,s> dsdt) (S [gt,9) dsdt) — L[f (@ 9)] Lo v

acC

Rewriting (3.3) and integrating on A and using the properties of modulus
we observe that

bd bd bd
11 @ o) - (1117 @iz ) (3§10 00 dudo)

ac ac ac

(3.4)

1 bd
< WILf @lliLlg (2,)]] dydz.
It is easy to observe that
bd bd
(3.5) IL[f (@, 9)]| < YIp(z, ) ID1f (2, 8)| dsdt +§§ 1q (y, 5) |1 D2f (¢, 5)| dsdt

bd
+1VIp (2. t)] la (3, 8)| ID2D1 f (¢, 5)| dsdt

bd bd
< ID1flloo § § 1P (2, 8)  dsdt + | Dafllo § § la (u, 5)| dsdt

bd
+11D2D1 f oo { § 1o (2, 0)1 g (v, 5)| dsdt

ac
= [|D1flloo (d — ) H1 (2) + [| D2f| (b — a) H2 (y)
+ |1 D2D1 £l oo Hi () H2 (y)
= A(z,y).
Similarly, we have
(3.6) |L g (z,9)]l < B(z,y)-
Using (3.5) and (3.6) in (3.4) we get the desired inequality in (2.12).

REMARK 1. From (3.3) and using the properties of modulus it is easy to see
that the following inequality

1 bd bd
P o) - ¢ |7 @) [Talts)dsdto+ g @) [§7 o) dsct

ac ac
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- %(ﬁf (t,s) dsdt) (Sgg (t,s) dsdt)} | < %A(w,y) B(z,y),

ac

holds for (z,y) € A.

From the hypotheses of Theorem 2, we have the following identities ( see
Lemma 2) :

(37) kf(:v,y) - F(xay) = M[f (x? y)] ’

(3.8) kg(z,y) - G(z,y) = Mg (z,y)],
for (z,y) € A. Multiplying the left sides and right sides of (3.7) and (3.8)
we have
(3.9) K f(z.y) 9(z,y) —kf(z,y)G(z,y) — kg (z,y) F(z,y)

+F(z,y) G (z,y) = M [f (z,y)] M [g (z,y)].
Rewriting (3.9) and integrating on A and using the properties of modulus,

we have
bd bd

(310) |2 3§ £z, 0)g(e,9)dydz ~ 5 1§ 17(@0)G(@9) + o(2,9)F(z,0)
—%F (z,y) G (=, y)] dydzx
bd

< 5 1IM [f @ Il 1M [g (2,9} dydz.

ac
It is easy to observe that
bd
311)  IM[f (@)l < ID:D:ifll § § Ip ()l g (u, 5)| dsdt

ac

= [|D2D1f|lo Hi (z) Ha (y) -
Similarly, we get
(3.12) |M [g (z,y)]| < |1D2D1glloo Hi (z) H2 (y) -
Using (3.11) and (3.12) in (3.10) we get the required inequality in (2.13).

REMARK 2. From (3.9) one can very easily observe that the following ine-
quality

f(z,y9)g(z,y) — % f(z,y)G(z,y) + g(z,y) F(z,y) — %F(w,y)G(w,y)} ‘

1
< 13 1D2D1 £l | D2Digll o [ (2) Ha (3)]?
holds for (z,y) € A.
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