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SUBMONOIDS OF GENERALIZED H Y P E R S U B S T I T U T I O N S 

Abstract . In this paper we define the operation ©G on the set of all generalized 
hypersubstitutions and investigate some algebraic-structural properties of the set of all 
generalized hypersubstitutions and of some submonoids M of the set of all generalized 
hypersubstitutions, respectively. 

1. Introduction 
The concept of a hypersubstitution was introduced by K. Denecke, 

D. Lau, R. Poschel and D. Schweigert in [2], In [7], the author and K. De-
necke generalized the concept of a hypersubstitution to a generalized hy-
persubstitution. This is useful for several applications, such as, to solve the 
hyperunification problem means to decide whether any two given terms t, t' 
of the same type are hyperunifiable or not. In a corresponding way we can 
formulate the generalized hyperunification problems. Our results can be used 
to solve the hyperunification problem and the generalized hyperunification 
problem for the type r = (2) (see [7]). A generalized hypersubstitution is a 
mapping from the set of all fundamental operations into the set of all terms 
of the same language which does not necessarily preserve the arity. Genera-
lized hypersubstitutions can be extended to mappings defined on the set of 
all terms of the given type. This extension is uniquely determined and allows 
us to define a multiplication denoted by oG, on the set Hypoir ) of all gene-
ralized hypersubstitutions of type r . The multiplication oG is an example of 
operation on generalized hypersubstitutions. In [6], the author defined the 
other binary operation + G on Hypc{r) and proved that ( H Y P C I R ) i +G> °G) 
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is a left seminear-ring but it is not a right seminear-ring. In this paper we 
will define another operation on Hypcir) and give some algebraic-structural 
properties of the set of all generalized hypersubstitutions and of some sub-
monoids M of the set of all generalized hypersubstitutions. 

2. Generalized hypersubstitutions 
In this section, we want to briefly recall some basic concepts of generalized 

hypersubstitutions that will be referred to the following sections. For more 
details on generalized hypersubstitutions see [8]. 

Let {fi | i G 1} be an indexed set of operation symbols of type r where 
fi is rii-ary, n̂  G N \ {0}, and let WT(X) be the set of all terms built up 
by elements of the alphabet X = {xi,x2,..., xn,...} and operation symbols 
from {fi i £ /}. Generalized hypersubstitutions of type r are mappings 
a : {fi | i G 1} —• WT{X) which do not necessarily preserve the arities. 
To define the extension a of a to a mapping defined on the set WT(X) of 
all terms of type r, we defined inductively the concept of superposition of 
terms Sm : WT(X)m+1 —> WT(X) by the following steps: 

(i) If t = Xj, 1 < j < m, then 
Sm(xj,ti, ...,tm):= tj where tx,... ,tm G WT(X). 

(ii) If t = xj, m < j G N, then 
Sm{xj, . . . , i m ) := Xj. 

(iii) If t = fi(si,..., sUi), then 
Sm(t, ¿ i , . . . , tm) := fi{Sm{s!,ti,... > ¿m)> • • • > Sm(sni,ti, . . . , tm)). 

Then we have the following proposition. 
P r o p o s i t i o n 2.1 ([6]). For arbitrary terms t, t\,... ,tm G WT(X), 

sUii tl, • • • , tm)) 
^Sm(Sni(t,s1,...,sni),t1,...,tm). m 

The generalized hypersubstitution a can be extended to a mapping a : 
Wr(X) —> WT(X) on the set of all terms of type r by the following steps: 

(i) a[xk] := xk G X, 
(ii) a[fi(ti,..., tni)} := SHi(a(fi), <r[ii],..., a[tni]), for an m-ary operation 

symbol fi where o[tj\, 1 < j < rii are already known. 
Let Hypa(r) be the set of all generalized hypersubstitutions of type r and 
let Hyp(r) be the set of all usual hypersubstitutions of type r. We define 
a binary operation oG on Hypo(T) by <J\ OG <t2 := <5"i ° o"2 where o denotes 
the usual composition of mappings and <Ji,<J2 S Hypc(r) . Let a^ be the 
identity hypersubstitution which maps each rij-ary operation symbol fi to 
the term fi(xi,..., xni). Then we have the following proposition. 
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PROPOSITION 2.2 ( [8 ] ) . For arbitrary terms t,ti,...,tn e WT(X) and for 

arbitrary generalized hypersubstitutions o, o\, oi we have 

( i ) Sn(o[t],o[ f i ] , . . . , o[tn}) = o [Sn{t, h,..., tn)}, 

( i i ) (<7l O a2y= 0\ O <72- • 

Now, we can prove the following theorem. 

THEOREM 2.3 ( [8] ) . HypG(r) = (HypG(T)-,oG,aid) is a monoid and the 

monoid Hyp(r) = (Hyp(T)] oh) al(i) of all arity-preserving hypersubstitutions 

of type T forms a submonoid of HypG(r). • 

3. An algebraic-structural property of generalized hypersubstitu-
tions 
In this section, we investigate an algebraic-structural property of the set 

of all generalized hypersubstitutions. We first recall from [6] the definition 
of a left (right) seminear-ring. 

DEFINITION 3.1. A nonempty set R together with two binary operations, 
denoted by + and •, respectively, is said to be a left (right) seminear-ring 

if (R\ + ) and (R ; •) are semigroups and satisfies the left (right) distributive 
law, i.e., for all a, b, c £ R, a • (b + c) = a • b + a • c ((a + b) • c = a • c + b • c). 

In [6], the author defined the binary operation +G o n HypG(r) by 

[<?i +G * 2 ) ( / i ) : = Sni{a2{fi),al{fi),..., 0"i(/j)), Mi G I. 
s V ' 

ni times 

Then we have the following propositions. 

PROPOSITION 3.2 ( [6] ) . For arbitrary generalized hypersubstitutions <72 

and <73, 

( ( f f l +G ai) +G ^3)(/<) = (01 +G (<T2 +G <73))(/»), VI G /. • 

PROPOSITION 3.3 ( [6] ) . For arbitrary generalized hypersubstitutions 01,02 

and 03, 

(cri oG (tr2 + G <73 ) ) ( f i ) = ((<7j oG cr2) + G (01 oG <T3 ) ) (/I ) , VI € /. • 

So (HypG(r)\ + G , ° G ) IS a left seminear-ring. But it is not a right semi-
near-ring because it does not satisfy the right distributive law. As a co-
unterexample, we consider the type r = (2), i.e., there is one binary ope-
ration symbol /. Let o\ : / 1—> /(x2,x3),<J2 : / 1—> f(xi,x2) and <73 : / 1—> 
/ ( / ( x i , x i ) , x 3 ) . Then we have ({o1+Go2)oGo3)(f) = / (/ (x 3 , x3 ) , / (x3 , x 3 ) ) 
and ((0-1 o G cr3) +G (o2 oG cr3 ) ) (/) = f(f(f(xz,x3),f(x3,x3)),x3). Thus 
(cri + G 02) oG cr3 ^ ((71 o G ( 7 3 ) + G (02 °G 03). 
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Now, we define another binary operation ©G on Hypo(r) by 

(<T1 ©G <T2)(/i) := Sni{al{fi),a2{fi),..., a2(fi)), 
" V 

7ii times 
then we can prove the following propositions. 

P R O P O S I T I O N 3 . 4 . For arbitrary generalized hypersubstitutions a\,a2 and 

((cri ©G <n) ©G )(/») = (<T1 ©G ©G cr3))(fi),Vi € I. 

Proof . 

((ffl ©G^2)©G^3)(/i) 
= ^((cn ®G a2)(fi), a3(/i), • • •, <r3(/i)) 

V v ' 
rii times 

= Sni{S^{a1(fi),a2{fi),.. .,a2(fi)),a3(fi),... ,a3(/i)) V v ^ N v • 
rii times ni times 

= S^icnifi), Sni(a2(fi),as(fi),..., <73(/i)), 
rii times 

v v ' 
7ij times 

= SniM/i), (<r2 ©G <x3)(/i), • • •, (<T2 ©G A3)(/I)) V ' 

rij times 

= (<Ti ©G (cr2®Gcr3))(fi). m 
P R O P O S I T I O N 3 . 5 . For arbitrary generalized hypersubstitutions cri,cr2 and 

(cri oG (cr2 ©G cr3))(/i) = ((cri oG a2) ©G (<7i oG a3))(fi), Vi € /. 

Proof . 
(<7l OQ (<72 ©G £73))(fi) 

= (ai o (a2 ®G a3)){fi) 

= ti[Sni(a2(fi),a3(fi),...,a3(m 
* V ' 

rii times 

= S'ViM/i)], ..., vi[*3(fi)]) 
^ > 

ni times 

= Sn> ((<71 0G £72)(/i), (£71 0G £73)(/0, . . . , ((71 0G £73)(/i)) 
ni times 

= ((£Tl oG <72) ©G (ci °G C3))(/j). • 
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Thus (Hypcir); © G , ° G ) IS also a left seminear-ring. However, it still does 
not satisfy the right distributive law. As a counterexample, we consider the 
type r = (2). So there is one binary operation symbol, say / . Let a\ : f i-> 
f(x2,x3),a2 : / f(x3,x2),a3 : f (-• f(f(x2,xi),x3). Then we have 

((CTI ®GCR 2 ) o G a 3 ) ( f ) 

= (<TL © G ^ M / ) ] 

= (<Tl ©G 0-2)A[/(/(®2, ^3)] 

= S 2 ( (CTI © G 0 2 ) ( / ) , (^1 © G 0-2)1/(2:2, a?i)], x3) 

= S2(S2(a1(f),a2(f),a2(f)),S2((a1 ©G^i/),^,®!),^) 

= S2(S2(f(x2, x 3 ) , / ( x 3 , x 2 ) , / ( x 3 , x 2 ) ) , 

S2(S2(f(x 2 , x 3 ) , / (®3 , ^2), / (®3 , ®2)), «2, x3) 

= S 2 ( f ( f ( x 3 , x2),x3), S 2 ( / ( / ( x 3 , x2), x3), x2, xi),x3) 

= S 2 { f ( f ( x 3 , x2),x3), / ( / ( x 3 , Xl), x3), x3) 

= f(f(x3,x3),x3), 

and 

° G 0 3 ) © G ( 0 2 ° G ^ 3 ) ) ( / ) 

= ^((cri oG cr3)(/), ((J2 oG cr3)(/), (cr2 ° G O ^ X / ) ) 

= 52(<71[a3(/)],a2[a3(/)], ,72[a3(/)]) 

= 5 2 ( A I [ / ( / ( X 2 , ^I), x3)], A 2 [ / ( / (x 2 , xi), x3)], <72[/(/(x2, XI), x3)]) 

= S2(S2(ai(f),ai[f(x2, xi)],x3),S2(a2(f),a2[f(x2, x i ) ] , x 3 ) , 

S2(a2(f),a2[f(x2,xi)],x3)) 

= S2(S2(f(x2,x3),S2(f(x2,x3),x2,x i) ,x3) , 

S2(f{x3, x 2 ) , S2(f(x3, x 2 ) , x 2 , x i ) , x 3 ) , 

5 2 ( / ( X 3 , X 2 ) , S2(f(x3, x 2 ) , x 2 , x i ) , x 3 ) ) 

= 5 2 ( 5 2 ( / ( x 2 , x3), / (xi , x3), x3), 5 2 ( / (X 3 , X2), /(X3 , xx), x3), 

S2(f(x3, x2), f(x3, Xl),X3)) 

= S2(f{x3, X 3 ) , / ( x 3 , X 3 ) , / ( x 3 , x 3 ) ) 

= f(x 3,x3). 

Thus, (o"i ©G 02) °G 03 (01 °G 03) ©G (<72 °G 03)-
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4. Algebraic-structural properties of some submonoids 
In [3], K. Denecke and Sh. L. Wismath study on M-hyperidentities and 

M-solid varieties based on submonoids M of the monoid HYP(R). They de-
fined a number of natural such submonoids based on various properties of 
hypersubstitutions. Now, we will extend these concepts to generalized hy-
persubstitutions and investigate some algebraic-structural properties of some 
submonoids M of the set of all generalized hypersubstitutions. 

D e f i n i t i o n 4.1. Let r = (n , ) i € / ,n j € N \ {0}, be a type with an operation 
symbol /¿, of the arity RII for each I G I. 

A generalized hypersubstitution A of type r is called a PROJECTION GENE-

RALIZED HYPERSUBSTITUTION if the term CR(FI) is a variable for each I € I . Let 
PG(T) be the set of all projection generalized hypersubstitutions of type r. 

A generalized hypersubstitution A of type r is said to be LEFTMOST if for 
every I G I , the first variable in A[FI(Xi,...,XNI)\ is X\. Let LEFTCIR) be the 
set of all leftmost generalized hypersubstitutions of type r . 

A generalized hypersubstitution A of type r is said to be RIGHTMOST if for 
every I G I , the last variable in A[FI(Xi,... ,XNI)} is XNI. Let RIGHTCIR) be 
the set of all rightmost generalized hypersubstitutions of type r. 

A generalized hypersubstitution A of type r is said to be OUTERMOST if for 
every I G I , the first variable in ¿R[FL(XI,..., XNI)\ is X\ and the last variable is 
XNI. Let OUTCIR) be the set of all outermost generalized hypersubstitutions 
of type r. Note that OUTCIR) = LEFTCIR) fl RIGHTAIR). 

A generalized hypersubstitution A of type T is called REGULAR if for eve-
ry I € I , each of the variables ... ,XNI occurs in A[FI(XI,... ,XNI)}. Let 
Regc i r ) be the set of all regular generalized hypersubstitutions of type r. 

A generalized hypersubstitution A of type r is called a PRE-GENERALIZED 

HYPERSUBSTITUTION if for every I G I , the term CR(FI) is not a variable. Let 
P r e o i r ) be the set of all pre-generalized hypersubstitutions of type r. 

P r o p o s i t i o n 4 . 2 . FOR ANY TYPE r , THE SETS PQ{T) U {AID}, LEFTCIR), 

RIGHTAIR), OUTCIR), REGAIR), AND PRECIR) ARE SUBMONOIDS OF HYPO(T). 

P r o o f. It is clear that the identity hypersubstitution a l (i belongs to all of the-
se sets, PG{T)U{AID}, LEFTG(T), RIGHTAIR), Oui G ( r ) , REGCIR), and P r e G ( r ) . 

Let (7i, (72 € Pc i r )U {a id } - We have to prove that a\oG<72 G Pc i r )U {a id } • 
We consider the four cases. 

Case 1. If (71 G PCIR) and (72 = <7id, then 

(O"I °G <?ID)IFI) = [CIDIFI)} 

= AI[FIIXI,...,XNI)] 

= SNIIAIIFI),X I , . . . , X N I ) 
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_ { X j \ a i ( f i ) = Xj,l < j <nu 

o\(fi) = Xk,k> th. 

Case 2. If A\ = cr^ a n d 02 € PG{T), then 

((Tid °G <?2)(fi) = vid[v2(fi)} = Vidian] = Xne X. 

Case 3. If ax = C72 = cr^, then 

{(7id °G <?id)(fi) = ¿idWidifi)] 

= ¿id[fi{x 1, • • • ,xni)} 

= Sni(aid(fi),x 

= f { x l ) • • •) xm) 

= (?id(fi)-

Case 4. If neither o\ nor o2 is <7l(i, then both (Ji(fi) and o-iifi) are variables 
for each i <E I. Thus (<ti Og a2)(fi) = o-i[cr2(/i)] = ai[xn} = xn G X. 

Hence O\ oG A2 G PG(T) U {AID}. 

Let a € Outcir) and t € WT(X). We will prove by induction on the 
complexity of the term t that the first and the last variable occurring in a[t] 

agree with the first and the last variable, respectively, occurring in t. If t = x 

is a variable, then a\t\ = a[x] = x. If t = fi(t\,..., tUi) is a composed term 
where the first and the last variable occurring in <?[tj] agree with the first and 
the last variable, respectively, occurring in tj, 1 < j < rii. Suppose that the 
first variable in cr[ii] is x\ and the last variable in <r[inJ is xUi. Then the first 
and the last variable in t is x\ and xni, respectively. Since a € Outcir), the 
first and the last variable in a[t] = SUi(a(fi),a[ti],..., a'[ini]) is xi a n d xni, 

respectively. 

Let a € Regcir) and t € Wr(X). We will prove by induction on the 
complexity of the term t that the variables occurring in t and a[t] are the 
same. If t — x is a variable, then a[t] = a\x\ = x. If t — /¿ ( i i , . . . ,£nJ is 
a composed term where the variables occurring in tj and a[tj\,\ < j < rii 

are the same. Since a[t\ = S U i ( a ( f i ) , cr[ti\,..., a[tni]) and a G RegG(r), the 

variables occurring in t and a[t] are the same. 

Now, we can show that the sets LEFTCIR), RIGHTG{R),OUTG(T) and 
R e g c i r ) are closed under the composition operation oq. Let o\ and be 
two generalized hypersubstitutions, both either leftmost, rightmost, outer-
most or regular. Then O i Og a2)"[fi(xi,... ,xHi)] = ^ [ ^ [ / ¿ ( x i , . . . ,xnJ] ] , 
and it follows from the previous reasons that this product has the correspon-
ding property. 

Finally, it is clear that the composition of two pre-generalized hypersub-
stitutions is again a pre-generalized hypersubstitution. 
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Hence the sets PG(T) U {AID}, LeftG(r), Righted), Outair), RegG{r) 

and PreG{j) are submonoids of Hypcij). • 

The next proposition are relationships between submonoids of HypG(r). 

PROPOSITION 4.3. Let r be any type which does not contain a unary operation 

symbol. The following proper inclusions hold: 

(i) RegG(r) C PreG(r), 

(ii) OutG(r) C PreG(r). 

P r o o f . The proof is straightforward. • 

THEOREM 4.4. For any type T, the sets PG(T), Leftcir), RightG(r), Outoir), 

RegG{r), and Precij) form sub-left seminear-rings of {HypG{T)\ +G, °G)• 

P r o o f . We will prove that the sets PG(T), LeftG(r), RightG(r), OutG(r), 

RegG(r), and PreG(r) are closed under the operation + G . 
Let <Ji,(J2 G Pg{t). Then both (J\{fi) and cr2(fi) are variables for each 

i <E I. Since (a i +G a2)(fi) = Sni(a2(fi), ai(fi),..., 0"i(/i)) and the terms 
v v ' 

ni times 

&i{fi),cr2(fi) are variables, (<JI +G 0 2 ) ( f i ) is a variable. Thus o\ + G ai £ 
Pair). 

Let u 1 and u2 be two generalized hypersubstitutions, both either leftmost, 
rightmost, outermost or regular. Consider 

(ax +G a2)"[fi(x i,...,xni)] 

= +Ga2){fi),x1,...,xni) 

= S^S^M/i), * i ( f i ) , a i ( f i ) ) , x u xni) 

rii times 

= Sni(a2(fi), ^((Tii/O,®!, • • • , XnJ, • • • , S^(a1(fi),X1, • • • , Xn%)) " ' 
ni times 

= Sni(a2(fi), a i [ / i ( x i , . . . , x „ 4 ) ] , . . . , a i [ / i ( x i , . . . ,xHi)]). 
s v ' 

rii times 

Then it follows from Definition 4.1 that o\ + G o 2 is both either leftmost, 
rightmost, outermost or regular. 

Let <J\,o2 G PreG(r). Then both o\(/¿) and <72(/i) are not variables. Sin-
ce ( < t i + g c t 2 ) ( f i ) = Sni{o2{fi),oi{fi),... ,cri(/j)) and the terms <?i{fi),(J2{fi) 

v V ' 
rii times 

are not variables, (o~i + g ° ~ 2 ) ( f i ) is not a variable. Thus o\ +Gcr2 E PreG(r). 

Hence the sets Pg(T), LeftG(r), RightG(T),OutG(T), RegG(r), and 
PreG{r) form sub-left seminear-rings of (HypG(T)\+G,oG). • 
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We can prove in the same manner that these sets form sub-left seminear-
rings of (HypG(r); ©g> °g ) - Now, we consider another algebraic-structural 
property of some submonoids M of ( H y p G ( r ) \ + g , °g ) - We first recall from 
[5] the definition of a left (right, two sided) ideal. 

DEFINITION 4.5. Let (5; •) be a semigroup. A nonempty subset A of S is 
called a left ideal if SA C A, a right ideal if AS C A, and a (two sided) ideal 

if it is both a left and a right ideal. 

PROPOSITION 4.6. For any type T,PG(T) \ Hyp(r) is a left ideal of P G ( T ) . 

P r o o f . Let o\ G PG(r)\Hyp(r) and a2 G PG(r). Then cri(fi) = Xj, 3j > rii 

and <t 2 ( f i ) = xn G X. Consider (a2 °G &i)(fi) = ^ [ ^ ( / i ) ] = 02 [ x j ] = Xj. 

Thus (72oqo\ G PG(r)\Hyp(r). So Pa(T)\Hyp(T) is a left ideal of P g ( t ) . • 

PROPOSITION 4.7. For any type T,Outc(T) \ Hyp(r) is a right ideal of 

OutG{T). 

P r o o f . Let <71 G Outair) \ Hyp(r) and 02 G Outcir). Then the first 
and the last variable in ai[fi(xi,..., x nJ] , a2[fi(xi,... j^rij)] is X! and xni, 

respectively, and there exists at least one variable XJ, 3j > RII occurring in 
&i[fi(xi, ...,xni)]. Consider 

(cri o G a2y[fi(x1,..., xni)} = <ri[<72[/i(xi,..., xni)}. 

Thus the first and the last variable in (<7ioGo"2)~[/j(2;i,..., xni)] is x\ and xni, 

respectively, and Xj also occurs in {a\ oG o "2 ) ' [/ i (x i , . . . ,x r i i ) ] . Hence 

(7i oG (72 G OutG{T) \ Hyp(r). 

So OutG(r) \ Hyp(r) is a right ideal of OutG(r). m 

PROPOSITION 4.8. For any type T,RegG(T) \ Hyp(r) is a right ideal of 

RegG(r). 

P r o o f . Let u\ G RegG(r) \ Hyp(r) and G RegG(r). Then for every 
i G I, each of the variables x\,..., xrH occurs in ai[fi(xi,... ,xni)],a2[fi(xi, 

. . . , x n i ) ] and there exists at least one variable Xj,3j > rij occurring in 
<5"i [ f i (x\, . . . , xnJ] , Consider 

((71 0G a2y[fi(Xl, . . .,Xni)} = <7l[<72[/i(£l, . . . ,xni)\. 

Thus each of the variables xi,...,xni and XJ occur in {(j\ Og cr2Y[fi(xi, 

... ,xni)}. Hence o\ oG a2 G RegG{r) \ Hyp{r). So RegG(r) \ Hyp{r) is a 
right ideal of RegG(r). m 

PROPOSITION 4.9. For any type r,PreG(r) \ Hyp(r) is a right ideal of 

PreG(r). 

P r o o f . Let <71 £ PreG(r) \ Hyp(r) and a2 G PreG(r). Then the term 
(7i ( f i ) is not a variable and non-arity preserving and <72(fi) is not a variable 
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and does not necessarily preserve arity. So there exists at least one variable 
x j , 3 j > nt occurring in the term (T\{fi). Since (o"i oG cr2)(/l) = ai[a2(fi)}. 
Then the term (a\ °Gcr2)(fi) is not a variable and XJ occurs in (o\ OG(J2){JI)-
Hence (<7i o g a 2 ) ( / i ) € Frec(r) \ Hyp(r). Thus Preo(r) \ Hyp(r) is a right 
ideal of Preo(r). • 
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