DEMONSTRATIO MATHEMATICA
Vol. XXXVIII No 2 2005

Tayyab Kamran

FIXED POINTS OF ASYMPTOTICALLY
REGULAR NONCOMPATIBLE MAPS

Abstract. The concept of R-weakly commutativity of type A for single-valued map-
ping is extended to multivalued mappings. The structure of common fixed points and
coincidence points of a pair of R-weakly commuting multivalued mappings of type A is
also discussed.

1. Introduction and preliminaries

The study of fixed points of multivalued mappings satisfying some con-
tractive type conditions has been a very active topic in the last three decades.
The interest on this subject was enhanced after the publication of a paper by
Nadler [11]. Since then there has been a lot of activity in this area and a num-
ber of generalizations of Nadler’s results have appeared. Most of the fixed
point theorems existing in the mathematical literature deal with compati-
ble mappings. So, it would be a natural question: what about the mappings
which are not compatible. In this paper, we shall investigate such mappings.
The compatible single valued mappings were introduced by Jungck [5, 6] as a
generalization of commuting mappings. Rashwan [16], Beg and Azam [2] and
Kaneko and Sessa [8] extended independently the concept of compatibility
for single valued mappings to the setting of single valued and multivalued
mappings. Recently Pathak, Cho and Khang [15] introduced the concept
of R-weakly commuting mappings of type A and showed that they are not
compatible. The notion of R-weak commutativity was originally defined by
Pant [12] and then in [13, 14], he proved some fixed point theorems for
noncompatible mappings. The aim of this paper is to obtain some common
fixed point and coincidence point theorems for a pair of R-weakly commut-
ing multivalued mappings of type A. We may mention that using the idea
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of Shahzad [19, 20], it is possible to obtain applications of our results to the
best approximation theory.

Let X be a metric space with a metric d. Then, for z € X and A C
X, d(z,A) = inf{d(z,y) : y € A}. We denote by CB(X) the class of
all nonempty bounded closed subsets of X and by K(X) the class of all
nonempty compact subsets of X. Let H be the Hausdorff metric with re-
spect to d, that is,

H(A, B) = max{supd(z, B),supd(y, A)}
€A yEB

for every A,B € CB(X). It is well known that if X is a complete metric
space then so is the metric space (CB(X),H). Let T : X — CB(X) be a
mapping. A point p € X is said to be a fixed point of T : X — CB(X) if
p € Tp. Let f: X — X be a mapping. The point p is called a coincidence
point of f and T if fp € T'p. A mapping ¢ : (0,00) — [0, 1) is said to have the
property (P) if, for each ¢ in the domain of ¢, there exist §(t) > 0 and s(¢) < 1
such that 0 < r—t < §(t) implies ¢(r) < s(t) < 1 (cf,, [3], [17]). It is readily
seen that the property (P) is equivalent to saying that lim,_;+ sup¢(r) < 1
for all t > 0. The mappings f: X — X and T : X — CB(X) are called
compatible [5] if fTz € CB(X) for all z € X and H(fTz,,Tfz,) — 0
whenever {z,} is a sequence in X such that Tz, — A € CB(X) and
fzn — t € A. The mappings f,g : X — X are called R-weakly commuting
of type Ay if, for all x € X, there exists some positive real number R such

that d(ffz,gfz) < Rd(fz,gz).
ExaMPLE 1.1 ([14]). Let X = [2,20] and d the usual metric on X. Define
f,g: X — X by
2if =2,
fr=46if 2<z<5,
2if =z > 5.

2 if z=2,
gr=<12 if 2<z <5,
3—”3i1if x> 5.

Then f and g are R-weakly commuting of type Ay but they are not com-
patible,

We now introduce the following definition.

DEFINITION 1.2. The mappings f : X — X and T : X — CB(X) are said to
be R-weakly commuting of type Ar at z € X if, there exists some positive
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real number R such that

d(ffz,Tfz) < Rd(f=z,Tz).
Here f and T are R-weakly commuting of type Ar on X if the above in-
equality holds for all z € X.

If T is a single valued self mapping of X this definition of R-weak com-
mutativity reduces to that of Pathak, Cho and Kang [15].

EXAMPLE 1.3. Let X = [1,00) with the usual metric. Define f : X — X, T :
X - CB(X) by fr =2z and Tz = [1,2z + 1] for all z € X. Let {z,} is a
sequence in X, such that z, — 1. Then

lim fz, =2¢€[1,3] = lim Tz,,
n—oo n—oo
JLn;OH(men,Tfmn) # 0 and d(f fz,Tfz) =0.
Therefore the mappings f and T are R-weakly commuting of type Ar but
they are not compatible.
EXAMPLE 1.4. Let X = [0, 00) be endowed with usual metric d. Let for all
z€ X,Tz =[1,2] and
P 1+%z?f z € [0,1],
1 if e (1,00).
Then Tfz = [1,2] and
3if =0,
ffr={1if 0<z<1,
% if 1<z<o00.

Therefore f and T are R-weakly commuting of type Ar. Now suppose that
{z,} is a sequence in X such that z, — 0. Then lim, o fz, = 1 €
limp 00 Tzy. On the other hand lim, oo H(fT2n, T fzn) # 0 and thus f
and T are not compatible.

We shall require the following well-known facts (cf., [1], [11]).

LEMMA 1.5. If A,B € CB(X) with H(A,B) < ¢, then, for each a € A,
there ezists an element b € B such that d(a,b) < e.

LEMMA 1.6. If {A,} is a sequence in CB(X) and lim, oo H(Ap, A) =0 for
A€ CB(X). If zp, € A, and limp—00 d(zp, ) = 0 then z € A.

If, for zo € X, there exists a sequence {z,} in X such that fz, € Tz,
then Of(x0) = {fzn : n = 1,2,...} is said to be orbit for (T f) at zo.
If, for zo € X, there exists a sequence {z,} in X such that every Cauchy
sequence of the form Of(xo) converges in X, then X is called (T'; f)-orbitally
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complete. The mapping T is called asymptotically regular at z¢o € X if for
any sequence {z,} in X and each sequence {y,} in X such that y, € Tz,_,
limp,— 00 d(Yn, Ynt+1) = 0. For details, we refer to [21].

2. Main results
We are now in a position to state and prove our first result.

THEOREM 2.1. Let X be a metric space. The mappings f: X - X, T: X —
CB(X) such that TX C f(X) and

1 H(Tz,Ty) < ¢(d(fz, fy))d(f=, fy)

for every z,y € X with x # y, where ¢ : (0,00) — [0,1) is a real func-
tion with the property (P). If there ezists a point zo € X such that T is
asymptotically reqular at o and f(X) is (T; f, zo)-orbitally complete then f
and T have a coincidence point z € X. Further, if fz is a fizred point of f,
then fz is a common fized point of f and T provided f and T are R-weakly
commuting mappings of type At at z.

Proof. Let 2 be a point in X and yg = fxg. Since Tzp C fX, there exists
z1 € X such that y; = fzy € Tzg. Let € = ¢(d(fzo, fz1))d(fzo, fz1). Then
by (1) we have H(T'zo, Tz1) < €. Now, using Lemma 1.5, we obtain yo € Tz}
such that d(yi, y2) < e. It further implies that

d(y1, y2) < d(fzo, fz1).

Since Tz; C fX, there exists 9 € X such that yo = fzo. Hence
d(f_xh fx2) < d(f.’l}o, fml)

Continuing in this fashion, we produce a sequence {:z:n} of points of X such
that fr, € Tz,_; (n > 1) and

d(fxm fxn+1) < ¢(d(fxn 1, fmn))d(fmn 1 fxn) < d(fxn—la fxn)
Thus {d(fzn, fzn+1)} is a decreasing sequence of positive real numbers and,
therefore, converges to its greatest lower bound L > 0. We claim that L = 0.
Indeed, if L > 0, then by the property (P) there exist 6(t) > 0 and s(t) < 1
such that 0 < r —t < §(¢) implies ¢(r) < s(t). Since d(fzn, frn+1) — L, for
given 4(t) > O there exists an integer N such that 0 < d(fzn, fznt1) —t <
(t) for all n > N. This yields
&(d(fzn, frnt1)) <s(t) foralln>N.

Then
d(fZn, fTnt1) < H(A(fTn-1, fTn))d(fTn-1, fZn)
SMd(frn-1,fTn) < ovvvviiiin.
SMnd(f:Z:(),f:El)'—’O as n — oo,
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where

M= maX{¢(d(f.’L‘0, le))a ¢(d(f$17 sz))a cey ¢(d(me—la fo))v S(t)} <L
So we have reached a contradiction to the assumption that L > 0. Thus
nlglgo d(fmm f$n+1) =0.
It further implies that
' nlergo d(fzn,Tzn) = 0.

We claim that the sequence {fz,} is Cauchy. For, if not, there exist ¢ > 0

and subsequences {n;} and {m;} of integers with n; < m; such that
d(fzn;, fTm;) = q, d(fzn, frn,—1)<gq fori=1,2/3,...

Now

qs d(fmnﬂ fxmi) < d(fxni'l fxmi“l) + d(fmmi_l’ fmmi)'

On making ¢ — oo we obtain

hm d(f:llni, fmmi) =q,

1— 00
since d(fZm,, fTm;—1) < q. By the property (P), there exist 6(¢) > 0 and
s(q) < 1 such that 0 < r — g < §(q) implies ¢(r) < s(q).
Since lim; o0 d(fZn,, fZm;) = ¢, there exists an integer Ny such that
0 <d(fzn,, frm,) —q < 0(q) for alli > Ny.
So
(d(fzn,, fom,)) < s(q) for all i > No.
Further,

d(f.’l,'n“ fxmi) < d(f:l?ni, fmni+1) + d(fl‘ni+1’ fzmi+1) + d(fl‘mi+1, f-’L‘mi)

< d(fxnn fmni-i-l) + ¢(d(f$"li 3. fxmi))d(fxnia fxmi) +

d(fzmi+17 fx"ni)

< d(fzng, fTni41) + 8(QA(f Ty fTm;) + A(fTmit1, fTm,)-

This inequality on letting 7 — oo implies that ¢ = s(¢)g < ¢, a contradiction.
Hence {fz,} is a Cauchy sequence in X. Since f(X) is (T; f, zo)-orbitally
complete, {fz,} has a limit say u, in f(X). Therefore, u = fz for some
z€ X. Now '
d(fz,T2) <d(fz, fzn) + d(fzn,T2)
<d(fz frp)+ H(Tzn-1,T2)

< d(fz, fl'n) + ¢(d(f$n_1, fz))d(.fx‘n.—la fZ)
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Letting n — oo the above inequality yields d(fz,Tz) = 0. This implies that
fz €Tz Since f and T are R-weakly commuting of type Ar at z, we have

d(ffz,Tfz) < Rd(fz,T=z).
This shows that ffz € Tfz. If u = fz is also a fixed point of f, then
u = fz = fu € Tu. Hence u = fz is a common fixed point of f and T.
The following is an example of R-weakly commuting mappings of type

Ar satisfying the conditions of Theorem 2.1 and having a common fixed
point.

EXAMPLE 2.2. Let X = [0, 1] and d the usual metric on X. Define f : X — X
and T : X = CB(X) by fz = 3z'/2, Tz = [0, 12/?] for all = € X. Then,
for any z € X,

d(ff2,Tfe) = e, d(fe,Tz) = 21z

3
vl
that is,

d(ffz,Tfz) < %d(fz,Tz).
Thus the mappings f : X — X and T : X —» CB(X) are R-weakly com-
muting of type Ar. Taking the function ¢(z) = ¢, where 1/4 < ¢ < 1, it is
easily seen that f and T satisfy all the conditions of Theorem 2.1 and have a
common fixed point z = 0. Note that f and T do not satisfy the conditions
of theorems in (3], [4], [7], [10] and [11].

THEOREM 2.3. Let X, f and T satisfy the hypotheses of Theorem 2.1. Sup-
pose f(X) is complete and for each z,y € X,

d(z, +d(y, fx
() d(fz, fy) < kmax {d(z,), d(z, fa), d(y, fy), ZSVL ATy,

where 0 < k < 1. Then f and T have a common fized point provided f and
T are R-weakly commuting of type Ar on X.

Proof. Let y, = fyn—-1 = f"2,n=1,2,..., where z is a coincidence point
of f and T [the existence of z comes from Theorem 2.1]. It follows from (2)
that

d(yn7 yn+1) = d(fyn—l’ fyn)
< kmax {d(yn—lv Yn)y A(Yn-1, fyn-1), A(Yn, fYn),

d(yn—ly fyn) + d(yn) fyn-l) }
2
d(yn—l; yn+1) }
2

< kmax {d(yn—h yn)a d(ym yn+1)’
<kd(Yn—1,Yn) S covvvviiiinn < k"d(y1,90)-
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This shows that {y,} is a Cauchy sequence in X and so f*z — p € f(X).
Since f and T are R-weak commuting mappings of type Ar,

d(ffz,Tfz) < Rd(fz,T=z).
Since fz € Tz, the above inequality yields
flz=ffzeTfa.
Further, we have
d(f32,Tf%2) < Rd(f?2,Tfz) =0.
Continuing in this fashion, we get f**lz € Tf"z.
Using (2), we have
d(fp, f**12) < kmax {d(p, f*2), d(p, fp), d(f"z, f*+12),

d(p, f"*12) + d(fz, fp)}
> :

Taking the limit as n — oo, we get
d(p, fp)

d(fp,p) < kmax {0, d(p, fp),, ==} = kd(p, fp).

Since 0 < k < 1, we have d(fp,p) = 0 and so p = fp.
Now

d(p, Tp) < d(p, f*+'z) + H(T f"z,Tp)
< d(p, f*12) + $(d(f" 2, fp))d(f"*2, fp)
< d(p, f**'2) + d(f"*'z, fp).
Letting n — oo the above inequality yields d(p, Tp) = 0 and so p € Tp.
We now obtain a coincidence point theorem for mulltivalued R-weakly

commuting mappings satisfying the Meir-Keeler [9] type contractive condi-
tion.

THEOREM 2.4. Let X be a metric space and take f : X — X and T : X —
K(X) such that TX C fX and for given € > O there exists §(¢) > 0 such
that

(i) e <d(fz, fy) < €+ 6 implies HTz,Ty) < €

and

(ii) Tz = Ty whenever fz = fy.

If there exists a point xo € X such that T is asymptotically reqular at xg
and f(X) is (T; f, zo)-orbitally complete then f and T have a coincidence
point z € X. Further, if fz is a fized point of f then fz is a common fized

point of f and T, provided f and T are R-weakly commuting mappings of
type AT at 2.
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Proof. Fix o € X. Since TX C fX then we can choose y; = fz; € Txo.
If Txo = Tz, choose yo = fzg € Tz such that y; = yo. If Txg # Tx1,
choose y3 = fz9 € T'z1 such that

d(y1,y2) < H(Tzo,Tz1).
Such a choice is possible since T'z; is compact. In general, choose y, = fz,, €
Tx,_1 such that y,.1 = yn if Txp_9 =Tz,_; and

d(Yn-1,Yn) < HTzp—2,Trn—1) otherwise.
It is clear from (i) that for all z,y € X with fz # fy we have
3) H(Tz,Ty) < d(fz, fy).
Then
H(Tzn9,TTn-1) < d(fTn-2, fTn-1) = d(Yn-2, Yn-1)-
Since
d(Yn—1,Yn) < H(Tzp—2, Tzn-1),

it follows that {d(yn,yn+1)} is a decreasing sequence of real numbers and,
therefore, converges to its greatest lower bound r > 0. We claim that r = 0.
For, if r > 0, then given § > 0 there exists an integer N such that

r <d(Yn,Ynt1) <r+96 foralln>N.
It implies that
H(Tzp,Tzp41) <r foraln>N.
Further,
d(Yn+1,Ynr2) <r foralln > N,

a contradiction. Therefore

d(fxnaTmn) < d(fzn, T$n+l) < d(ym yn+1) — 0.

Using an analogous argument as in the proof of Theorem 1 of Rhoades,
Park and Moon [18] it can be seen that {y,} is a Cauchy sequence in X.
Therefore there exists u € f(X) such that d(fz,,u) — 0. Also u = fz for
some z € X. Now, using (3), we have

d(fz,Tz) < d(fzn, fz) + d(fzn, T2) < d(fzn, f2) + d(fTn-1, f2).
This inequality by letting n — oo yields fz € Tz.
If u= fz is a fixed point of f then u = fz = ffz. Since f and T are
R-weakly commuting of type Ar at z we have

d(ffz,Tfz) < Rd(fz,Tz)=0.
This implies that u = fu € Tu.
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THEOREM 2.5. Let X, f and T satisfy the hypotheses of Theorem 2.4. Sup-
pose f(X) is complete and for each z,y € X,
d(z, fy) + d(y, fz) }

(4) d(fz, fy) < kmax {d(z,y), d(z, fz), d(y, fy), 5

where 0 < k < 1. Then f and T have a common fized point provided f and
T are R-weakly commuting of type AT on X.

Proof. The proof is similar to the proof of Theorem 2.3. Instead of using
Theorem 2.1, we use Theorem 2.4.

REMARK 2.6. When T is compact-valued, Theorem 2.1 can also be concluded
from Theorem 2.4. To see this, let ¢ > 0. Motivated by Xu [22], choose
§(€) > 0 and s(e) < 1 such that s(e)[e + d(€)] < ¢, lim,_ .+ sup¢(r) < s(e),
and ¢(r) < s(e) whenever 0 < 7 — € < d(e). Then € < d(fz, fy) < e+ d(¢)
implies

H(Tz,Ty) < ¢(d(fz, fy))d(fz, fy) < s(e)le+d(e)] < e
Hence the conclusions of Theorem 2.1 follow from Theorem 2.4.
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