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SLIGHTLY B-CONTINUOUS MULTIFUNCTIONS

Abstract. In this paper, we introduce and study upper and lower slightly 3-conti-
nuous multifunctions as a generalization of upper (lower) semicontinuous, upper (lower)
a-continuous, upper (lower) precontinuous, upper (lower) quasi-continuous, upper (lower)
~-continuous, upper {lower) S-continuous multifunctions and slightly S-continuous func-
tions. Some characterizations and several properties concerning upper (lower) slightly
[B-continuous multifunctions are obtained. Furthermore, the relationships between upper
(lower) slightly 3-continuous multifunctions and other related multifunctions are also dis-
cussed.

1. Introduction

Continuity of functions and various types of stronger and weaker
forms of continuity of functions are the basic topics in the general topo-
logy. In the several branches of mathematics, many authors have researched
various stronger and weaker forms of the continuity of functions. A great
number of papers dealing with such functions have appeared, and many of
them have been extended to the setting of multifunctions. Most of them in
ordinary topology have been studied in the setting of multifunctions such as
a-continuity [13], precontinuity [24], quasi-continuity [23], B-continuity [26,
27] and «-continuity [3].

The aim of the present paper is to define upper (lower) slightly (-
continuous multifunctions which are generalize upper (lower) semicontinu-
ous, upper (lower) a-continuous, upper (lower) precontinuous, upper (lower)
quasi-continuous, upper (lower) v-continuous, upper (lower) [-continuous
multifunctions and slightly 3-continuous functions. Also we obtain several
characterizations of upper (lower) slightly S-continuous multifunctions and
basic properties of such multifunctions. Moreover, the relationships between
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upper (lower) slightly 8-continuous multifunctions and other related multi-
functions are investigated.

2. Preliminaries

In this paper, spaces (X,7) and (Y,v) (or simply X and Y) always
mean topological spaces on which no seperation axioms are assumed unless
explicitly stated. For a subset A of (X, ), cl(A) and int(A) represent the
closure of A with respect to 7 and the interior of A with respect to T,
respectively.

A subset A is said to be a-open [14] (resp. semi-open [10], preopen [12],
B-open [1] or semi-preopen [4], b-open [5] or y-open [9] or sp-open [8]) if A C
int(cl(int(A))) (resp. A C cl(int(A)), A C int(cl(A)), A C cl(int(cl(A))),
A C cl(int(A))Uint(cl(A))). The family of all a-open (resp. semi-open, pre-
open, (-open, y-open, clopen) sets of X containing a point z € X is denoted
by aO(X,z) (resp. SO(X,z), PO(X,z), BO(X,z), vO(X, z), CO(X, x)).
The family of all a-open (resp. (-open, clopen) sets of X is denoted by
aO(X) (resp. fO(X), CO(X)).

The complement of a 3-open set is said to be B-closed [12].

By a multifunction F' : X — Y, we mean a point-to-set correspondence
from X into Y, and always assume that F(z) # 0 for all z € X. For a
multifunction F : X — Y, following [6, 7] we shall denote the upper and
lower inverse of a set B of Y by F*(B) and F~(B), respectively, that is,
Ft(By={z€ X : F(z) C B}and F-(B) = {z € X : F(z) N B # 0}.
In particular, F~(y) = {x € X : y € F(x)} for each point y € Y. For each
AC X, F(A) = U,ca F(z). Then F is said to be a surjection if F(X) =Y,
or equivalently if for each y € Y there exists an z € X such that y € F(z).

Moreover, F : X — Y is called upper semi continuous (resp. lower semi
continuous) if F (V) (resp. F~(V)) is open in X for every open set V of Y’
[21].

For a multifunction F' : X — Y, the graph multifunction Gp : X —
X x Y is defined as follows Gp(z) = {z} x F(z) for every z € X and the
subset {{z} x F(z):z € X} C X xY is called the multigraph of F' and is
denoted by G(F').

DEFINITION 1. A multifunction F': X — Y is said to be:

1. Upper almost continuous [22, 24, 29] or upper precontinuous [24] (resp.
upper quasi-continuous [24], upper a-continuous [13], upper S-continuous
[26, 27], upper y-continuous (3]) at « € X if for each open set V of Y
containing F'(z), there exists U € PO(X,z) (resp. U € SO(X,z), U €
aO(X,z), U € pO(X,z), U € yO(X, z)) such that F(U) C V.
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2. Lower almost continuous [22, 24, 29] or lower precontinuous [24] (resp.
lower quasi-continuous [24], lower a-continuous [13}, lower 3-continuous [26,
27], lower ~-continuous [3]) at z € X if for each open set V of Y such
that F(z) NV # 0, there exists U € PO(X,z) (resp. U € SO(X,z), U €
aO(X,z), U € BO(X,z), U € yO(X, z)) such that F(u) NV # 0 for every
ueU.

3. Upper (lower) almost continuous or upper (lower) precontinuous (resp.
upper (lower) quasi-continuous, upper (lower) a-continuous, upper (lower)
B-continuous, upper (lower) vy-continuous) if it has this property at each
point of X.

DEFINITION 2. A function f : (X,7) — (Y,0) is said to be slightly G-
continuous {18] if for each point « € X and each clopen set V' containing
f(z) there exists a 3-open set U of X containing x such that f(U) Cc V.

3. Slightly S-continuous multifunctions

DEFINITION 3. A multifunction F': X — Y is said to be:

1. Upper slightly 8-continuous at x € X if for each clopen set V of Y
containing F(z), there exists U € fO(X) containing z such that F(U) C V.

2. Lower slightly B-continuous at z € X if for each clopen set V of Y
such that F(z) NV # 0, there exists U € BO(X) containing = such that
Fu)NV # 9 for every u € U.

3. Upper (lower) slightly S-continuous if it has this property at each
point of X.

REMARK 4. For a multifunction F : X — Y from a topological space (X, 7)
to a topological space (Y, v), the following implications hold:

upper/lower semi-continuity

¢
upper/lower a-continuity = upper/lower precontinuity
y v
upper/lower quasi-continuity = upper/lower y-continuity
4
upper/lower (-continuity
Y

upper/lower slightly B-continuity
However the converses are not true in general.

EXAMPLE 5. Let X = {a,b,c} and Y = {1,2,3,4,5}. Let 7 and v be re-
spectively topologies on X and on Y given by 7 = {0, X, {a}, {b}, {a,b}}
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and v = {0,Y, {1, 2},{3,4}, {3,4,5},{1,2,3,4}}. Define the multifunction
F:X —Y by F(a) ={1,5}, F(b) = {1,5} and F(c) = {1,3,4}. Then F' is
lower slightly SB-continuous multifunction but F' is not lower $-continuous.

EXAMPLE 6. Let X = {a,b,c¢} and Y = {1,2,3,4,5}. Let 7 and v be re-
spectively topologies on X and on Y given by 7 = {0, X, {a}, {0}, {a,b}}
and v = {0,Y,{1,2},{3,4},{3,4,5},{1,2,3,4}}. Define the multifunction
F: X - Y by F(a) = {3,4,5}, F(b) = {1,2} and F(c) = {1,2,3}.
Then F is upper slightly (-continuous multifunction but F' is not upper
[B-continuous.

The other implication are not reversible as shown in (3, 20].
The following theorem state some characterizations of upper slightly
(B-continuous multifunctions.

THEOREM 7. Let F : X — Y be a multifunction from a topological space
(X, T) to a topological space (Y,v). Then the following statements are equi-
valent:

(i) F is upper slightly 3-continuous;

(ii) for each z € X and for each clopen set V such that x € F+(V), there
exists an B-open set U containing x such that U C F*(V);

(iii) for each € X and for each clopen set V such that z € FH(Y\V),
there exists an B-closed set H such that z € X\H and F~(V) C H;

(iv) FT(V) is an (3-open set for any clopen set V C Y;

(v) F~(V) is a B-closed set for any clopen setV C Y,

(vi) F~(Y'\V) is a B-closed set for any clopen set V C Y;

(vil) F+(Y'\V) is a B-open set for any clopen set V C Y.

Proof. (i)e(ii). Clear.

(ii)¢>(iii). Let z € X and let V be a clopen such that z € F*(Y\V).
By (ii), there exists an -open set U containing z such that U ¢ FH(Y\V).
Then F~ (V) ¢ X\U. Take H = X\U. We have z € X\ H and H is -closed.

The converse is similar.

(i)e(iv). Let z € F*(V) and let V be a clopen set. From (i), there
exists an B-open set U, containing z such that U, ¢ F+(V). It follows that
F*(V) = Uper+(v) Uz and hence F*+(V) is S-open.

The converse can be shown easily.

(iv)=>(v). Let V C Y be a clopen set. We have that Y'\V is a clopen set.
From (iv), F*(Y\V) = X\F~(V) is an S-open set. Then it is obtained that
F~(V) is an B-closed set.

(v)=(iv). Similar to the above.

(iv)e(vi), (v)&(vii). Since F~(Y\V) = X\Ft(V) and F*(Y\V) =
X\F~(V), the proof is clear. =
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The following theorem state some characterizations of lower slightly -
continuous multifunction.

THEOREM 8. Let F : X — Y be a multifunction from a topological space
(X, 7) to a topological space (Y,v). Then the following statements are equi-
valent:

(i) F is lower slightly B-continuous;

(ii) for each z € X and for each clopen set V such that x € F~(V), there
ezists an (3-open set U containing = such that U C F—(V);

(iii) for each x € X and for each clopen set V such that x € F~(Y\V),
there exists an (3-closed set H such that x € X\H and F*(V) C H;

(iv) F~(V) is an B-open set for any clopen set V C Y,

(v) FY(V) is a B-closed set for any clopen set V C Y;

(vi) FT(Y\V) is a B-closed set for any clopen set V C Y;

(vii) F~(Y'\V) is a B-open set for any clopen set V C Y.

Proof. It can be obtained similarly as Theorem 7. =

COROLLARY 9 (Noiri [18]). For a function f : (X,7) — (Y, 0), the following
are equivalent:

(1) f is slightly B3-continuous;

(2) f~YV) € BO(X) for each clopen set V inY;

(3) f~Y(V) is B-clopen for each clopen set V inY;

(4) for each x € X and each clopen set V' containing f(z), there ezists
B-clopen set U containing = such that f(U) C V.

4. Some properties

We know that a net (z,) in a topological space (X, 7) is called eventually
in the set U C X if there exists an index ag € J such that z, € U for all
a2 ag.

DEFINITION 10. A sequence (z,) is said to be -converge to a point z if
for every B-open set V containing z, there exists an index ng such that for
n>mng, In € V.

THEOREM 11. Let F : X — Y be a multifunction. If F is upper (resp. lower)
slightly 3-continuous, then for each x € X and for each net (xo) which (-
converges to z in X and for each clopen set V C Y such that x € F+(V)
(resp. x € F~(V)), the net (z,) is eventually in F+(V) (resp. F~(V)).

Proof. Let (z,) be a net which S-converges to z in X and let V C Y be
any clopen set such that z € F* (V). Since F is upper slightly 3-continuous
multifunction, it follows that there exists an B-open set U C X containing
z such that U C F*(V). Since (z,) B-converges to z, it follows that there
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exists an index ap € J such that z, € U for all @ > ag. From here, we obtain
that zo, € U C FT(V) for all & > ap. Thus, the net (z,) is eventually in
FH(V).

The proof of the lower continuity is similar. =

THEOREM 12. Let F : X — Y be a multifunction from a topological space
(X,7) to a topological space (Y,v) and let F(X) be endowed with subspace
topology. If F is upper slightly B-continuous multifunction then F : X —
F(X) is upper slightly 8-continuous multifunction.

Proof. Since F is upper slightly 8-continuous, F+(V N F(X)) = FH(V)n
F*(F(X)) = F*(V) is -open for each clopen subset V of Y. Hence F :
X — F(X) is upper slightly #-continuous multifunction. =

Suppose that (X, 7), (Y,v) and (Z,w) are topological spaces. It is known
that if F1 : X — Y and Fy : Y — Z are multifunctions, then the multi-
function Fy 0 Fy : X — Z is defined by (F5 o Fy)(z) = F»(Fi(z)) for each
z € X.

THEOREM 13. Let (X, 1), (Y,v), (Z,w) be topological spaces and let F :
X - Y and G:Y — Z be multifunctions. If F : X — Y is upper (lower)
B-continuous multifunction and G :' Y — Z is upper (lower) semicontinuous
multifunction, then GoF : X — Z is an upper (lower) slightly 3-continuous
multifunction.

Proof. Let V C Z be any clopen set. From the definition of G o F'; we have
(GoFYH(V) = F*(G*(V)) ((Go F)(V) = F~(G~(V))). Since G is upper
(lower) semicontinuous multifunction, it follows that G*(V) (G~ (V)) is an
open set. Since F' is upper (lower) (B-continuous multifunction, it follows
that FT(GH(V)) (F~(G~(V))) is a B-open set. This shows that Go F is a
upper (lower) slightly B-continuous multifunction. =

REMARK 14. It should be noted that every restriction of a upper (lower)
slightly 3-continuous multifunction is not necessarily upper (lower) slightly
[B-continuous.

EXAMPLE 15. Let X = {a,b,¢,d} and let o and 7 be topologies on X given
by o = {0, X, {a,b}} and 7 = {0, X, {a}, {b, ¢, d}}. Define the multifunction
F:(X,0) = (X,7) by F(a) = {a}, F(b) = {a,d}, F(c) = {a,c,d} and
F(d) = {a}. Then F is lower slightly 3-continuous multifunction.

Let A = {a,c,d}. A is not a-open in (X, 0). If 04 is the relative topology
on A induced by o, then F |4: (A,04) — (X, 7) is not lower slightly 8-
continuous.

EXAMPLE 16. Let X = {a,b,c,d} and let o and 7 be topologies on X given
by 0 = {0, X, {a,b}} and 7 = {0, X, {a}, {b, ¢, d}}. Define the multifunction



Slightly (3-continuous multifunctions 475

F : (X,0) = (X,7) by F(a) = {a,b}, F(b) = {d}, F(c) = {c,d} and
F(d) = {a,c,d}. Then F is upper slightly 8-continuous multifunction.

Let A = {a,c,d}. Aisnot a-open in (X, o). If 04 is the relative topology
on A induced by o, then F |4: (A,04) — (X, 7) is not upper slightly 3-
continuous.

THEOREM 17. Let F : X — Y be a multifunction and let U € aO(X). If
F is a lower (upper) slightly 3-continuous multifunction, then the restric-
tion multifunction F |y: U — Y is a lower (upper) slightly (3-continuous
multifunction.

Proof. Suppose that V C Y is a clopen set. et z € U and let z €
F~ |y (V). Since F is lower slightly 8-continuous multifunction, it follows
that there exists G € BO(X) containing z such that G C F~(V). From
here we obtain that z € GNU € BO(U) (from Lemma 2.5 in [1]) and
GNU C F~ |y (V). Thus, we show that the restriction multifunction F |y
is a lower slightly B-continuous.

The proof of the upper slightly B-continuity of F' |y is similar to the
above. =

THEOREM 18. Let {Uy : A € A} be a a-open cover of a space X. Then a
multifunction F : X — Y is upper slightly 3-continuous (resp. lower slightly
B-continuous) if the restriction F |y,: Uy — Y is upper slightly B-continuous
(resp. lower slightly 3-continuous) for each A € A.

Proof. We prove only the case for F' upper slightly S-continuous.

Let V' be any clopen set of Y. Since F |y, is slightly 8-continuous for
each A € A, (F |y,)T (V) = FH(V)N U, is B-open in Uy. By Lemma 2.7 in
(1}, (F |u,)T (V) is B-open in X for each A € A. We obtain that F*(V) =
Unea(F |v,)T(V) is B-open in X. Hence F is upper slightly S-continuous. =

LEMMA 19. For a multifunction F : X — Y, the following hold:
(1) GE(A x B) = AN F+(B),
(2) GR(AXx By=ANF~(B)

for any subsets AC X and BCY [16].

THEOREM 20. Let F' : X — Y be a multifunction from a topological space
(X, 7) to a topological space (Y,v). If the graph multifunction of F is upper
slightly -continuous multifunction then F is upper slightly [(3-continuous
multifunction.

Proof. Let £ € X and let V C Y be a clopen set such that z € F*(V).
We obtain that z € GE(X x V) and that X x V is a clopen set. Since
graph multifunction G is upper slightly 8-continuous, it follows that there
exists an B-open set U C X containing z such that U C GE(X x V). Since
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UCGEXxV)=XnNF*(V)=F*(V), we obtain that U ¢ F*+(V). Thus,
F is upper slightly 8-continuous multifunction. =

THEOREM 21. A multifunction F : X — 'Y is lower slightly 3-continuous if
Gr: X — X xY is lower slightly 3-continuous.

Proof. Suppose that GF is lower slightly B-continuous. Let z € X and V
be any clopen set of Y such that 2 € F~ (V). Then X x V is clopen in X xY
and Gp(z)N(X xV) = ({z} x F(z))N(X x V) = {z} x (F(z)NV) # 0. Since
Gr is lower slightly (-continuous, there exists a 8-open set U containing z
such that U C Gp(X x V). By the previous lemma, we have U C F~ (V).
This shows that F' is lower slightly -continuous. m

CoroLLARY 22 (Noiri [18]). A function f: X — Y is slightly 5-continuous
if the graph function g : X — X x Y, defined by g(z) = (z, f(z)) for each
x € X, is slightly 3-continuous.

THEOREM 23. Suppose that (X, 7) and (Xq, 7o) are topological spaces where
a€J. Let F: X — [loesXa be a multifunction from X to the product
space [[oc7 Xa and let Py : [1oeg Xo — Xo be the projection multifunction
for each a € J which is defined by Po((za)) = {za}. If F is upper (lower)
slightly -continuous multifunction, then P, o F' is upper (lower) slightly
B-continuous multifunction for each o € J.

Proof. Take any ag € J. Let V,, be a clopen set in (Xq,,7ae). Then
(Pag © FY* (Vo) = F+(PA(Vag)) = F*(Vay X ITapa, Xa) (respectively,
(Pag 0 F)™ (Vo) = F~ (P (Vao)) = F~(Vag X [1astag Xa))- Since F' is upper
(lower) slightly B-continuous multifunction and since Voo X [lgzaq Xa is
a clopen set, it follows that F*' (Vi X [Taae Xa) (respectively, F'~(Vo, x
[Masao Xo)) is B-open in (X, 7). It shows that P,y o F' is upper (lower)
slightly (-continuous multifunction.

Hence, we obtain that P, o F' is upper (lower) slightly (3-continuous
multifunction for eacha € J. w»

THEOREM 24. Suppose that for each o € J, (Xqa,7a), (Yo, Va) are topolog-
ical spaces. Let F, : Xy, — Y, be a multifunction for each a € J and let
F : Tacs Xa = [lacy Yo be defined by F((za)) = [laecs Fa(za) from the
product space [[,cy Xa to the product space [ ey Ya. If F is upper (lower)
slightly B-continuous multifunction, then each Fy is upper (lower) slightly
B-continuous multifunction for each o € J.

Proof. Let V, C Y, be a clopen set. Then V, x [],23Yp is a clopen
set. Since F is upper (lower) slightly S-continuous multifunction, it fol-
lows that F+(Va X Ha;éﬂ Yﬂ) = FI(VQ) X Ha;éﬁ Xﬂ (F_(Va X Ha#ﬁ Yﬁ) =
Fy (Vo) x [1a28 Xp) is an B-open set. Consequently we obtain that FHVy,)
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(F5 (Vy)) is an B-open set. Thus, we show that Fy, is upper (lower) slightly
B-continuous multifunction. =

For two multifunctions F} : X; — Y; and F» : X9 — Y3, the prod-
uct multifunction F; x Fy : X; x X9 — Y7 x Y, is defined as follows:
(F1 x Fy)(z1,z2) = Fi(z1) X Fa(zg) for every z; € X; and z3 € Xj.

THEOREM 25. Suppose that Fy : X1 — Yy, Fy : Xo — Y5 are multifunctions.
If Fi x Fy is upper (lower) slightly 3-continuous multifunction, then Fy and
F, are upper (lower) slightly (3-continuous multifunctions.

Proof. Let K C Y1, H C Y, be clopen sets. It is known that K x H is a
clopen set and (Fy x F3)¥(K x H) = F{f(K) x F5 (H). Since Fy x F» is
upper slightly B-continuous multifunction, it follows that Fit(K) x F3 (H)
is B-open set. From here, F;"(K) and F3 (H) are B-open sets. Hence, it is
obtained that Fy and F5 are upper slightly 8-continuous multifunctions.

The proof of the lower slightly S-continuity of F} and F» is similar to
the above. =

THEOREM 26. Suppose that (X, 7), (Y,v), (Z,w) are topological spaces and
XY, Fo: X — Z are multifunctions. Let Fy x Fo : X - Y x Z be
a multifunction which is defined by (F1 x Fy)(z) = Fi(z) x Fa(z) for each
z € X. If 1 x Fy is upper (lower) slightly B-continuous multifunction, then
Fy and Fy are upper (lower) slightly 3-continuous multifunctions.

Proof Let £ € X and let K € Y, H C Z be clopen sets such that
z € F{f(K) and z € F5f (H). Then we obtain that Fi(z) C K and Fo(z) C
H and from here, Fi(z) X Fo(z) = (F1 x F3)(z) € K x H. We have = € (F} X
F2)* (K x H). Since Fy x Fy is upper slightly $-continuous multifunction,
it follows that there exists a (-open set U containing x such that U C
(Fy x F3)*(K x H). We obtain that U C Fj"(K) and U C F3 (H). Thus,
we obtain that F; and F» are upper slightly S-continuous multifunctions.
The proof of the lower slightly B-continuity of Fy and Fj is similar to
the above. » -

DEFINITION 27. Let (X, 7) be a topological space. X is said to be a strongly
normal space if for every disjoint closed subsets K and F' of X, there exists
two clopen sets U and V suchthat K cU, FcVandUnNV = .

EXAMPLE 28. Let X = {a,b,c}, 7 = {0, X, {a}, {b}, {a,b}}. Then (X, ) is
a strongly normal space.

Recall that a multifunction F : X — Y is said to be punctually closed
if, for each z € X, F(z) is closed.

THEOREM 29. IfY is strongly normal space and F; : X; — Y is upper slightly
B-continuous multifunction such that F; is punctually closed fori = 1, 2,
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then a set {(z1,z2) € X1 x X2 : Fi(z1) N Fa(z2) # 0} is B-closed set in
X1 X X2.

Proof. Let A = {(z1,22) € X1 x X2 : Fi(z1) N Fa(z2) # 0} and (z1,z2) €
(X1 x X2)\A. Then Fi(z1) N Fy(z) = 0. Since Y is strongly normal and
F; is punctually closed for i = 1, 2, there exist disjoint clopen sets Vy, V5
such that Fj(z;) C V; for ¢ = 1, 2. Since F; is upper slightly 8-continuous,
FH(V;) is B-open for i = 1, 2. Put U = F{"(V}) x F5(V2), then U is B-open
and (z1,z2) € U C (X1 x X2)\A. This shows that (X; x X2)\A is S-open
and hence A is B-closed in (X x X32). =

THEOREM 30. Let F' and G be upper slightly 3-continuous punctually closed
and upper semi continuous punctually closed multifunctions, respectively,

from a topological space X to a strongly normal topological space Y. Then
the set K = {z : F(z) N G(z) # 0} is B-closed in X.

Proof. Let z € X\K. Then F(z)NG(z) = 0. Since F and G are punctually
closed multifunctions and Y is a strongly normal space, it follows that there
exists disjoint clopen sets U and V containing F(z) and G(z) respectively.
Since F' and G are upper slightly 3-continuous and upper semi continuous,
respectively, then the sets FF*(U) and G*(V') are S-open and open, respec-
tively such that contain z. Let H = F*(U)N Gt (V). Then H is an $-open
set containing z and H N K = @. Hence, K is f-closed in X. =

DEFINITION 31. Let F : X — Y be a multifunction. The multigraph G(F') is
said to be B-co-closed if for each (z,y) &€ G(F), there exist 8-open set U and
clopen set V' containing z and y, respectively, such that (U x VYNG(F) = 0.

DEFINITION 32. A space X is said to be mildly compact if every clopen
cover of X has a finite subcover [30].

DEFINITION 33. A space X is said to be ultra Hausdorff {30] if for each pair
of distinct points z and y in X, there exist disjoint clopen sets U and V in
X suchthatzeUandye V.

THEOREM 34. If a multifunction F : X — Y is upper slightly 3-continuous
multifunction such that F(z) is mildly compact relative to Y for each z € X
andY is ultra Hausdorff space, then the multigraph G(F') of F is 3-co-closed
inX xY.

Proof. (z,y) € G(F). That is y € F(z). Since Y is ultra Hausdorff, for
each z € F(z), there exist disjoint clopen sets V(z) and U(z) of Y such that
z€U(z) and y € V(y). Then {U(z) : z € F(z)} is clopen cover of F(z) and
since F'(z) is mildly compact, there exists a finite number of points, say, 21,
29, 23,..., 2 in F(z) such that

F(z)c | J{U(=):i=1,2,3,..,n}.
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Put
U= U{U(z,-) :1=1,2,3,..,n}and V = ﬂ{V(y,-) 11=1,2,3,...,n}.

Then U and V are clopen in Y such that F(z) CU,ye Vand UNV =0.
Since F is upper slightly 8-continuous multifunction, there exists 3-open W
containing = such that F(W) C U. We have (z,y) € WxV C (XxYN\G(F).
We obtain that (W x V) N G(F) = @ and hence G(F) is S-co-closed in
XxY. »

DEFINITION 35. A space X is said to be 8-compact if every S-open cover of
X has a finite subcover [2].

THEOREM 36. Let F : X — Y be an upper slightly 3-continuous surjective
multifunction such that F(z) is mildly compact for each z € X. If X is a
B-compact space, then Y is mildly compact.

Proof. Let {V) : A € A} be a clopen cover of Y. Since F(z) is mildly
compact for each z € X, there exists a finite subset A(z) of A such that
F(z) CU{Vx: X € A(z)}. Put
V(z) = {Va: X e Ax)}.

Since F is upper slightly 3-continuous, there exists a 3-open set U(z) of X
containing « such that F(U(z)) C V(z). Then the family {U(z) :z € X} is
a 3-open cover of X and since X is §-compact, there exists a finite number of
points, say, z1, T2, Z3, ...,Zn in X such that X = Y{U(z;) : 1 =1,2,3,...,n}.

Hence we have
n

Y=FX)=F(JU@))=JFU@E)cUV@E@)=J U W
i=1 i=1 i=1 i=1 AeA(z:)
This shows that Y is mildly compact. =

Recall that a multifunction F' : X — Y is said to be punctually connected
if, for each 2 € X, F(z) is connected.

DEFINITION 37. A space X is called S-connected provided that X is not the
union of two disjoint nonempty (-open sets [15].

THEOREM 38. Let F' be a multifunction from a 3-connected topological space
X onto a topological space Y such that F is punctually connected. If F' is
upper slightly B-continuous multifunction, then Y is a connected space.

Proof. Let F: X — Y be a upper slightly 8-continuous multifunction from
a [-connected topological space X onto a topological space Y. Suppose
that Y is not connected and let Y = H U K be a partition of Y. Then
both H and K are open and closed subsets of Y. Since F is upper slightly
B-continuous multifunction, F*(H) and F*(K) are $-open subsets of X.
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In view of the fact that F*(H), F*(K) are disjoint and F is punctuailly
connected, X = F(H)UF*(K) is a partition of X. This is contrary to the
[B-connectedness of X. Hence, it is obtained that Y is a connected space. =

THEOREM 39. Let F' be a multifunction from a 3-connected topological space
X onto a topological space Y such that F is punctually connected. If F' is
lower slightly (3-continuous multifunction, then' Y is a connected space.

Proof. Let F be lower slightly -continuous. Suppose that Y is not con-
nected and let Y = HUK be a partition of Y. Then both H and K are open
and closed subsets of Y. Then by Theorem 8, F+(H) is 3-closed since H is
clopen in Y. Since X = F*(H)UF*(K) and FH(H)NF*(K) = o, F*(H)
is B-open. Similarly, F*(K) is B-open. Consequently, X is not 8-connected.
This is a contradiction. =

COROLLARY 40 (Noiri [18)). If f : X — Y is slightly B-continuous surjection
and X is B-connected, then Y is connected.

DEFINITION 41. A space X is said to be 8-Hausdorff [11] if for each pair of
distinct points z and y in X, there exist disjoint B-open sets U and V in X
such that r € U and y € V.

THEOREM 42. Let F : X — Y be a upper slightly B-continuous multifunc-
tion and punctually closed from a topological space X to a strongly normal
topological space Y and let F(z) N F(y) = 0 for each distinct pair z,y € X.
Then X is a B-Hausdorff space.

Proof. Let z and y be any two distinct points in X. Then we have F(z) N
F(y) = 0. Since Y is a strongly normal space, it follows that there exists
disjoints clopen sets U and V' containing F(z) and F(y) respectively. Thus
F*(U) and F*(V) are disjoint 8-open sets containing = and y respectively.
Thus, it is obtained that X is 8-Hausdorff. m

5. Slightly §-continuity and other forms of 3-continuity

DEFINITION 43. A multifunction F': X — Y is said to be:

1. Upper weakly S-continuous [17, 28] (resp. upper almost S-continuous
[17, 28]) at z € X if for each open set V of Y containing F(z), there exists
U € BO(X, z) such that F(U) C cl(V) (resp. F(U) C int(cl(V))).

2. Lower weakly S-continuous [17, 28] (resp. lower almost 3-continuous
[17, 28]) at = € X if for each open set V of Y such that F(z)NV # 0, there
exists U € BO(X, z) such that F(u)Ncl(V) # 0 (resp. F(u)Nint(cl(V)) # 0)
for every u € U.
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3. Upper (lower) weakly 3-continuous (resp. upper (lower) almost 3-con-
tinuous) if it has this property at each point of X.

THEOREM 44. If a multifunction F : (X, 7) — (Y, 0) is upper weakly 3-con-
tinuous, then it is upper slightly B3-continuous.

Proof Let z € X and V € CO(Y) containing F(z). Since F is upper
weakly (-continuous, there exists U € BO(X, z) such that F(U) C cl(V) =
V. Therefore, F' is upper slightly S-continuous. m

THEOREM 45. If a multifunction F : (X,7) — (Y,0) is lower weakly
[B-continuous, then it is lower slightly (-continuous.

Proof. The proof is similar to the proof of the previous theorem. u

Recall that a space X is said to be extremally disconnected if the closure
of each open set of X is open in X.

THEOREM 46. If a multifunction F : (X,7) — (Y,0) is upper slightly
B-continuous and (Y, 0) is extremally disconnected, then F is upper almost
B-continuous.

Proof. Let z € X and V be any regular open set of (Y, o) containing F(z).
Then, by Lemma 5.6 of [19] we have V € CO(Y') since Y is extremally dis-
connected. Since F' is upper slightly 3-continuous, there exists U € SO(X, z)
such that F(U) C V. Therefore, F is upper almost 3-continuous. =

THEOREM 47. If a multifunction F : (X,7) — (Y,0) is lower slightly
B-continuous and (Y, 0) is extremally disconnected, then F is lower almost
B-continuous.

Proof. The proof is similar to the proof of the previous theorem. =

REMARK 48. For a multifunction F : X — Y from a topological space (X, 7)
to a topological space (Y, v), the following diagram hold:

upper/lower slightly 3-continuity
ft

upper /lower weakly -continuity

ft

upper/lower almost (-continuity

ft

upper/lower (-continuity.

Recall that a space is 0-dimensional if its topology has a base consisting
of clopen sets.
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THEOREM 49. If a multifunction F : (X,7) — (Y,0) is upper slightly
B-continuous, (Y,0) is O-dimensional and F(z) is mildly compact relative
toY for each x € X, then F is upper 3-continuous.

Proof. Let z € X and V be any open set of (Y, o) containing F(z). Then,
by 0-dimensionability of (Y, o), for each y € F(x) there exists W, € CO(Y)
such that y € W, C V. Such F(z) is mildly compact relative to Y, there
exists a finite number of points, say, ¥1, ¥2, ..., ¥yn € F(z) such that W, €
CO(Y), for each ¢ and F(z) C Uiz, Wy, C V. Now, put W = U{W,, :
1 €% £ n}. Then we have W € CO(Y) and F(z) C W C V. Since F
is upper slightly 3-continuous, then there exists U € SO(X,z) such that
F({U) c W C V. Thus, F is upper S-continuous. =

LeMMA 50. Let (Y,0) be a 0-dimensional topological space. If K is closed
inY andy € Y\K, there exist two disjoint clopen sets containing y and K,
respectively. '

Proof. Let y € K and K be closed in Y. Then Y\ K is an open set. Since
(Y, o) is 0-dimensional, there exists a clopen set W such that y ¢ W C Y\ K.
Put D=Y\W, then D is clopen, K C Dand DNW =2. =

LEMMA 51. Let (Y,0) be a 0-dimensional topological space and A a subset

of Y. Then for every open set D which intersect A, there exists a clopen set
Dy such that ANDy # @ and Dy C D.

Proof. Let y € AN D, then y ¢ (Y\D). Since Y\D is closed in Y, by the
previous lemma there exist two disjoint clopen sets U and V containing y
and Y\D, respectively. Thus, y € U, Y\D CcV,UNV =g and U, V are
clopen sets. Put Dq =Y\V,theny € Dy, ANDy#@and Dy CD. =

THEOREM 52. If a multifunction F : (X,7) — (Y,0) is lower slightly
B-continuous, (Y, o) is 0-dimensional, then F is lower 3-continuous.

Proof. Let z € X and V be any open set of Y such that F(z)NV # 2. By
the previous lemma, there exists a clopen set V., such that F(z) NV, # &
and V; C V. Since F is lower slightly B-continuous and F(z) NV, # @,
there exists U € BO(X, z) such that F(u) NV, # @ for every u € U. Since
Ve C V, it follows that F(z) NV # @ for every u € U. Therefore, F is lower
(-continuous. =
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