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FIXED POINT THEOREM FOR SEQUENCES OF MAPS

Abstract. In this paper, we prove a common fixed point theorem for sequences of
maps under the condition of compatible mappings on complete metric space. We extend
and generalize several fixed point theorems on complete metric space.

1. Introduction

In this paper (X, d) denotes a complete metric space and B(X) stands
for the set of all bounded subsets of X. The function § of B(X) x B(X) into
[0,00) is defined as

0(A, B) =sup{d(a,b) :a € A,b€ B}

for all A, B in B(X). If A = {a} is singleton, we write §(A, B) = é(a, B)
and if B = {b}, then we put d(A, B) = d(a,b). It is easily seen that

0(A,B)=46(B,A) >0,

0(A,B) < 6(A,C) +6(C, B),
0(A, A) =diam A,

0(A, B) = 0 implies A = B = {a}

for all A, B,C in B(X). We recall some definitions and a basic lemmas of
Fisher [2] and Imdad et al {3]. Let {A, : n = 1,2,...} be a sequence of
subsets of X. We say that the sequence {A4,} converges to a subset A of X
if each point a in A is the limit of a convergent sequence {a,} with a, in
A, forn=1,2,... and if for any € > 0, there exists an integer NV such that
A, C A, for n > N, A; being the union of all open spheres with centers in
A and radius €. The following lemmas hold.
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LEMMA 1. [2] If {A,} and {B,} are sequences of bounded subsets of (X,d)
which converge to the bounded subsets A and B respectively then the sequence

{6(An, By)} converges to (A, B).

LEMMA 2. [3] If {A,} is a sequence of bounded sets in the complete metric
space (X, d) and if limp_00 0(An, {y}) =0 for some ye X then {An}— {y}.

A set-valued mapping of F' of X into B(X) is continuous at the point
z in X if whenever {z,} is a sequence of points of X converging to z, the
sequence {Fz,} in B(X) converges to Fz. F is said to be continuous in X
if it is continuous at each point z in X. We say that z is a fixed point of F
if zisin Fz.

DEFINITION 1. [4] Let (X,d) be a metric space. Let S : X — X and
F: X — B(X). F and S are compatible if and only if SFz € B(X) for
z € X and §(SFz,, FSz,) — 0 whenever {z,} is a sequence in X such that
Sz, — t and Fz, — {t} for some t € X.

PROPOSITION 3. [4] Let (X, d) be a complete metric space. Suppose S : X —
X, F:X — B(X) and S and F are compatible. If {Su} = Fu for some
u € X, then FSu = SFu.

2. Fixed point theorem

Let (X, d) be a metric space. Let {S;} be a sequence of self maps on X
and {F;} be a sequence of maps on X into B(X) satisfying

(2.1) Fo(X) C 8,(X).

We define a sequence of points {z,} as follows. For zo € X arbitrary, let
z; € X, guaranteed by (2.1), be such that S,z; € F,zy. Having defined
z, € X, let z,41 € X be such that S,z,1 € Frz,.

Letting Frz, = Y] we denote by O(Y};n) the family of sets {Y,Y,,,
..., Y }. Let us assume that S, and F; satisfy the following conditions for
every z,y in X
(2.2) &(F,z, Fry) < hmax{d(S,z, S;y),6(Srz, Frz),6(Sry, Fry),

6(Srz, Fry), 6(Sry, Fra)},

where 0 < h < 1 and for r # p;
(23) 6(Fr.’12, pr) < gb(ma.x{d(S’rm, Spy)v 6(57437 pr)’ J(Spya Fr.’lt))

where 9 : [0,00) — [0, 00), is nondecreasing, right continuous and satisfies
P(t) < t for t > 0. We begin with some results about §(O(Y];n)), the
diameter of O(Y]; n) in the form lemmas. We can prove the following lemmas
with the proof techniques of Das and Naik [1].
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LEMMA 4. For k > 0 and n € N suppose that §(O(Y[;n)) > 0. Then
§(O(Yf;n)) = 6(Y{,Y]), where j is such that k < j < k+n. Also fork > 1
(24) 6(0(Yy;n)) < hS(O(Yi_yin+1)).
Proof. For 1, j such that 1 <7 < j,
§(Y/,Y]) = 6(Frzi, Frzj)
< hmax{d(Srz;, Srx;), 6(Srzi, Frx;), 0(Srxj, Fraj),
3(Srzi, Frxj), 6(Srxj, Frz;i)}
< hmax{0(Frzi—1, Frzj_1),0(Frzi_1, Fra;), 6(Frzj_y, Frxj),
O0(Frxi-n, Fraj), 0(Frxj_1, Fra;)}
= hmax{6(Y;_,, Y] 1), 6(Y_1,Y), 6(Y{_1, Y)),
8(Y71, Y}, 6(Y]1, Y1)},

Thus
(2.5) 8(Y7,Y]) < h(O(Yry;j — i+ 1).
Now §(O(Y(;n) = 6(Y],Y]), for some i, j satisfying k <i < j < k+mn,in

view of the fact that the supremum of a finite number of distances is taken.
If i > k, then by (2.5)

6(0(Yy;n)) S h6(O(Y,L135 — i +1))
withi— 12>k and j € k + n, whence
§(O(Y;m)) < h8(O(Ysn)),
a contradiction. This proves the first assertion.
Moreover,
§(0(Y;n)) = 6(Y(, Y]) S h(O(Yi 155 — k+1)) S h6(O(Y(_y;n +1)).

LEMMA 5. Under the hypotheses of Lemma 4 we have

k
(2.6 S(O(Y3m)) < Tz 6%, YY),
Proof.
6(0(Yy;m)) = 8(Yy,Y))

<OV, YIn) +0(Vin Y]

<6(Y], Ysh) +6(0(Ys;m — 1)),
since j < s + m. Thus

§(0(Yy;m)) < 8(Y], Y/ yy) + h6(O(Y]; m)),

in view of (2.5). This leads to

T 1 T T
(2.7) 6(0(Yy;m)) < 1—:—,;5(1/3 1 Yat1):
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By repeated application of (2.4) we have
5(0(Ym) < WES(O(Ygim + b)),
whence (2.6) follows in view of (2.7) with s =0, m =n + k.
THEOREM 6. Let (X,d) be a complete metric space. Let sequences of maps

S X —» X and F, : X — B(X) satisfy (2.1), (2.2) and (2.3). Assume
that:

a) Fr and S, commute at the coincidence points,
b) F. and S, are compatible,
c) Fy or Sy is continuous.

Then F. and S, have unique common fized point z in X. Furthermore,
F.z = {z}.

Proof. If for some n and k, §(O(Y}];n)) = 0 we have
d(Srxrt1, Srzrqa) < 0(Frzk, Frapy1) = 6(YE, Y1) < 6(0(Yg;n)) =0
and so Syzp41 = SrZp+e = Frzp = Fraxgyr = {yr}. Since F, and S, com-
mute at the coincidence points and using inequality (2.2) then we have
J(Fryra yr) < 5(Frsrxk+17 Fr$k+1)
< hmax{d(S;Srxr+1, Srxr+1), 6(SrSrTitt, FrSrxiy1), 6(Srzrsr, Frargr),
5(SrSr1'k+1a Fr$k+1)> 6(Srzk+1» Frsrl'lﬂ-l)}
< h ma'x{(s(SrFrIk-{-la yr)y J(SrFr$k+l, Frsrxk+1), 0,
O(SrFrpq, Yr), 6 (yr, Fryr)}
< hmax{d(Frerk+1a yr), 5(SrFr$k+17 SrFr-'L‘k+1)a 0,
S(FrSrxry1, Yr)s 0(yr, Fryr)}
= hé(yr, Fryr)-

This is possible only if {y.} = Fry,, and therefore y, is a fixed point of F;.
Also

d(yrvsryr) = 5(yr»STFr$k+1) = é(yr,FrSr$k+1) = 5(yr,Fryr) = 0.

In the present case, and so ¥, is a fixed point of S;, otherwise §(O(Y}[; n)) >0.
Now, passing to the general case, given € > 0, let ng € N be such that
h™6(YS,YT) < (1 — h)e. Thus for m > n > no,

A(Ss Tt SrTni1) < 6(YT,YT) < 5(O(Yim —ng)) < €,

mrin ng?

in view of Lemma 5 and the choice of ng. Hence {S,z,} is a Cauchy sequence
in a complete metric space and has a limit, say {z,}. Using (2.2) we proceed
as follows
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lim §(Frxn,2r) = lim §(Frzp, Srznt1) < Hm §(Frz,, Fra,)
n—oo n—oo n—oo
< nll»nc}o(h max{d(srxn, Srmn)a 5(Sr-'17m Frmn.)’
J(erna Frl‘n)’ 6(Sr-'rn’ Frxn)7 J(Srmn) Frzn)})
= h lim §(Frzp, 2,)
n—0Q
since 0 < h < 1, limp—00 0(FrZn, 2r) = 0. From Lemma 2, the sequence
of sets {F,z,} converges to the set {z.}. Consequently, the compatibility
implies that 06(F,.Srzn, Sy Frzy) — 0 as n — oo.

Now we assume that F; is a continuous in X. Then {F;.S,z,} converges
to the set {Frz,} and with the use of (2.2), we have

O0(FrSrzny1, Fray)
< hmax{d(S,S,zn+1,SrTn), 6(SrSrTnt1, FrSrxnt1), 6(Srzn, Fran),
0(S;Srxny1, Frzn), 8(Sran, FrSrzat1)}
< hmax{6(S, Frzn, Srzn), 6(Sp Frn, FrSrtny1), 6(Srzn, Frzy,),
0(Sr Frzn, Frxn), 6(SrZn, FrSrznt1)}
< hmax{6(S;Frzn, F+Srzp) + 8(FrSrxp, Frzy) + 6(Frzn, Srzn),
0(SrFrzn, Fr-Srzy) + 0(FrSrtn, FrSrznt1), 0(Srtn, Frzni1)},

since S;S;2n41 is in S, F.z,. Letting n — oo, using Lemma 1 and the
compatibility, we obtain

(2.8) O0(Frzr, zr) < hmax{6(Frzr, 2r),6(Frzr, Fr20) }.
But again using (2.2), we deduce that
O(FrSrzn+1, FrSrznt1)
< hmax{d(S;SrZn+1, SrSrTn+1), 0(SrSrZnt1, FrSrzni1)}
< hmax{0(S; Frzn, F;.Srzn) + 0(FrSrzn, FrSrznti)},
which implies, as n — oo, by the compatibility that
0(Frzr, Fr2z;) < WO(Frzr, Frzp).

Hence §(F; 2y, Frzr) = O since h < 1. From (2.8), it follows that F.z, = {2, }.
Since (2.1) holds, there exists a point w, in X such that S,w, = z. and using
inequality (2.2), we have

O(Erzyn, Frwy) < hmax{d(S,zn, 2;), 6(Srzn, Frz,),
6(21', Frwr)u J(Sr-'l:na Fr'wr)) 5(27, Frzn)},
which implies, as n — oo, that

0(zr, Frwy) < hé(z, Frw,).
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Thus {2,} = F,w, and by Proposition 3 we have
d(Frz, Srz,) = 6(F,Sywy, Sy Frw,) = 0.

It follows that {2;} = Frz; = {S;2,} and thus 2, is also a fixed point
of S,.

Now we assume the continuity of S, instead of F.. Then the sequence
{S:Srzn} converges to the point Sy 2 and the sequence of the sets {S,Frz,}
converges to the set {S;z,}.

We have
J(Frsrzna Srzr) < 6(F1'Sr-'1:n1 SrFrl'n) + J(SrFr-'L'na Srzr)

and, as n — oo, we deduce from the compatibility and Lemma 2 that the
sequence of sets {F;-S,z,} also converges to the set {S,z,}.

Using the inequality (2.2) and since S,S,z, is in S, Frz,, we get
d(SrSrmn-}-l, ern+l)
< J(SrFrxn) Frxn)
< (S, Frxn, FrSrzp) + 6(FSrzy, Frxy)
< §(SrFrzn, FrSrzn) + hmax{d(S;Srzn, Srzn), 6(SrSrxn, FrSrzy),
6(Sr$n, Frxn), 5(SrSr$na Frmn)a J(Srmm FrSrfL'n)}-
Asn — o0, it follows from the compatibility that
d(Srzr, 2r) < hd(Srzr, 2r),
which implies S;z, = z,. Using again the inequality (2. 2), we have
5(Frzr, Frxn) <h max{d(zra Srmn)y é(zr, Frzr); 5(51'51711, Frmn)7
5(2’-,-, Frl'n), 5(57'$n, Frzr)}
and this implies, as n — oo, that

0(zr, Frzr) < hé(zr, Fr2p).

Then {2} = F,z, and hence z, is also fixed point of F,. In any case, z,
is a common fixed point of F;. and S,. Suppose that F, and S, have another
fixed point z.. Using the inequality (2.2), we have

d(2r, 2.) = 6(Frzy, Frz) < hd(zr, 2,).

This means that z, = z; and therefore 2, is the unique common fixed point
of F,. and S;.
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Now for r # p we assume that z. # z,. Using the inequality (2.3) we
have
d(zr, zp) = 6(Frzr, Fpzp)
< (max{6(Srzr, Spzp), 6(Sr2zr, Fpzp), 6(Sp2zp, Frzr)})
= "»b(d(zra ZP)))
which implies that d(z,, z,) = 0.This means that for every r € N, z, = 2.

Thus z is the unique common fixed point of F, and S,.
Now, we give an example for Theorem 6.

EXAMPLE 1. Let X = [0, 00) with the usual metric. Let S, : X — X and
F. : X — B(X) be defined by S,z = 7 and F,.z = [0, 5] for z in X. S, and
E, are continuous and F,.(X) = S,(X) = X. If S;z, — 0 and F,z,, — 0,
then §(S,F,z,, Fr.Syz,) — 0 and so F,. and S, are compatible. 0 is the
unique coincidence point of F,. and S, and so F., S, commute at 0. Also for
2y

rr 2rz
3 32
Thus we have condition (2.2) for 2 < h < 1 and for r # p

O(Frz, Fpy) = Dol

§(Frz, Fry) = = %5(5}2:, F.z).

If Z£ > & we have
rT
6(STIE, pr) = —2'

and if % < B we have
5(Spy, Fra) = 2.

Thus for ¢(t) = 3 we have the condition (2.3). Thus F, and S, satisfy the
inequality (2.2) and (2.3). Then the sequences of maps F, and S, have a
unique common fixed point (0) in X.

REMARK 1. By setting F,. = F and S, = I in Theorem 6, we get Theorem
3.2 of Jungck and Rhoades [4].
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