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FIXED POINT THEOREM FOR SEQUENCES OF MAPS 

Abstract. In this paper, we prove a common fixed point theorem for sequences of 
maps under the condition of compatible mappings on complete metric space. We extend 
and generalize several fixed point theorems on complete metric space. 

1. Introduction 
In this paper (X, d) denotes a complete metric space and B(X) stands 

for the set of all bounded subsets of X. The function S of B(X) x B(X) into 
[0, oo) is defined as 

5(A, B) = sup{ci(a, b) : a 6 A, b € B} 

for all A, B in B ( X ) . If A = {a} is singleton, we write 6(A,B) = S(a,B) 
and if B = {&}, then we put B) = S(a, b). It is easily seen that 

6{A,B) = 5{B,A)> 0, 

6(A,B) < 6(A,C) + 6(C,B), 

5{A,A) — diam.A, 
6(A, B) = 0 implies A = B = {a} 

for all A, B, C in B(X). We recall some definitions and a basic lemmas of 
Fisher [2] and Imdad et al [3]. Let {A n : n = 1,2,. . .} be a sequence of 
subsets of X. We say that the sequence converges to a subset A of X 
if each point a in A is the limit of a convergent sequence {an} with an in 
An for n = 1,2, . . . and if for any e > 0, there exists an integer N such that 
An C Ae for n> N, Ae being the union of all open spheres with centers in 
A and radius £. The following lemmas hold. 
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LEMMA 1. [2] If {An} and {Bn} are sequences of bounded, subsets of (X,d) 
which converge to the bounded subsets A and B respectively then the sequence 
{S(An, Bn)} converges to S(A, B). 

L E M M A 2 . [3] If {An} is a sequence of bounded sets in the complete metric 
space (X,d) andifl[mn->006(An,{y})=Oforsomey€X then {An} —>{y}. 

A set-valued mapping of F of X into B(X) is continuous at the point 
x in X if whenever {xn} is a sequence of points of X converging to x, the 
sequence {Fxn} in B{X) converges to Fx. F is said to be continuous in X 
if it is continuous at each point x in X. We say that z is a fixed point of F 
if z is in Fz. 

DEFINITION 1. [4] Let (X,d) be a metric space. Let S : X —• X and 
F : X -> B(X). F and 5 are compatible if and only if SFx G B{X) for 
x G X and 5(SFxn, FSxn) —• 0 whenever {xn} is a sequence in X such that 
Sxn —> t and Fxn —> { i } for some t e l . 

PROPOSITION 3. [4] Let (X, d) be a complete metric space. Suppose S : X —> 
X, F : X B(X) and S and F are compatible. If {-Su} = Fu for some 
u € X, then FSu = SFu. 

2. Fixed point theorem 
Let (X , d) be a metric space. Let { 5 r } be a sequence of self maps on X 

and {F r } .be a sequence of maps on X into B(X) satisfying 

(2.1) Fr(X) C Sr(X). 
We define a sequence of points {xn} as follows. For XQ G X arbitrary, let 
X\ G X, guaranteed by (2.1), be such that SRXI G FtXQ. Having defined 
xn G X, let xn+\ G X be such that STxn+\ G Frxn. 

Letting Fr xn — we denote by 0(Y£\ nj the family of sets {V T̂, , 
. . . , Y£+ri} • Let us assume that Sr and Fr satisfy the following conditions for 
every x, y in X 

(2.2) S(Frx, Fry) < h m&x{d(Srx, Sry), 6(Srx, Frx),5(Sry, Fry), 
6(Srx, Fry), S(Sry, Frx)}, 

where 0 < h < 1 and for r / p; 

(2.3) S(Frx, Fpy) < V(max{d(Srx, Spy), 6{Srx, Fpy), S(Spy, Frx)) 

where ip : [0, oo) —> [0, oo), is nondecreasing, right continuous and satisfies 
ip(t) < t for t > 0. We begin with some results about 5(0(Y£; n)), the 
diameter of 0(Y[\ n) in the form lemmas. We can prove the following lemmas 
with the proof techniques of Das and Naik [1]. 
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L E M M A 4. For k > 0 and n G N suppose that 5(0(Y£;n)) > 0. Then 

¿ ( 0 ( Y £ ; n ) ) = S(Y£, YJ), where j is such that tc < j < k + n. Also fork> 1 

(2 .4 ) S(0(Y£-n)) < hô(0(Y£_i; n + 1 ) ) . 

Proo f . For i,j such that 1 < i < j, 

S(Y[,YJ) = S(FrXi, FrXj) 

< hmax.{d(SrXi, SrXj), ô(STXi, FrXi),ô(STXj, FTXj), 

6(SrXi, FrXj),S(SrXj, FrXi)} 

< hm.ax{5(FrXi-i, F r X j - i ) , S(FrXi-i,FTXi), S(FrXj-i,FrXj), 

S^FfOCi—FrXj), S(^FyXj—•^T^'i)} 

= h max{ 17_!), 6(YU, Y f ) , S(YT_lt Y f ) , 

Thus 
( 2 .5 ) S(Y{, YT) < hô(0(YU,j - i + 1 ) ) . 

Now ô(0(Y£; n) = Ô(Y^, YJ), for some i, j satisfying k < i < j < k + n, in 
view of the fact that the supremum of a finite number of distances is taken. 

If i > k, then by (2.5) 

6 ( 0 ( Y £ - , n ) ) < h 6 ( 0 ( Y U j - i + 1)) 

with i — 1 > k and j < k + n, whence 

5(0(y f c r ;n) )<W(0(y f c ' - ;n) ) , 

a contradiction. This proves the first assertion. 
Moreover, 

ô(0(Y£-,n)) = 5{Y^YJ) < hô(0(Y£_i;j - k + l ) ) < M(0(Y£_i;n + 1)). 

L E M M A 5. Under the hypotheses of Lemma 4 we have 

(2.6) ID-
Proo f . 

0(0(Y;-m)) = 5(Y;,YJ) 

< S(Y;, y ; + 1 ) + ¿(y;+ 1 , y/) 

< j ( y ; , y ; + 1 ) + i ( o ( y ; + 1 ; m - i ) ) , 

since j < s + m. Thus 

¿ ( o ( y ; ; m ) ) < ¿ ( y ; , y ; + 1 ) + w ( o ( y ; ; m ) ) , 

in view of ( 2 .5 ) . This leads to 

(2.7) ¿ ( o ( y ; ; m ) ) < ^ ¿ ( y / T j + i ) . 
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By repeated application of (2.4) we have 

6(O(Y£;n))<hk6(O(Y0r-,n + k)), 

whence (2.6) follows in view of (2.7) with s = 0, m = n + k. 

THEOREM 6. Let (X, d) be a complete metric space. Let sequences of maps 
Sr : X X and Fr : X B(X) satisfy (2.1), (2.2) and (2.3). Assume 
that: 

a) Fr and Sr commute at the coincidence points, 
b) Fr and Sr are compatible, 
c) Fr or Sr is continuous. 

Then Fr and Sr have unique common fixed point z in X. Furthermore, 
Frz = {z}. 

P r o o f . If for some n and k, 5(0(Y£] n)) = 0 we have 

d(Srxk+l,Srxk+2) < 6(Frxk,Frxk+1) = W,nr+i) < i(0(lf;«)) = 0 

and so Srxk+\ = Srxk+2 = Frxk = Frxk+\ = {yr}- Since Fr and Sr com-
mute at the coincidence points and using inequality (2.2) then we have 

S(Fryr,yr) < 5(FrSrxk+i, Frxk+i) 
< hmax{d(STSrxk+i, Srxk+i),S(SrSrxk+i, FrSrxk+1), S(Srxk+1, Frxk+1), 

6(SrSrxk+i, Frxk+1), S(Srxk+i, FrSrxk+i)} 
< hmsai{5(SrFrxk+i,yr), 5(SrFrxk+i, FrSTxk+1), 0, 

6(SrFrxk+1,yr), 5(yr, Fryr)} 
< hmax.{S(FrSrxk+i,yr), S(SrFrxk+i, SrFrxk+i), 0, 

S(FrSrxk+i,yr), 6(yr, Fryr)} 
= hS(yr,Fryr). 

This is possible only if {yr} = Fryr, and therefore yr is a fixed point of Fr. 
Also 

d(yr,Sryr) = 5(yr,SrFrxk+1) = S(yr, FrSrxk+1) = 5(yT,FryT) = 0. 

In the present case, and so yr is a fixed point of Sr, otherwise 5{0(Y£\ n)) > 0. 
Now, passing to the general case, given e > 0, let no € AT be such that 
hno6(Y^, Y{) < (1 - h)e. Thus for m>n> n0 ) 

d(Srxm+1Srxn+1) < <5(y^,y„r) < 5{0{Y^-m- n0)) < e, 

in view of Lemma 5 and the choice of UQ. Hence {Srxn} is a Cauchy sequence 
in a complete metric space and has a limit, say {zr}. Using (2.2) we proceed 
as follows 
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l i m 8(Frxn, zr) = l i m S(Frxn, Srxn+1) < l i m 5(Frxn,Frxn) 
n—>00 n—>00 n—>00 

< l i m (hmax{d(Srxn, Srxn), S(Srxn, Frxn), 

S^SfXjiy FyXji*), FyXji^ 5 [ S r x n ) F y X n ) } ) 

= h l i m S(Frxn, zr) n—>00 

since 0 < h < 1, lim^oo d(Frxn, zT) = 0. Prom Lemma 2, the sequence 
of sets { F r x n } converges to the set {zT}. Consequently, the compatibility 
implies that S(FrSrxn, SrFTxn) —> 0 as n —> 00. 

Now we assume that Fr is a continuous in X. Then {FrSrxn} converges 
to the set {Frzr} and with the use of (2.2), we have 

5{FrSTxn+i,FTxn) 

< hmax{d(SrSrxn+i, Srxn), S(SrSrxn+i, FrSrxn+i), 6(Srxn, Frxn), 

S(SrSr ni FrSrxn+1)} 

< hmax{8(SrFrxn, Srxn),S(SrFrxn, FrSrxn+i),6(Srxn, Frxn), 

S(SrFr •^ni FrXn), 8(SrXn, 

FrSrxn+1)} 

< hmax.{S(SrFrxn, FrSrxn) + 8(FrSrxn, Frxn) + 6(Frxn, Srxn), 

S(SrFrxn, FrSrxn) + 5(FrSrxn, FrSrxn+i), 6(Srxn, Frxn+1)}, 

since SrSrxn+i is in STFrxn. Letting n —> 00, using Lemma 1 and the 
compatibility, we obtain 

(2 .8 ) 6(Frzr, zr) < hmax{6(Frzr, zr), 5(Frzr, Frzr)}. 

But again using (2.2), we deduce that 

5(FrSrxn+1, FrSrxn+1) 
< h max.{d(SrSrxnjri, SrSrxn+1), 6(SrSrxn+1, FTSrxn.(_i)} 

< hmax.{S(SrFrxn, FrSrxn) + 6(FrSrxn,FrSrxn+1)}, 

which implies, as n —> 00, by the compatibility that 

S(Frzr,Frzr) < h5(Frzr, Frzr). 

Hence 6(Frzr, Frzr) = 0 since h < 1. Prom (2.8), it follows that Frzr = {zr}. 

Since (2.1) holds, there exists a point wr in X such that Srwr = zr and using 
inequality (2.2), we have 

S(Frxn, Frwr) < hmax.{d(Srxn, zT), S(STxn, Frxn), 

6(zr, Frwr),6(STxn, Frwr), S(zr, Frxn)}, 

which implies, as n —> 00, that 

6(zr, Frwr) < h8{zr,FTwr). 
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Thus {zr} = Frwr and by Proposition 3 we have 

d(FTzr, Srzr) = S(FrSrwr,SrFrwr) = 0. 

It follows that {z T } = Ftzt — {Srzr} and thus zr is also a fixed point 
of S r . 

Now we assume the continuity of Sr instead of Fr. Then the sequence 
{ 5 r 5 r x n } converges to the point SrzT and the sequence of the sets {SrFrxn} 
converges to the set {Srzr}. 

We have 

S(FrSr Srzr) < 5(FrSr ) + 5(SrFrXn, SrZr) 

and, as n —> oo, we deduce from the compatibility and Lemma 2 that the 
sequence of sets {FTSrxn} also converges to the set {STzr}. 

Using the inequality (2.2) and since SrSrxn is in SrFrxn, we get 

d(SrSrxn+i, Srxn+i) 
^ S^SfFfXfi^FyXfi^ 

^ S(SrFrxyi) FfSfXfi^ "I- S(Fi~SrXji) FfXji^ 
^ FfSfXji^ "I- JhTiidix.^d^S'pSj'Xjij SfXn^ ̂  S^S^S^Xji^ 

S(Srxn, Frxn),S(SrSr 

As n —> oo, it follows from the compatibility that 

di^SyZy^ z-p^ ^ hd(^SyZfj -2v)> 

which implies STzr = zr. Using again the inequality (2. 2), we have 

S(Frzr, Frxn) < hmax{d(zT, STxn),8(zr, FTzT), S(STxn, Frxn), 
S(zr, FrXn), 5(SrXn, Fr^r)} 

and this implies, as n —• oo, that 

5(zr, Ftzt) < h6(zr, Frzr). 

Then { z r } = Frzr and hence zr is also fixed point of Fr. In any case, zr 

is a common fixed point of Fr and Sr. Suppose that Fr and Sr have another 
fixed point zr. Using the inequality (2.2), we have 

d(zn, z'r) = 6(Ftzt, Ftzt) < hd(zr, zT). 

This means that zr = z'T and therefore zT is the unique common fixed point 
of FT and Sr. 
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Now for r / p we assume that zr ^ zp. Using the inequality (2.3) we 
have 

d(zr, Zp) — 6(Fj*Zr, FpZp) 

< i/'(max{(5(5rzr, 5pzp), 5(Srzr, Fpzp),6(Spzp, Frzr)}) 

= ip(d(zr,zp)), 

which implies that d(zr,zp) — O.This means that for every r e N, zr = z. 
Thus 2 is the unique common fixed point of Fr and Sr. 

Now, we give an example for Theorem 6. 
E X A M P L E 1. Let X = [0, oo) with the usual metric. Let Sr : X —> X and 
Fr:X^ B(X) be defined by Srx = r-f and Frx = [0, for x in X. Sr and 
Fr are continuous and Fr(X) = S r ( X ) = X . If Srxn 0 and Frxn —» 0, 
then 6(SrFr oCfi y I^IJ* ¡S-p ocJI ) —> 0 and so Fr and Sr are compatible. 0 is the 
unique coincidence point of Fr and ST and so Fr, ST commute at 0. Also for 
x > y 

_. , . . i . 7* 0C 2 Ty cc 2 ., . 

6{Frx,Fry) = — = -— = -5(Srx, Frx). 

Thus we have condition (2.2) for | < h < 1 and for r ^ p 
S(Frx, Fpy) = j o r 

If ¡f > ^ we have 
TOC 

S(Srx,Fpy) = — 

and if < ^ we have 
S(Spy,Frx) = y . 

Thus for tp(t) = ^ we have the condition (2.3). Thus Fr and Sr satisfy the 
inequality (2.2) and (2.3). Then the sequences of maps Fr and Sr have a 
unique common fixed point (0) in X. 
R E M A R K 1. By setting Fr — F and ST = I in Theorem 6, we get Theorem 
3.2 of Jungck and Rhoades [4]. 
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