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DEGENERATE SYSTEMS DESCRIBED B Y GENERALIZED 
INVERTIBLE OPERATORS AND CONTROLLABILITY 

Abstract . The theory of right invertible operators was started with works of D. Prze-
worska-Rolewicz and then it has been developed by M. Tasche, H. von Trotha, Z. Bin-
derman and many other mathematicians (see [10]). Nguyen Dinh Quyet (in [5, 7]), has 
considered the controllability of linear system described by right invertible operators where 
the resolving operator is invertible. These results were generalized by A. Pogorzelec in the 
case of one-sized invertible resolving operator (see [9]) and by Nguyen Van Mau for the 
system described by generalized invertible operator (see [3]). However, for the degenerate 
systems, the problem has not been investigated. In this paper, we deal with the initial 
value problem for degenerate system of the form (2.7)-(2.8) and the controllability of this 
system. 

1. Preliminaries 
Let X be a linear space over a field T of scalars ( J = R o r C ) . Denote 

by L(X) the space of linear operators defined on linear subspaces of X, 
taking values in X, and write 

LQ(X) = {AE L(X) : dom.4 - X} . 
DEFINITION 1.1 ([10]) . An operator D € L(X) is said to be right invertible 
if there is an operator R € LQ(X) such that Imi? c domD and 
(1 .1 ) DR = I, 

where I is an identity operator. In this case, R is called a right inverse 
operator of D. 

The set of all right invertible operators belonging to L(X) will be denoted 
by R(X). If D E R(X), we denote KD = {RE L0(X) : DR = I}. 
DEFINITION 1.2 ([3]) . 

(i) An operator V 6 L(X) is said to be generalized invertible if there is 
an operator W E L(X) ( called a generalized inverse of V) such that 

ImV c domW, ImW C domV and VWV = ^ on domV. 



420 H o a n g V a n T h i 

The set of all generalized invertible operators in L(X) will be denoted 
by W(X). For a given V G W(X), the set of all generalized inverses of 
V is denoted by Wy. 

(ii) If V € W(X), W € Wy and WVW = W on domW, then W is called 
an almost inverse of V. The set of all almost inverse operators of V 
will be denoted by Wy. 

PROPOSITION 1 .1 ([3]). Suppose that V G W(X) and W G Wy. Then 
(1.2) domV = WV(domV) © kerK 

DEFINITION 1 . 3 ([3]) . An operator FM € L(X) is said to be a right initial 
operator for V G W(X) corresponding to W e Wy if 

(i) ( F ^ ) 2 = F^r\ ImF^ = kerV, domF(r) = domV, 
(ii) F ^ W = 0 on domW. 

The set of all right initial operators for V € W{X) will be denoted by Fy\ 

THEOREM 1.1 ([3]). An operator F(r} E L(X) is a right initial operator for 
V G W(X) corresponding to W 6 Wy if and only if 

(1.3) F^ = I-WV on domV". 

Other properties of generalized invertible operators can be found in [2, 
3], the theory of right invertible operators and their applications can be seen 
in [10]. 

2. The initial value problem for degenerate system 
Assume that V e W{X), with dim(kerV) ^ 0. Denote by F^ G T y ] a 

right initial operator for V corresponding to W G Wy. 
In this paragraph, we deal with a linear system of the form: 

(2.1) Vx = y, ye ImV, 
(2.2) F(r)x = xo, x0 G kerV. 

THEOREM 2 .1 . Suppose that V G W(X), and F^ G be a right initial 
operator for V corresponding to W G Wy. Then the initial value problem 
(2.1)-(2.2) have a unique solution of the form 
(2.3) x = Wy + xQ. 

P r o o f . By the assumption of the problem y G ImF, there exists x\ GdomV 
such that y = Vxi, and since V = VWV, the equation (2.1) can be written 
V(x — WVxi) = 0. This implies that x — WVx\ = z, where z G kerV, so 
that 
(2.4) x = Wy + z, z e kerV. 
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By the condition (2.2) and 2 € kerV, there follows 

Xo = F^x = F^Wy + F^z = z . 

The theorem is proved. • 

D E F I N I T I O N 2.1. Suppose that A,B € LQ(X), where A ^ 0 is non-invertible 
and V e W(X), with dim(kerF) ^ 0. The linear system 

(2.5) AVx = Bx + y, y€X, 

is called a degenerate system. 

P R O P O S I T I O N 2.1. Suppose that V € W(X), dim(kerF) ± 0, F^ € jty is 
a right initial operator for V corresponding to W 6 WY and A,BE LQ(X). 

Then the following identity holds on domV 

(2 .6 ) AV - B = (A- BW)V - BF^. 

Proof . Formula (1.3) and I m F ^ = kerV, on domV imply 

AV - B = {AV - B)I = (AV - B)(F<r) + WV) 

= AVF^ + AV WV - 5F(r) - BWV 

= AV - BWV - BF^ 

= (A-BW)V-BF{r). , 

Now consider the initial value problem for the degenerate system: 

(2.7) AVx = Bx + y, y € X, 

(2.8) F^x = x0, xo € kerK 

T H E O R E M 2.2. Suppose that all assumptions of Proposition 2.1 are satisfied, 
moreover, 

y + Bx06 (A-BW)(ImV). 

(i) If A — BW 6 R(X) and RAW € TZA-BW, then all solutions of the 
problem ( 2 . 7 ) - ( 2 . 8 ) are given by 

(2.9) x = W[RAW(y + Bx0) + z] + x0, zeker{A-BW), 

(ii) If A — BW € A(X) and LAW € CA-BW, then all solutions of the 
problem ( 2 . 7 ) - ( 2 . 8 ) are given by 

(2 .10) x = WLAw(y + Bx0) + x0, 

(iii) If A — BW is invertible then the unique solution of problem 
( 2 . 7 ) - ( 2 . 8 ) is given by 

(2 .11 ) x = W(A-BW)~1(y + Bxo) + xo, 
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(iv) If A — BW € W(X) and WAW G WA-BW, then all solutions of the 
problem (2.7)-(2.8) are given by 

(2.12) x = W[WAW(y + Bx0) + z] + x0, zekev(A-BW). 

P r o o f. It is known that the one-sided invertible and invertible operators are 
generalized invertible, it is sufficient to consider the case A—BW generalized 
invertible. 

Proposition 2.1 shows that equality (2.7) is equivalent to (A — BW)Vx — 
BF^x = y, and then by the condition (2.8), we have 

(2.13) ( A - B W ) V x = y + Bx0. 

With assumptions A - BW € W(X), WAw € WA-BW and y + Bxo G 
(A — £W)(ImV), it is apparent that the equation (2.13) has solution. By 
the same way as the proving of Theorem 2.1, from (2.13), we have Vx = 
WAW(V + Bx0) + z, where z € ker(A - BW). Therefore, the problem (2.7)-
(2.8) is equivalent to 

(2.14) Vx = WAw(y + Bx0) + z, z € ker(A-BW), 
(2.15) F{r)x = x0, x0 e kerV. 

By virtue of Theorem 2.1, all solutions of problem (2.14)-(2.15) are given 
by 

X = W[WAw(y + Bxo) + z] + x0. m 

EXAMPLE 2.1. Suppose that X is the space (s) of all real sequences {xn}, 
n = 0,1,2,... with addition and multiplication by scalars defined as 
following: 

If x = {xn}, y = {yn}, A 6 R then x + y = {xn + yn}, Ax = {Axn}, 
n = 0,1,2, ... 

Let V,A,B € LQ{X) be defined by: 

V{xn} = {v„}, vn = xn, n — 0,1,2 and vn = 0, n ^ 3; 
A{xn} = {an}, a0 = x0 + x\, ai = x{ + X2, = X2, a3 = x3, an = 0, n ^ 4; 
B{xn} = {xn+1}, n = 0,1,2,... 

It is proved that kerF = {{0,0,0, X3,X4,X$,...} : xn € R, n = 3,4,5,...} 
^ {0}, and VX ^ X, VVV{xn} = V{xn}, i.e. V is generalized invertible 
operator and its almost inverse W = V €E WY. Hence, a right initial operator 

for V corresponding to the almost inverse W is given by 

F^{xn} = (I-WV){xn} = {fn}, 

where /„ = 0, n = 0,1,2 and fn = xn, n ^ 3. 
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In addition, the operator A ^ 0 is non-invertible. Indeed, we have 

AX = { A { x n } = {xo + 2:1,2:1 + X2,2:2,2:3,0,0,0,...} : {x„} € X } ^ X 

and 

keryl = {{0,0,0,0, x4, x5, x6 , . . .} : i „ e E , n = 4,5,6,.. .} / {0} . 

Let y = {y°} G X and x0 = {0,0, 0, xg,...} 6 kerV, where x° € R, 
n = 3,4, 5,... and x°n = - y ^ if n > 4. 

Consider the initial value problem 

(2.16) AVx = Bx + y, 
(2.17) F ^ x = xq. 

We have ker(A-BW) = {{0,0,0,0, x4, x5, x6, •••} : x n 6 l , n = 4,5,6,. . .} 
^ {0}, and the operator A — BW is generalized invertible, where W^w = 
I G Wa-bw- Indeed, 

(A - BW)I(A - BW){xn] = {xo, x2, x3 ,0,0,0, . . .} 
= ( A - B W ) { x n } . 

Moreover, it is possible to verify that y + Bx0 G (̂ 4 — BW)lmV. According 
to Theorem 2.2, the solution of (2.16)-(2.17) is given by 

x = W[WAW(y + 5x0) + 2] + ¿0, 

2 = {0,0, 0, 0, z4, zs, z6,...} 6 ker(A - BW) = {x„}, 

where x0 = j/q, xi = 2/i> xi = V% + x3> x3 = a n d xn = ~Vn-1> n > 4-

3. Controllability of degenerate systems 
Let X and U be linear spaces over the same field T of scalars [T = R 

or C ). Suppose that V G W(X), dim(kerF) ^ 0. Let FM € be a right 
initial operator for V corresponding to W G Wy; operators A,B G Lo(X), 
A / 0 is non-invertible, and C G Lo(U, X). 

We consider the degenerate system (DS) 0 of the form: 

( 3 . 1 ) AVx = Bx + Cu, CU 0 {Bx0} C ( A - BW)QmV), 

(3.2) F ( r ) x = x0, x0 € kerV. 

The spaces X and U are called the spaces of states and the spaces of 
controls, respectively. Elements x G X and u G U are called states and 
controls, respectively. The element xo G kerV is said to be an initial state. 
A pair (xo,ii) G (kerV) x U is called an input. If (3.1)-(3.2) has solution 
x = £(x0 , u ) then this solution is called output correspondent to input 
(x0,u). 



424 Hoang Van Thi 

By a similar proof as in Theorem 2.2, the problem (3.1)-(3.2) is equivalent 
to 
(3.3) (A - BW)Vx — Cu + Bx0 . 

Hence, the inclusion CU © {-Bxo} c (A — BW)(lmV) is necessary and 
sufficient condition for the problem (3.1)-(3.2) to have solutions for every 
ueU. 

Note that the properties of degenerate systems depend on the properties 
of the resolving operator A — BW. There are four cases to deal with: 

(i) A - BW e R(X) (A - BW is right invertible), 
(ii) A - BW e A(X) ( A — BW is left invertible), 

(iii) A — BW is invertible, 
(iv) A - BW 6 W(X) (A - BW is generalized invertible). 

Since both one-sided invertible and invertible operators are generalized 
invertible, it is enough to consider the case when A — BW is generalized 
invertible. In this case, we get 

(3.4) 4>(x0, u) = {x = W[T(Cu + Bx0) + z] + x0 : T € WA-BW, 
z eker{A- BW)}. 

Clearly, $(xo, u) is the set of all solutions of the problem (3.1)-(3.2) and 
for every fixed input (XQ, U) there corresponds an output x — <P(XQ, U). Write 

(3.5) R a n g ^ i f = [ J $(x0,u), x0 € ker K 
ueU 

The set Rang [ / : r o^ is called reachable from the initial xq by means of 
controls u € U. 

DEFINITION 3.1. Let a degenerate system (DS)o of the form (3.1)-(3.2) be 
(r) (r) given. Suppose that F^ 6 Ty is arbitrary right initial operator for V. 

(i) A state x\ € kerV is said to be -reachable from an initial state 
xo E kerF if there exists a control u\€U such that x\ 6 o, ui). 
The state x\ is called a final state. 

(ii) The system (DS)o is said to be F^-controllable if for every initial 
state xo € kerV^ we have 

(3.6) F i r ) ( Rang { / ) 1 0£) = kerV. 

(iii) The system {DS)o is said to be F^-controllable to xi G kerV if 

(3.7) x . e F ^ i R a n g ^ ) 

for every initial state XQ G kerV. 
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LEMMA 3.1. Suppose that the system (DS)Q is F^ -controllable to zero and 
that for every x[ £ kerF, there exists x2 € kerV and z[ € ker(A — BW) 
such that 
(3.8) F { r ) [W(TBx'2 + Z[) + x'2] = x[. 

(r) Then every final state x\ € kerF is -reachable from zero. 

Proof . Since the system (DS)o is F^-controllable to zero, we conclude 
that 

0 € F^ (Rangy XQ$) for every initial state XQ 6 kerV. 

Therefore, there exists a control UQ € U and zo 6 ker(A — BW) such that 

(3.9) F[r){W[T(Cu0 + Bx o) + zo] + x 0 } = 0 

or equivalently, 

(3 .10) f[t)W{TCu0 + zo) = -FÌr) {WTBX0 + x 0 ) . 

The condition (3.8) means that, for every x\ € kerV, there exists z\ € 
ker(yl — BW) and x2 € kerV such that 

(3.11) F[r)\W{TBx2 + Zl) + x2] = x i . 

Moreover, by formula (3.10), for the element x2 6 kerV, there exist 
U'QEU and z'0 € ker(^4 — BW) such that 

(3.12) F[r)W{TCu'0 + z'0 + Zl) = FÌr)[W(TBx2 + zi) + x2]. 

So (3.11) and (3.12) yield f[t)W(TCU'q + z[) = XI, with z[ = z'0 + Zl e 
ker(A — BW). This proves that every final state x\ € kerF is F^-reachable 
from zero. • 

THEOREM 3.1. Suppose that all assumptions of Lemma 3.1 are satisfied. 
Then the degenerate system (DS)o is F^ -controllable. 

Proof . Assume that the system (DS)o is F^-controllable to zero, i.e. 
there exists UQ € U and ZQ e ker(A — BW) such that 

(3.13) f[t){W[T(CUQ + Bx o) + zo] + x0} = 0. 

By Lemma 3.1, for every xi € kerV there exists u\ € U and z\ € 
ker(^4 - BW) such that 

(3.14) FÌr)W(TCUl + zi) = xi . 

By adding (3.13) and (3.14) we obtain 

Fir){W[T(C(u o + ui) + Bx o) + (z0 + zi)] + x 0 } = xi, 



426 Hoang Van Thi 

or 
F[t){W[T{CV!0 + Bx0) + z'0] + x 0} = xu 

where u'0 = wo + iti 6 U and z'0 — zo + z\ € ker(A — BW). It means that 
(r) 

x\ is F\ -reachable from the initial state xo- The arbitrariness of xo, x\ e 
kerV gives F1^r^(Rang[;Xo^) = kerV, for every XQ € kerV. The theorem is 
proved. • 
THEOREM 3.2. Let a degenerate system (DS)Q, a right initial operator F^ G 

and arbitrary T € WA-BW be given. Suppose that V £ L(X, X'), 
C € L0(U X,X' U') and A,B,W € L0(X,X'), then the system 
(DS)o is F^ -controllable if and only if 

(3 .15) kerC*T*W*(FIR))* = { 0 } . 

Proof . Note that F^WTC maps U into kerV. Therefore, fixing xo,x\ € 
kerV, the condition (3.15) is equivalent to 

(3.16) F[T)WTCU = kerV. 

The assumption CU®{BXo} C (A — i?VF)(ImV) and Proposition 1.1 imply 

F[R)WTCU = F[t)WT{CU © {BXo}) - {F[R)WTBX0} 

C F[R)WT{A - BW)(lmV) - {F[t)WTBX0} 

C F[t)W\T{A - BW)(IMV) © ker(A - BW)] 

~{F[r)WTBxo} - F^Viker^ - BW)) 

C F } r V ( I m y ) - {F[r)WTBxo} - F1
(r)iy(ker(.4 - BW)) 

C Ff^WtdomV) © {x0}) - {F[T)WTBx0} 

-FIr)W(kei(A - BW)) - {F^xo} 

C F ^ W i d o m V ) © kerV) - {F^WTBx0} 

-FIr)W{ker(A - BW)) - {F^x0} 

C F{r)(domF) - {F[T)WTBx0} 

-F1
( r )^(ker(yl - BW)) - {F^xo} C kerV. 

By (3.16), we have 

F :
(r) WTCU = Ff r ) (domV) - {F x

( r )WTBx 0} 
- Fx^W(ker(A - BW)) - {F^xo} 

= kerV. 
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Thus, 

F[r)WTCU + {F^WTBxo} + i^V^er^ - BW)) + {F^xo} 

= F[r\&omV) = kerV. 

It means that for every x\ € kerV, there exist v G domV, UQ G U and 
20 € ker(A — BW) such that 

x i = F[r)v = F[t)WTCUq + F[R)WTBXo + F ^ V ^ o + F{r)x0 

= ^{WCTICTIO + BXo) + Z0] + X0} . 

Hence, x\ is F^-reachable from xo € kerV. The arbitrariness of xo, xi € 
kerV shows that F ^ (Rangy x o$) = kerV, for every xo G kerV. 

Conversely, suppose that F^r\Rang[/I0<?) = kerF. Choosing xo = 0, 

20 = 0, we obtain F[r)WTCU = kerV, thus kerC*T*W*{F[ r ) ) * = {0} . The 
proof is completed. • 

THEOREM 3.3. Suppose that the system (DS)o is F^ -controllable. Then this 
(r) (r) (r) 

system is F^ -controllable for an arbitrary right initial operator G J~y • 

Proo f . Let F[r) be a right initial operator for V corresponding to W\ € 

Wy, we get F ^ W \ = 0 on domlVi. Moreover, for every xi G kerV and 
(r) o 

w G domWi, there exists X2 G kerV such that xi = X2 + F j W\w. Since 
the system (DS)o is F^-controllable, for every X0,X2 G kerV", there exists 
a control u G U and 2 G ker (A — BW) such that 

Fir){W[T{Cu + Bx0) + 2] + x 0 } = x 2 , 

or equivalently 

W[T(Cu + Bx0) + z] + xo = X2 + W\w, where wGdomWi is arbitrary. 

Hence, 

F^r){W[T(Cu + Bx 0) + 2] + x0 } = F2(r)(x2 + Wxw) 

= x2 + F^r)WlW = xi. 

Since the arbitrariness of xo, x\ G kerF, the system (DS)o is F^-controll-
able. • 

E X A M P L E 3.1 . Suppose that X is the space (s) of all real sequences { x n } , 
n = 0,1,2,... Let V,A,B G L0(X) be defined by: 

V{xn} = { v n } , v0 = vi = 0, vn = xn, n ^ 2; 
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A{xn} = {a n } , an = xn + xn+2, n = 0,1, 2,3, an = xn + 2 , n ^ 4; 

B{xn} = { x n + 2 } , n = 0,1, 2,... 

It is completely checkable that V X ^ X, kerV = { { x n } : xn € R, xn = 0, 
n ^ 2} ± {0 } and VVV{xn} = y { x „ } , thus V € W(X) and W = V 6 W^. 
Therefore, the right initial operator F^ for V corresponding to the almost 
inverse W is defined by 

F^{xn} = ( I - WV){xn} = {/„}, fo, h € R, /„ = 0, n > 2. 

The operator A differs from 0 and is non-invertible, since there exists 
{ x „ } € X such that A{xn} / {0,0,0,...} and 

kerA = { {xo, x i , - x o , - x i , xo, xi,0,0,0,...} : xo,xi { 0 } . 

Let 
U = { { u n } : un € R, UQ — UI = 0 and un = 0, n ^ 4} 

and 
C = al €L0(U,X) 

(where a G R, a ^ 0 and I is an identity operator). 

Now consider the system (DS)o: 

(3.17) AVx = Bx + Cu, ue U, 

(3.18) F{t)X = Xo, x0 = {xg,x?, 0,0,0,...} € kerV. 

Since 

(A - BW)I(A - BW){xn} = {x0, xi, x2, x3,0,0,0,...} = {A- BW){xn}, 

the resolving operator A — BW is generalized invertible with T — I G 
WA-BW-

In addition, ker(A - BW) = {{0,0,0,0 , X4? X5, Xg, ... } : xn e R, n = 
4,5,6,...} and CU 0 {Bx0} C (A- BW){lmV). 

By the formula (3.4), the solution of the problem {DS)o is given by 

(3.19) i ( x 0 ,u ) = W[T{Cu + Bx0) + z) + x0, z€ ker(A - BW) 

= W[alu + Bxo + z] + xo, z = {0,0,0,0, 24,25, z&,...} 

= {xg, x?, au2, au3, z4, z5, z6,...} . 

Write Wi{xn} = {yn}, y0 = x3, yi = x2, yn = x„, n ^ 2, then Wi € W f . 
Indeed, 

VW1V{xn} = V{xn} and WxVW^Xn] = VFi{xn }. 

The right initial operator F^ for V corresponding to W\ is defined by 

i ' K } = ( I - WXV){xn) = {xo - S3, XI - x2, 0,0,0, ...} . 
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Clearly, for every initial state XQ G kerV, there exist 

u0 = { 0 , 0 , x ? / a , a g / o , 0 , 0 , 0 , . . . } G U 

and 
20 = {o, 0,0,0, zl z°5,4,...} G ker(,4 - BW) 

such that 
F[r)${xo, u0) = i f ^ x g , x?, x°, x°, zl zl z6°,...} - {0,0,0,...}. 

This means that the system (DS)o is F^-controllable to zero. 
Moreover, for every xi = {xq, rcj, 0,0,0,...} G kerV, there exists = x\ 

and ¿1 = {0,0,0,0, z\, zl, ZQ, ...} G ker(A - BW) such that 

Fir)[W(TBx2 + z1) + x2\ = x i . 

By Theorem 3.1, the system (DS)o is F^^-controllable. 
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