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Lech Zareba

A PROBLEM FOR THE HYPERBOLIC SYSTEM
OF DIFFERENTIAL EQUATIONS WITHOUT
INITIAL CONDITIONS

Abstract. In the present paper we consider a problem for the system of hyperbolic
equations of the first order with periodic conditions and without initial conditions. Some
conditions for uniqueness and existence of solution for this problem are given.

Mixed problems for the system of hyperbolic equations of the first or-
der have been considered in many papers. We can mention some papers
which refer to the linear and semilinear systems [2-3], [9-17]. In particular
in the papers [4-6], [8], some problems without initial conditions under as-
sumption that solutions are bounded have been considered. In this paper we
consider uniqueness and existence of solution of the problem without initial
conditions for the system of hyperbolic equations without conditions on the
solution when ¢t — —oo.

Let Q={ze R"; 0<z; <2m i =1,...,n}, Q.1 = O x (t1,t2) where
ty < tg, t1,t2 € (—00,T), T < 400 and Qr = Q_oo,T-

We shall consider the system of hyperbolic equations of the form

(1) Alu) = u(z,t) + Y Ap(z, t)ug, (z,t)
k=1
+ Clz, t)ulz, 1) + G(t,u) = F(z,t),
in the domain Q7.
For this system we put the following boundary conditions

(2) u(z1,...,2i-1,0,Zit1,...,Zn,t) = u(z1,...2iz1, 27, ZTit1,. .- Tn, t)

fori=1,...,n, where Ay, C are matrices of the order m, k =1,...n, and

G= (gla""gm)T) u = (ulw")um)T)

F=(f1,...,fm)T, z = (x1,...,Tn)-
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Now, we fix the notation. Put L}(D) = [T{.; L{(D), where D is a domain
in R™. We have

L:,loc(m) = {’U € L:(QT,T) V‘rG(—c)o,T)}
and r € [1,+00]. By (-, ) we denote the scalar product in R™.
For equation (1) we consider the following conditions:

(A) Ak(mat) = A{(l‘,t), V(:z,t)eQT,
Ar(z1,. .. 2i-1,0,Zit1, ..., Tn, t) = Ax(z1, ... Tic1, 27, Tity, . . ., T, E)
fork=1,...,n,i=1,...,n,

(Akzk (:l:, t)fa&) < ak|§|2’ and Zak ‘= ao,

i=1
for almost all (z,t) € Qr and for every £ € R™
Ap, Agz, € L7 (Qr), fork=1,...,n,i=1,...,m;
(C) C,Cp eLyn(Qr), fori=1,...,n,
C satisfies (2), (C(z,1),&, &) > col€|?
where ¢y = const, for every £ € R™ and almost all (z,t) € Qr;

(G) the functions g;(t, §) are continous in R™ for almost all t € (—o0, T)
and measurable with respect to t for every £ € R™, j = 1,...,m and satisfies
the following assumptions:

(1) (G(ﬂ:,f) - G(l‘a u)a€ - ﬂ) 2 gOIE - 'u‘lp7 where go = const, go > Oa
(ii) lgi(t, ) < ¢° X 1&IPY, g° = const, i=1,...m for p > 2,

Jj=1
(lll) (‘](t, V),&,&) >0, V§7 ve Rm7 where

6%1!t,u! ... 9a(ty)

U] Um

Agm(ty) . 9gm(ty)
(73} Um

First, we consider the system (1) in the domain Qo r with the boundary
conditions (2) and with the following initial conditions
3) u(z, 0) = 6(x),
where © = (61,...,0,)7.
DEFINITION 1. A function u is called a solution of problem (1)-(3) if
u € L (QorT); Uz € L?n(QO,T); i=1,...,n,
u € L2, (Qor) + LE(Qor)
and u satisfies (1)—(3) for almost all (z,t) € Qo,, where % + % =1

J(t,v) =
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THEOREM 1. If the conditions (A), (C), (G) hold, F,F,, € L2,(QoT),
©€ HL(Q),i=1,...,n and F, © satysfying (2), then there ezists a solution
u = (uy,...,Un) of the problem (1)-(3).

Proof. Denote by H;e,,(ﬂ) the space of the functions which belong to H'(Q)
and satysfying (2). Analogously to [7] we can consider the special basis {¢x}
in H;}er (©) which is composed with eigenfunctions of the following problem

4) Au = Au,
(5) 6ju(:r1,...,mi_l,q,zi+1,...,zn) _ aju(zl,...,xi_l,zw,zi+1,...,zn)
ox] oz!
ji=0,17=1,...,n
Let us consider a sequence of functions of the form

N
(6) uN(z,t) =Sl (t)p(z), N=1,2,...,

k=1

where {C}V,...,CX} are solutions of the following Cauchy problems:

M e, e+ il 0l a6, 80(2)
Q

=1
+(Cla, tyuV (2,2), () + (G(t, u), du(2))
- (F(m,t>,¢k<m>>]dm —0,k=1,...,N,

(8) G (0)=©
(9) oM (z) = Z (z)bn (),

where ©V(z) — ©(z) in H;CT(Q).

From Carathéodory’s Theorem we can observe that this problem has a
solution. Multiplying (5) by the functions C}¥ respectively, then summing
them up by k from 1 to N and integrating with respect tot € [0,7], 7 < T
we obtain

(0 | [(u?'(z,t),uN(m,t)HZ(Ak(m,t)u,’i(z,t),u’v(x,t))

Qo,r k=1
+ (C(a, t)ul (z, 1), u" (2, 1)) + (G(t, V), u" (=, 1))

— (F(z,t),uM(z, t))] dedt =
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If we consider the respective components of the last equality we have

L= § @@ t),u" (@ 0)dads = 3 | (@, m)Pde ~ 5 | 10V (@)Pde

Qo,r Q. o
and
| Xnﬁ (Ax(z, )ud (z,t), ul (2, t))dzdt
Qo,r k=1
S S (Au(e, 0 (@, 8),u (2, 8))a, dedt
QOTk—
S Z(Am(zt N(z,t),uN(z, t))dedt.
QOT =1
Let
I’z}:% b > (A, tyu (z, t), uM (2, t)), dadt,
Qo,r k=1

=__ { Z(A,m(mt yul¥(z, 1), uN (z, t))dzdt.
QOr

Using the assumption of Theorem 1 and (A) we obtain

SZ (Ai(z, t)yul (2, 1), 0N (2, 1)) o, =2ndt
0 1

k=
- % S Z Ag(z, t)u” (z t),uN(cc,t))|Ik=0dt =0.
0 k=1

Moreover [ > =22 { |uN|2dzdt.
QO T
From (C), (G) and the assumption of Theorem 1 we have

I= | (C(z,tyu(z,t),uN(z,t))dedt > co | |u¥(z,t)|*dzdt,

QO,‘r QO,T ‘
L= | (Gt u")u(z,t),uN(z,t))dedt > | gou® |Pdzdt
QO,T QO,‘r

and
= | (F(z,t),uN(z,t))dzdt

Qo,r
1 2 do N 2

< — — . .
55 g |[F(z,t)|*dzdt + 5 | [uY(z.t)|*dzdt, for 6 >0

QO,‘r
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Thus (10) will be of the form

1) | [Nz n)Pdr+2 | go|u" (z,t)Pdzdt
Qf QO,T
< | (a0—2c0+80)|u"(z, t)|2azgcdt+5l [ |F(z,t)Pdzdt+ | |ON (z)|2dz.
QO-"' 0 QO,T Q0
Hence from Gronwall-Bellman Lemma we have
(12) | (e HPde < #0( | |0Pdz + | |F(z, t>|2d:cdt)= HoFo
Qr Qo QO.T
and
(13) | [wNPdzdt < i Fo.
QO,T
Using in (7) the fact, that

Adr(z) = Medi(z), k=1,2,...

and multiplying (7) by the functions ——AkC,ﬁv respectively, then summing
them up by 7 from 1 to N and integrating with respect to t from 0 to 7 we
obtain

w 3 [ut (@ 0,0l (2, 1)) + 3 (il (z,8), ol (2, 1))

s=1Qo,r i=1
+ (Clz, t)u" (=, ), vl (z, 1))

+ (G, u™M),ull,, (2, 8)) — (F(z,1),ul) , (2,1))|dzdt = 0.

If we consider the respective components of the equality (14) we will
have the following estimates

=— | (W(z,t),ul,, (2, t))dedt

Qo,r
=~ | @ (z,t),u) (z,1))0,dzdt + | (uly,(z,t),u) (z,t))dzdt
Qo,r Qo,r
- %Qgﬁ(uﬁ (z,8))2dwdt = - g(u (2,7)%dz - 5 ng(eg (2))2dz
and
I; = S (Ag(z, t)u, (:r t),uzsz (z,t))dzdt

QOT

S (Ar(z, t)uly (2, 1), uy (a:,t))xsda:dt
Qo,r
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[ (Ake, (@, ) (2, 8), ud (z, 1)) dudt

QOT
S (Ag(z, t)uzkz (x,t),u,ﬁ(z,t))dzdt
QOf
=I}-I?-1.

From (A) and (5) we get

- g {(Ak(z, t)ul) (z,1),ul (2, 1))z, dzdt = 0,

0Q
S S Apz,(z,t)u (m, t),uivs (z,t))dzdt
0Q
§§ 1 Aks, (2, )llluf (2, t)][uf (2, ) |dedt
00
< 5 50D [l Ake, (o )1 § (1 2 + s, )
Qr i)
and
B = E(Ak(x tyull Up, 2, (T, 1), U N(z,t))dzdt
0

1
T2

Ot

Hence I2 < S ak|u£’s (z,t)|>dzdt. Thus
0

L< (ao + lsup||Akzs(a: £) ||) [ SOl (z,0)Pdudt

Qo,r i=1
—sup I Ake, (z, )]l § Z|uuk(l‘ t)|*dzdt.
Qo,r i=1
From (G) we get
Is=— | (G(t,uM),ul, (z,t))dzdt
QO,T

S (Akzkuajcv, ) U;J,I )dzdt.
Q

= - | G, u™),ull(z,t)z,dzdt + | (G, (t,u"), vl (z,t))dzdt

QO,‘r QO,‘r
= S (J(t, uN)u]IV, (:r,t),uﬁ(:r,t))dmdt
Qo,r
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and hence Iy > 0. From (C) we have

= | (C(z,t)u"(z,1),u) ,, (z,1))dzdt

QO‘r
| €z, t)uM(z,1),ul (2,1))s,dzdt
QOT
~ | (Cz.(z, t)ul(z,t),ul (z,1))dzdt
QOT
< § G (=, )I[u” (=, t)||ul (z, t)|dzdt
QOr
< C2 S N 2 d1c2 2
< — |u™ (z, t)|“dzdt + ——= S |z(zt)|d:rdt 0 >0,
26, Qo, Qo,

where ¢y depends on the matrix C,,, s=1,2,...,n

Lo= | (F(z,t),ul, (z,t))dzdt

QOT

= | (F(z,t), v (z,t)s,dzdt = | (F:,(z,t),ul(z,t))dzdt
Qo,r Qo,r

= Ijo — Iy

From the assumption I}, = 0 we thus obtain

Lo=-I}, < — | |F;,(z,t)]?dzdt + % § [l (z,t)2dzdt.
3 QO,T 2 QO,f

Using (14) we obtain the following inequality

(15) Szn:|uivs (z,t)dz — 1y | zn]uf;{ (z,t)|’dzdt

Qr s=1 Qo,r s=1
61 | 31 (o0t + § Z|@N(:c)|2d:c
Qo,r s=1 On o=

393

C2 N 2 9
+3— | Z|u (z,t)] dmdt—gup | Ake, (z, 8)]| | Z|u (z,t)|*dzdt,

QOfs_ QO‘r

where l{ = 2ag — b1¢c2 + %1. Therefore
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n

16) | S |l (z,t)Pdz 1 | zn]u;{ (z,t)|?dzdt
Qs

- 5=1 QO,T s=1

co i
< poFo + | Fz. 122, (0.z) + 192 I3 @) + 5 VS [l (=, t))Pdzdt
Qo,r s=1

— sup || Akz, (z,t)] S Z|u (z,t)|2dzdt,
Q QO‘rs—

and thus
A7) N (2, )20 + 1™ (2, )12, (Qo.r)

< IFl ez, Qo) + 1N HY, .0 + 1 Fz.lle2, (@or) + 192 llm, .0
Hence, there exist subsequences {ul}, {ul, } of sequences {ul(z,t)},
{u¥ (z,t)} such that
ul — u; weakly in L2(Q0,T),

uﬁzs — w4y, weakly in L2(Q0,T),

ul —w; weaklyin LP(Qor).

T
Since |g;(t, ud,...,ul)| < e X [uN|P~1, 5 =1,2...,m then from (13)
i=1

(18) {[uilPdz < p1 Fo,

and H61der-Young inequality we obtain

l/q 1/p
Ii= | (lu,-(x,t)lp—l)dmdts( { (|u,~(z,t)|P-1)‘1dzdt) ( | da:dt)
QO,‘r QO,T Qov"'

Hence I;; < & 7 Voo . 1ui(z,t) |1’da:dt+l § dzdt and [, |G(t, uF)|dzdt < po,
P Qor

where ug is a constant independent on u;. So G(-,u¥,...,uk) — w weakly

in L3(QT).
From (G), analogously to [7], it is easy to prove that w = G(t, u).
Using (7) and the Galerkin’s system it is easy to prove, that for all
v € C§5,(Qo,r) the following equality is satisfied

[ (e, 0)+ § [tz 00l 20,002, )

Qo, T Qo,T k=1

+ (C(z, )ul (z, 1), v(z, 1)) + (G, uM), v(z, 1)) — (F(z, 1), v(z, t))] dzdt =



A problem for the hyperbolic system 395

Hence u; = Z, where
Z(z,t) ZA (z,)uy; — Clz,t)u — G(t,u) + F(z,t).

Thus u; € L2,(Qo) + L%,(Qo,r), which completes the proof of Theorem 1.

Now, we shall consider the problem (1), (2) in the domain Q7 without
initial conditions.

DEFINITION 2. A function u is called a weak solution of problem (1),(3) if
u € L}, (Qr) N C((~00, T); L*(2)),

and u satisfies the following integral equality

(19) S [(u(:v, t2), v(z,t2)) — (u(z,t1), 'v(:z:,tl))] dz

Q

n

+ g[—@@nmmw»—gyaww@@mu@ﬁ)

Qtl ty k=1

—zxwwt Az, (z)v(2, 1)) + (C(z, t)u(z, t), v(z, 1))

+ (G(t,u),v(z, t)) — (F(z,t),v(z, t))] dzdt =0

for all t;,ts € (—00,T], t; < t2, where v satisfies (3) and v € C}(Qr).

Let (C(z,t) — X7—1 Ajz:(z, t)€,£) > hol€|* for almost all (z,t) € Qr and
all § € R™.

THEOREM 2. If the conditions (A), (C), (G) hold, ho > 0, F, F,, € L2,(Qr),
i =1,...n and F satisfies (2), then the problem (1), (2) has at most one
weak solution.

Proof. Let Q_;7 =Q x (-I,T) for all l € N and

0) _ [F(z,t) for (z,t) € Q1T
F (z, t) B {0’ for (:12, t) € Q—oo,—l-

From Theorem 1 we see that for every positive integer [ the problem (1),(3)
has a solution u!(z,t) of the class L?,(Q_; 1) N HL(Q_ir) with the initial
condition

u(z, 1) =0.
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We extend the function u'(z,t) on Q_ _; assuming that u!(z,t) = 0 on
this domain. Let t1, 2 be such that ¢;,t3 € R, t; <ty < T. ‘
Define ,
(t2 - tl)a if t > ty,

'q/)(t) = (t—t)* ift) <t<ty,
0 ft<ty

for @ > 1. Notice that each function u' satisfies the system A(u) = F®
in Qr. Thus

(20) % [ - wPo(r)dz + | [(C(ul—u’),ul—u")zp(t)
Q. Qty,r

— SV Y (e, (0 = ), — ) 4 Y0 — ol )
J=1
+ (G(z,u') - Gz, w*), v — w*W(t) - (F'(z,1) - F*(x,1),u' - usw(t)] dadt
— 2 [ Oz, 0) ~ v, 0)de = 0
Qo

for -l < t1, —s < t;, wheret; <7 <T.
From the assumption of Theorem 2 we have

he= | (Clz,t)((z,t) —v'(z, 1), 4 (x, 1) — w’(z,1))y(t)dwdt

Qey,r
>e0 | Pl (z,t) — vz, 1) dedt,
Qey,r
Lz = S (G(l‘, ul) - G(I, us)’ ul(xa t) - us(x, t))¢(t)d:l:dt
Qtl,-r
>g0 | v(O)li(z,t) - v'(z,t)Pdzdt
Qty,r

and

< %9 | PO (z, t) — u*(z, )[Pdt + p(p, 90) S [hb_;] p_——zdt,
51

ty P

where u(p, go) is a constant.
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By assumption we have

Is= | (Fi(z,t) - F*(z,t),v!(z,t) — v’(z,t))9(t)dzdt = 0.
Qty,r

From the estimates I12 — I35, and (20) we obtain

(21) S lut(z, 7) — us(z, 7)Y ()dz + % S [ul(z, t) — us(z, t)Pe(t) dadt
Q- 2 Qty,r

+ho | YOz, 1) — vz, t)Pdedt < palty — t:)* T,
Qtl,‘r

and from (21) we have
22)  § W (z,7) - wi(z,7)Pdz + % {1 (=,t) - v'(z,t)|Pdzdt
QT Qtl,‘r

+ ho S [ul(z,t) — us(z, t)|2dzdt < pa(ts — tl)l'Fg_z.
Qt],‘r

Since 1 — ;{’—2 < 0 and t; is arbitrary then (22) implies, that the sequence

{u'(z,t)} satisfies the Cauchy condition in the domain Q;, 1, T > t5. Hence
we obtain

Ves0 S lul(z,t) — u’(z, t)|2dz < € for t € (t5,T) and I, s > Ny,
Q

Ves0 S lul(x,t) — us(z,t)|?dz < € for t € (t2,T) and I, s > Ny
Q!o,‘r

and

Veso | [u(z,t) — u(z,t)|Pdzdt < € for t € (t2,T) and I, s > No.
QtQ,T

Therefore
W —u in C((-o0, T} LAQ)),
w —u in L2 ,,.(Qr)

and v! - u in LP, (Qr) when!— oo.
Hence we have

G(z,u!) — G(z,u) weakly in L, (Qr).

'm,loc
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Consequently
@) ]|(ua o), v(o, 1) - (u(e 0), u(a, 10)| o
Q
+ [—(ul(x,t),vt(x,t))—Z(Ak(z)ul(z,t),v,k(z,t))
Qty.ty k=1

= Y (W (2,1), Az, (2)v(z, 1) + (Clz, ) (2, 1), v(z, 1))
k=1

+ (6,1, (2, 9) = (F(@,1),v(s, )| dodt = 0.

Passing to the limits in (23) with I — oo we obtain that there exists solution
of the problem (1), (2).

Now we prove that this problem has at most one solution.

By theorem from [1], it is easy to show that the equality (20) holds for
v =u(t). If we put v = uyp in (20) then we obtain

—-1— u?(z ’
ey | [-3iwE o) d

Qry .ty Q
+ [‘ 2 (e, 8,0, D (0) — 3 3 (0l 1), Ay (Dl D)
Qty,tp k=1

+(C(z, t)u(z, t), u(z, )Y (2)) + (G(t, w), u(z, )Y(t))

— (F(z,8), u(s, t)¢(t))] dedt = 0.

To obtain a contradiction, suppose that there exist two solutions u!, u? of
the problem (1),(2) such that u! # u2. Denote u = u! — »%. From (24) it is

easy to show that for every 7 < T the following equality is satisfied

@9 5 [l -uPprda+ | € —u)ut -y
Q- Qey,r

n

O (e (! — ), = 1)) + S (a =) 8 - u2)

J=1

+(Clz, u) - Gz, u2), ut - u2)¢(t)]d:vdt -
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Analogously to the estimates of components of equality of (20) we can show
that

Veso0 S |u1(z,t) — uz(m,t)|2dmdt <€
Q!l,T

1

for every e. Hence u! = w2 in (¢;,T). Since t; is arbitrary, then we have
1

u! = u? in (—o0,T) . This completes the proof of Theorem 2.
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