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COEFFICIENT ESTIMATES FOR CERTAIN CLASS
OF ANALYTIC FUNCTIONS OF COMPLEX ORDER
AND TYPE BETA

Abstract. Let f(z) = z + Zn k+1anz" belong to the class S(1 — b), ), b # 0,
complex and 0 < f < 1. In thls paper, we determine sharp coefficient estimates for

functions of the form f(z)! = z* + Zn —tt kag)z", where ¢ is a positive integer. The

results obtained generalize the work of many authors.

1. Introduction
Let A denote the class of functions

o0
(1.1) f(z)=2z+ Z an2"
n=2
which are analytic in the unit disc U = {z : |z| < 1}. A function f(z) in A
is said to be starlike of complex order 1 — b and type 3 if it satisfies
(1.2) z <1 (zeU)
zf'(z) zf'(z
28(25) o —1+0) - (5 - 1)
for some b (b # 0, complex) and (8 (0 < 8 < 1). We denote by S(1 - b,5)
the subclass of A consisting of all such functions. The class S(1 — b, 3) was
studied by Aouf, Owa and Obradovic’ [3].
MacGregor [11] obtained upper bounds for the moduli of the coefficients
of a starlike function whose power series representation in U is of the form

(1.3) f(z)=2z+ Z anz™.

n=k+1
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Boyd (5], Srivastava [22], Mogra and Juneja [15], Aouf [1, 2] and Owa and
Aouf {18] extanded MacGregor’s result to many classes of analytic functions.

In this paper, we determine sharp coefficient bounds for functions of the
form

(1.4) flz)t =2+ Z a2

n=k+1
where f(z) € S(1 —b,() and t is a positive integer. The results obtained
refine and generalize the corresponding results of MacGregor [11], Boyd [5],
Libera [10], Srivastava {22], Gopalakrishna and Shetiya [7], Aouf [1, 2], Owa
and Aouf [18], Mogra [13] and Mogra and Juneja {15].

2. Coeflicient estimates
We shall use the following lemmas in our investigation.

LEMMA 1. If k, t and q are positive integers, then we have

g—1
(2.1) 4872+ ) _{|(28 — 1)mk + 28tb|> — m?k?}
m=1
m-— b 2
{i, H (28 -1)j + 22 }

26th
(28 -1)j+ =~

(@l 2

This lemma can be easily proved by induction on gq.

LEMMA 2. If k, t and q are positive integers, then we have

(2k){1(28 = 1)(n — 1) + 2805 — (n — 1)?)
22) (n-t)?> (26 — 1)qk + 2Btb]2 — (gk)2

for n >t + qk.

The proof is strightforward and we omit it.
THEOREM 1. Suppose that f(z) = z+ Y ro i an2™ € S(1—b,6) and for
integer t > 1, let

f(z)t =2+ Z a2

n=t+k
(a) If Bt[(n — t) Re{b} + tb]?] > (1 —ﬂ)(n—t)[( —t) + tRe{b}]. Then
(2.3) la®| < = )k 28— 1)j + =22 2&1’
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fort+mk<n<t+(m+1)k-1,m=1,23..., M+1 and

M+1
k

< G—aarT JEIO

forn>t+ (M +2)k — 1, where M = [G] (Gauss symbol) and
Bt[(n — t) Re{b} +¢[b]?]

(1=8)(n—t)[(n—t) +tRe{d}]’

(b) If Bt[(n — t) Re{b} + t|b[*] < (1 — B)(n — t)[(n — t) + t Re{b}], then

o 26t
(25) 0] < A

The estimates (2.3) are sharp forn =t+mk, m =1,2,...;t =1,2...,
while the estimates in (2.5) are sharp for all n.

90tb
k

(2.4) la

(26-1)j+

G =

forn>t+k.

Proof. Let
_12(/(®)") _ zf'(2)
9= T e
Define
(2.6) h(z) 9(z) 1

T 266+ (26— 1)(9(x) - 1)
_ 2(f(2)) — tf(2)*
26tbf (2)! + (26 — D(F(2))) — tf (2]

= Z h,z".
n=k

By (1.2), h(z) is regular in U and satisfies |h(2)| < 1. Equating the coeffi-
cients of the same powers on both sides of the equation

2(f(2)") = tf(2)" = h(2){2Bbtf (2)" + (26 — 1)[=(f (2)") — t£(2)"]}

or

(2.7) i (n—t)ald "

n=t+k

= ( i hnz") {2ﬂbzt + i [(26-1)(n _ t) + Qﬁbt]aslt)zn}’
n—k

n=t+k

we obtain the relations

2.8 val® = 28bth,, wv=kk+1,...,2k—1.
t+v
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Since |h(z)| < 1, we have 3o, |h,|? <1 and therefore

2k—-1
(2.9) > Ihal? <1
n=k
From (2.8) and (2.9) we obtain
2%k—1
(2.10) 3" 0¥ a2 < 4822
v=k

We rewrite (2.7) in the form

P 00
Z (n —t)ald 2" + Z dnpz"
n=t+k n=p+1

p—k
= h(z){zﬂbzf + 3 [@28-Dn-t)+ 2ﬁtb]a$:>z"}.

n=t+k

Multiplying each sides of this by its conjugate, integrating around |z|=r<1
and letting r — 1 yields the inequality

(2.11) Z(n t)2]al|?

n=t+k
p—k
<4+ D (28— 1)(n—t) +26tb] o)
n=t+k

from which we obtain
p

(2.12) > (n-t)?aP

n=p—k+1
p~k
<4pPP+ Y {I(28 - D)(n - t) + 2680 — (n — 1)*}aP)>.
n=t+k

Now two cases arise:
(a) If Bt[(n — t)Re{b} + t[b|2] > (1 - B)(n — t)[(n — t) + t Re{b}],

then by an inductive argument we will establish the inequalities

t+(m4+1)k-1

(2.13a) Y. (m-YaPP < { (m — : 1)! H

n=t+mk 3=0

(28 -1+ 22

f
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and
t+(m+1)k—1
@135) 3 (@8- 1)(n— )26t = (n - )}
n=t+mk

m-—1

25tb
k

< {28 - 1)mk+2ﬂtb|2—m2k2}{;—n1—' (26-1)j+ ==

]

form=1,2,...,M + 1, where M = [G], G is given by
Bt{(n — t) Re{b} +¢[b|?]
(1-B)(n—1t)[(n —t) +tRe{b}]

and [G] is the greatest integer not greater than G.
For m =1, (2.13a) gives

G =

t4-2k—1
Y (n=1)*aP? < 4628207,
n=t+k
which is true by (2.10). Thus (2.13a) is valid for m = 1. To prove (2.13b)
for m = 1, we use Lemma 2 and (2.10) as follows:

t+2k—1
> {l@8- 1)(n-t)+2ﬂtb|2 (n —t)?}alP|?
n=t+k

‘ oy tH2k—1
< {l(zﬁ - L)k +22ﬂtb|2 kz} Z (n— t)2|a,(1t)|2
k n=t+k

2421112
4ﬁ L 1 9p — 1)k + 288012 — 42).

Now suppose that (2.13a) and (2.13b) hold for m =1,2,...,¢—1. Using
(2.12) with p = t + (¢ + 1)k — 1 and the inductive hypothesis concerning
(2.13a) we obtain the inequalities

t+(g+1)k—1
> (n—1)?aPP?
n=t4qk
t+qk—1
<4 PP+ D {28 - 1)(n—t) +26tb* — (n — t)*}a|?
n=t+k

g—1 t4+(m+1)k—1

=4822+ ) D {I28-D(n—1t)+ 26t — (n - )*} e[

m=1 n=t+mk
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q—1

<A+ ) {](28 — )mk + 26tb|> — m*k?}
m=1
m—1 2
1 . 2fth :
X {E H (26-1)j+ = } by using Lemma, 1.

=0

This last sequence of inequalities implies (2.13a) where m = k. Continuing
our argument, we use Lemma 2 and (2.13a) with m = ¢ to deduce (2.13b)
for m = q as follows:

t+(g+1)k—1
S {I28-1)(n~1) + 260 - (n - )}
n=t+qk
< [26=1)gk *;:25th2 - ¢°k? { : (26 - 1); Qﬂtb }
= {I(26 — D)qk + 2816 ~ k) { 25 - 15+ 222 }

This completes the proof of (2.13a) and (2.13b). Now (2.3) follows from
(2.13a).

To prove (2.4), suppose n > t+ (M +2)k—1. Puttingp =t+(q+1)k—1
n (2.12), we have

t+(g+1)k—1
> (a=1)*al?
n=t+qk
t+qk—1
<4BPPPpP+ Y {I(26 - D(n—t)+ 268> — (n - t)*}HalD .
n=t+k
Hence for n > t 4+ (M + 2)k — 1, we have
t+qgk—1
(n=11aP? <4822+ Y {|(26-1)(n—1)+26t> = (n = 1)’}
n=t+k
t+(M4-2)k—1
=48%pP+ Y {28 - 1)(n—t)+ 268> — (n— t)*}a(®
n=t+k
t+qgk—1
+ > {281 =)+ 26 — (n—t)*}al?

n=t+(M+2)k



Coefficient estimates for certain class of analytic functions 319

t+(M+2)k—1

4P+ Y {28 1)(n— ) + 268" - (n - 1)*}aPf

n=t+k
M+1 t+(m+1)k
= 462 p|? + Z > 08— 1m0+ 2805 — (n— )P
m=1 n=t+mk
M+1
< 4B + > {(28 — 1)mk + 2Btb|* — m?k?}
m=1
m—1 2
1 . 20th
X {E H (28— 1)j + =— }
7=0
M+1 2
k 28tb .
= {—(M—-i—-.l_)' jl;[o (26-1) +——k— } by using Lemma 1.
This gives
M+1
k 20t
(t) < -
|az,”| )]\/I+1)'H i+ k

for n >t + (M + 2)k — 1 which proves (2.4).
(b) If Bt[(n — t) Re{b} + t]b]*] < (1 — B)(n — t)[(n — t) + t Re{b}], then
(2.11) gives

P
Y. (n=0)*|ad)? < 45
n=t4-k
or
(n—1)%a®? < 48%*b> f n>t+k,
that is
lalf)| < (%ﬁi'—lll) if n>t+k,
which gives (2.5).
The function f(z), given by
z

(2.14) f(2) =

(1 - (26— 1)z¥)TD%

where St[(n —t) Re{b} +¢[b]?] > (1 — B)(n — t)[(n — t) + t Re{b}], shows the
estimates in (2.3) are sharp forn =t+mk, m=1,2,...,t=1,2,..., while
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the estimates in (2.5) are sharp for the function

(2.15) ful2) = zexp ((2€ti)zn—1),

where Bt[(n—t) Re{b} +t|b?] < (1-8)(n—t)[(n—t)+tRe{b}] and n > t+k.

3. Remarks on Theorem 1
(1) (i) Putting b= (1 — p) cosae™* (|oj < Fand 0 < p< 1) and S =1,
in Theorem 1, we get the result due to Bhatia and Rajasekaran [4].

(ii) Putting b= (1 — @) (0 < @ < 1) in Theorem 1, we get the result due
to Rajasekaran and Bhatia [19].

(2) (i) Putting ¢t = 1, in Theorem 1, we get the result due to Owa and
Aouf [18].

(ii) Putting t =1,b=1 and 8 =1 in Theorem 1, we get the result due
to MacGregor [11].

(iii) Puttingt =1,b=(1-a) (0 < a < 1) and f =1 in Theorem 1, we
get the result due to Boyd [5].

(iv) Puttingt =1, b= (1—a)cosde™ (]A\| < Z,0<A<1)and S =1
in Theorem 1, we get the result due to Gopalakrishna and Shetiya (7).

(v) Putting t =1, b =.(1 - a) (0 < a < 1) in Theorem 1, we get the
result due to Mogra and Juneja [15].

(3) Putting t =1,

(1—b,ﬁ)= (l—bvl)’

2M -1 1
a-00)=(1-0220) M> 3

(1-b,8)=(1-(1-a)cosre,3), |\ < g 0<a<l,and0< A<,
(1-b,8) = (1 — (1 —a)cose™™, 21\2/[]\; 1
(1=5,8) = (1 - (1 - a)cosre™*,1), |A| < -723 0<a<l,

. 2—cosA
(1-b,8)= (1 -cosAe—**,z%), I\ < g

s 1
), |)\|<§, a,ndM>§,

(1—bﬂ=(1—-(1 a), ) 0<ax<l,
1
"=(03)
2M -1 1
1"b:3 (07 ) 57
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(1—b,,6)= (1_b)ﬁ)>
(1—b,ﬁ)=(1—(1—a),ﬂ), 0<ax<l,

in Theorem 1, we get the corresponding coefficient estimates for the func-
tions of the form f(z) = z+3_,— ., ; an2" belonging to the classes introduced
by Nasr and Aouf [16, 17], Mogra and Ahuja [14], Kulshrestha [9], Libera
[10], Goel [6], Wright [23], McCarty [12], Singh [20], Singh and Singh {21},
Aouf, Owa and Obradovic’ [3] and Juneja and Mogra [8], respectively.

(4) The results due to Nasr and Aouf {16, 17], Mogra and Ahuja [14],
Kulshrestha [9], Libera [10], Goel [6], Wright [23], McCarty [12], Singh [20],
Singh and Singh [21], Aouf, Owa and Obradovic’ [3], and Juneja and Mogra
[8] can be obtained by taking different values of the parameters b, 3 with
k=1t =1 in Theorem 1.
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