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A MODULUS A N D AN EXTREMAL FORM 
OF A FOLIATION 

Abstract. We prove that the p-modulus of the foliation is conformal invariant. We 
study the problem of existing of the extremal form for a foliaton on Riemannian manifold. 
We also compute the value of p-modulus and the extremal form for fc-dimensional foliation 
given by a submersion. 

1. Introduction 
The idea of modulus is directly connected with the concept of extremal 

length of curves in R2 introduced by Beurling and Ahlfors [AhBe] in the 
beginning of 50-ties. In 1957 Fuglede generalized this notion to the modulus 
of fc-dimensional surface families in Rn. It was very usefull tool in the theory 
of conformal and quasiconformal maps, extremely popular in 60-ties and 
70-ties. 

Using a geometric characterization Suominen [Su] extended the modulus 
to the case of an arbitrary differential Riemannian manifold, and in 1979 
Krivov [Kr] defined generalized p-modulus for a family of fc-forms. 

The modulus of a foliation, introduced by the author in [Bl], connects 
Fuglede's and Krivov's ideas. We used the fact that the foliation of Rieman-
nian manifold may be defined as a family of surfaces or by a family of forms. 
The modulus of the foliation is just a modulus in the Krivov's sence of the 
family of forms characteristic for the foliation. For these forms, by Hodge 
star, arises the family of dual forms. Both these classes seem to characterize 
pairs of foliations orthogonal to each other, but this is an open problem yet. 

In this paper we prove, that the p-modulus of the foliation is conformal 
invariant. We study the problem of existing of the extremal form for a folia-
ton on Riemannian manifold. We also compute the value of p-modulus and 
find the extremal form for fc-dimensional foliation given by a submersion. 
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2. Preliminaries 
2.1. Foliations 

Let T be a smooth oriented fc-dimensional foliation on smooth oriented 
Riemannian n-manifold M. 

DEFINITION 2.1. A foliated chart on M is a pair (U, <f>), where U C M is 
open, <p = (<f>i, (¡>2) : U Br x B^ is a diffeomorphism and Br, B^ are open 
rectangular neighborhoods is and R l respectively. 

Sets Py = <j)~L(BT x { j/}), y E BFA are called plaques, and Sx = 

</>-\{x} x Bft,), x G Bt — transversals of the foliated chart. 

If M admits an atlas U = {( [UQ, <f>a)}aeA foliated charts and for each 
a € A and each x 6 M Lx fl UA is a union of plaques, then U is said to be 
a foliated atlas associated to T. 

DEFINITION 2.2. A foliated atlas U = {(Ua,<pa)}ae^ is said to be regular if 

1. for each a E A, Ua is a compact subset of a foliated chart (W a , tpa) € U 

and (f>a ~ ipa\uai 
2. the cover { U a } a e A is locally finite, 
3. if (Ua, (j>a) and (Up, 4>p) belong to U, each plaque from UQ meets at 

most one plaque in Up. 

In [CaCo] one can find that for every foliated manifold (M,F) there 
exists a regular foliated atlas associated with T. 

Moreover, if U — {(Ua, <f>a)}aeA is a regular atlas on M , then the map 

9ap = 4>a 0 (pp1'- <t>p(Ua n Up) MUa H Up) 

has the form 

9ap((<i>p) 1, ((¡>0)2) = (Pap((<t>p) 1, (<t>ph),lap((4>l3h)) , 

where 7ap is a diffeomorphism from (<pp)2(Ua H Up) to (<f>a)2(Ua H Up). The 
family 7 = {ia,p}a,p£A satisfies the cocycle condition, that is for every 
a, (3,5 € A and for each x € UaC\Up DUs 

Ja,s(X) = 7a,p 0 7/3,5 (x) • 

We will call this family the holonomy cocycle of the regular foliated atlas U. 

REMARK 2.3 ([CaCo]). The submersion (<pa)2 : Ua —> M1 let us to identify 
all transversals Sa^x for each x e Ua, so we can use Sa instead of 5Q j I . 
Therefore, if a, (3 € A and UanUp ± 0, we view 7a>p as a diffeomorphism 
from an open subset of Sp onto an open subset of Sa. It is clear that y 

belongs to the domain of 7Q)(g if and only if the plaque Py C Up intersects a 
unique plaque Pz C Ua, where Pzf)Sa = {z} and 7a,p(y) = 
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2.2. Modulus 
Let (M, J7) be a smooth oriented foliated Riemannian n-manifold and 

dimT = k. We denote by L p ( M ) (p > 1) the space of measurable and 
p-integrable fc-forms u; on M with norm 

M 

where <tm is the volume form of M. 

DEFINITION 2.4. Let £ C T. By adm(C) we denote the family of all fc-forms 
on M such that 

1. a; € Lp(M), 
2. > 1 for almost every leaf L G £, 
3. u> is almost everywhere positively defined (i.e. for almost every x 6 M 

and for every orthonormal positive oriented base e\,..., e^ 6 TXT holds 
u>(ei,...,e fc) > 0). 

Elements of adm(C) we call admissible forms for C. 

DEFINITION 2.5. The p-modulus of £ we define by 

modp(M, C) = inf ||w||. 
w&aam(C) 

If there exists an admissible form u> such that ||OJ|| = modp(M, C) we call 
it an extremal form for C and denote by loo(C). If C = T we have a modulus 
of a foliation T . 

The modulus has some usefull properties [Bl]: 

1. it is monotone and countable subadditive, i.e. 

modp(M,Ci) < modp(M, £ 2 ) , if £ 1 C £ 2 , 

and 

(modp(M, C)f < Y , (modp(M, Ci))p , if £ = [J £ , 
iGN i€N 

2. if N is an open subset of M and £ C J", then 

modp(M, C ( l N ) < modp(N, £|iv), 

where £|jv = {L fl N, L e £ } and N is the saturation of N in T, 
3. i f £ c J F and Ni,N2 are open subsets of M, such that for almost every 

leaf L G £ we have L n Ni ^ 0 and L n N2 ^ 0, then 

(rnodp(M, £))t~P > (modp(Nu + (modp(N2, C\n2))^, 

4. A family £ C T is p-exceptional if and only if there exists an admissible 
form ui for £ such that u> = 00 for almost all leaves L € £, 
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5. If the volume of M is finite, then the family of leaves 
C = {L € T\ volL = 00} is p-exceptional. 

2.3. Integrability of forms 
In this paper we will need the following version of the Fubini theorem: 

T H E O R E M 2 . 6 ([Pi]). Let M and N be Riemannian manifolds of dimension 
m and n respectively (m > n), f: M —> N a submersion, and Jj— Jacobian 
of the mapping df(x)\{keTdf(x))-i- • If h: M R is an integrable function on M 
then for almost every y 6 N the integral 

F(x)= J hj-Cf-Hy) 
f~Hv) f 

is finite, the function y F(y) is measurable, integrable over N and 

\ haM = \ F crjv . 
M N 

We will need also the following lemma: 

L E M M A 2 . 7 . Let u be a k-form on M. For every leaf L of a foliation T an 
inequality 

I H ^ S M ^ 
L L 

holds, provided u> and are integrable over L. 

Proof . Let U = {Í7¿}¿ej be a locally finite cover of M and let x 6 £/¿0 for 
some io € T. Let us denote by e\,..., en an orthonormal basis of smooth 
vector fields in Í7¿0, such as for every 1 6 Ui0 e i (x) , . . . , efc(x) is a positively 
oriented basis of TXT. Consider a /c-form 

w = ^iv-i^h A ' ' ' A e¿fc> 1 < ñ < • • • < ifc < n 
h—ik 

and assume that supp(u) C Ui0. Than we have 

i S "i...fce;A---Ae£ < \ J E w i H t e l A ' " A e í = 1 

Lr\Ui0 LnUi0 Lr\Uio y h-ik Lr\UiQ 

and consequently 
(2.1) I 5 w < ¡ W aL-

Lnui0 Lnui(j 

Now assume, that there is no % € 2", such that supp(u>) C U{. Let us 
denote by {ips}seN a partition of unity subordinate to the cover U i.e. a 
family of functions ips:M R with supp{\j>a) C Us, satisfying for any x G M 



A modulus and an extremal form of a foliation 943 

the two following conditions 
0 < V ( x ) < l and = 1. 

s 

Then u> = (ipsu) and, using (2.1), we obtain that for any s 

| \ = | \ V'sW < \ \lpsUj\ = \ \l/}sui\ . 
Lnu. LriU, 

Therefore 

I s H = I s s ^ H = I e s ^ H - s I s -
L L s€N seNL sGN L 

< J I ^ i <Tl = £ j H ^ = 5 (x: M aL = J M , 
s€N L SGN L L sen 

what completes the proof. • 

3. Results 
3.1. Conformal invariantness 

Consider two n-dimensional Riemannian manifolds M\ and M2 and dif-
feomorphism /: M\ —> M2. Let x G Mi. Denote by e i , . . . , en and ¿1 , . . . , en 

orthonormal basis of TXM\ and Tj^M^ respectively. Then there exist real 
numbers Ai > • • • > An such that f*{e*) = A*e* and the number 

is f*\ (Ai • • • An)n Ks{f) = esssup- — 
16M *n-s+1 • ' ' ^n 

is called s-dilatation of diffeomorphism /. 
If Ai = • • • = An then Ki(f) — ... = Kn(f) = 1 and / is conformal. 
In [Kr] Krivov proved that if p = n/k then for every family A € Lp(M^) 

hold inequalities 
Kkif)-1 inf llr,!! < inf , ||w|| < K n . k ( f ) inf 

vzA wefA r) eA 

We will use this fact to prove the following 
THEOREM 3 . 1 . Let (Ml, Fi), (M2, Ti) be n-dimensional foliated Riemannian 
manifolds with dimT\ = dimTi = k. If f : Mi —> M2 is a diffeomorphism 
preserving orientation and foliation then for p = n/k we have 

Kk(f)-1 modp{M2,J:2) < modp(Mi,Jri) < Kn_k(f) modp(M2,^2). 
Proof. Let (Mi,^1), (M2, Ti) and f\M\ —• M2 satisfy the assumptions of 
the theorem. Let x 6 Mi and (U, <p) be a chart on Mi around x. Denote 
by e i , . . . , e „ and ¿1, . . . ,en positive oriented orthonormal bases of smooth 
vector fields in U and f(U), respectively, such that e i , . . . , ejt € TT\\u and 
ei , . . . ,e j t € T F 2 \ m . Then f*{e*) = A¿e* for some real numbers Ai > 
• • • > An. Notice that Aj are positive, since / preserves orientation. 
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We will show that 

(3.1) f*(adm(T2)) = adm(^i). 

Let uj be an admissible A:-form for Ti . Then locally 

u\u = E ^ii-ifce^ A • • • A e*fc, 1 < ¿i < • • • < ik < n 
»l-ifc 

and 

= /*( E ^ A • • • A ^ ) 
il-ifc 

= E K - i f c ° / ) r ( ^ k A - - - A r ( e % 
¿1—t fc 

= E ( " i i -H 0 /) Xh • • • K eij a • • • A e\k-
h—ik 

Hence 
/*(w ) (e l> • • •, e*;) = Ai • • • Afc u)\...k{f{x)) > 0, 

and is almost everywhere on M\ positively defined. Since u> e hp(M2) 
we have 

|/Xz)|2p = ( E (An '" ••Aifc " i ,~ i k { f { x ) ) ) 2 ) P 

h—ik 

¿1-lfc 

< (Ai)2fcp|o;(/(a:))|2p < oo, 
whence f*u> € i f (Mi) . 

Moreover, because / preserves the foliation and u> is admissible for T<i, 
for almost every L e J i the relation 

L f(L) 

holds and consequently f*uj € adm{T\). 
Hence f*(adm(Jr2)) C adm(!Fi). Analogously we can prove that 

adm^i) € f*{adm(Jr2)) and the equality (3.1) holds. Now, applying the 
Krivov's theorem, mentioned above, to families adm(Ti) and adm(Ti) we 
obtain 

Kk{f)~l mod^M^Ti) < mod^M^Tx) < #»_*(/) modp(M2,^2), 

what completes the proof. • 

From Theorem 3.1 it follows immediately 

COROLLARY 3.2. For p = n/k p-modulus of foliation is a conformal invari-
ant. 
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3.2. The modulus of a foliation given by a submersion 
Now we are going to find an extremal form and calculate a, value of 

modulus of foliation in a special case. 

THEOREM 3.3. If a foliation F on M is given by a submersion f with con-
nected levels then 

modp
p(M,Jr) = J ( j j f * <7Lxy~P*f(M), 

f(M) Lx 

and the k-form on M 

f \ = -JZ <?LX 

S J f - 1 OLx 
Lx 

is an p-extremal form for T. 

Proo f . Let T be a foliation on M defined by a submersion with connected 
levels and let u 6 adm{T). For each y € f(M) there exists x 6 M such 
that f~l{y) = Lx, where Lx is the leaf of T passing through the point x. 
According to the Fubini theorem we have 

\ \u(X)\p aM = S ( j K * ) l 
M f(M) XLx

 Jf ' 
By admissibility of u) and by Lemma 2.7 for almost every x € M it holds 

( ! M * W J ) P > 1 . 
Lx 

Using the Holder inequality we obtain 

5 K * ) | P - ± - a L z . ( \ JfP^(x))p~1 > 1 , 
Lx

 Jf^X> Lx 

and consequently 

(3.2) modpP(M,F) > \ ( J j f * ( x ) aLx)l~P af{M). 
f{M) Lx 

On the other hand the fc-form 

Jfi&jx) 
uo{x) = ZJZ °LX 

J JfP-1(x)aLx 
Lx 

on M is admissible for T. Indeed, ojq is almost everywhere positively defined 
(f is the submersion, so its Jacobian J/(x) is everywhere positive) and for 
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almost every x € M 

f f J/?=T(x) 
J ^o = J J~jz °LX = 1 • 

Lx Lx I Jf*~l[x)<TLx 
Lx 

Moreover 

M p = J h ( l ) P < T M = S ( S \u(x)\P-l-crLx)crfiM) 

M /(M) Lx JfVC> 

- \ ( \ J f ^ ( x ) \ 
= \ I J i aLx ) °f(M) 

Lx 

= \ ( \ j f I ( x ) c r L x ) 1 - p ^ m , 
f(M) Lx 

what means that u>o 6 Lp (M) and 

mod/(M, F)< \ ( J j f 1 (x) aLx)1_P crf[M) . 

f(M) Lx 

The last inequality together with (3.1) completes the proof. • 
As a simple consequence of the above theorem let us note the following 

result. 

COROLLARY 3.4. If T is a codimension one foliation given by a submersion 
f:M (a,b) CM. with connected levels then 

b l 

mod/(M, T) = J ( i ||grad /||p=t OLx) P dt, 
a Lx 

where f(x) = t and the (n — \)-form on M 
i 

Hgrflrf/ll»»-! 
uo{x) = ^rz aLx 

I \\gradf\\p~i aLx 

Lx 

is an p-extremal form for the foliation T. 

3.3. Extremal forms 
Let (M, T ) be an n-dimensional oriented foliated Riemannian manifold 

and dim J7 — k. 

LEMMA 3.5. For each almost everywhere positively defined k-form ujELp(M) 

the function f: M —• R given by 

I H j U 
Lx 

is measurable on M. 
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Proof . Let U = {(UA, (J>a)}aeA be a regular atlas of (M, J7). Let (UQ, 4>O) € 
U. For each x EUO we will denote by: 

C(x,r) — a chain {Po,.. . , P r} with the beginning at x such that Po € 
UQ, 

CM(x) — the set of all chains C(x, R) with r <m, 
PM(x) — the set of all plaques of chains from Cm(x), 

and 
BM(x) = UPEPM(X) P-

Prom the regularity of U it follows that CM(x) and PM(x) are finite. 
Let U> € LP(M) be a continuous fc-form defined in UQ by 

UJ(X) = LJI1...IK(X)DXI1 A • • • A DXIK, 1 < i\ < • • • < IK < n, 
il-ik 

where (dxI,..., dxN) is a basis of T*M dual to the basis . . . , of 
TXM, such that (dxI,..., dxspan TXT. 

We are going to prove that the real function fM defined on M by 

I H J LÜ 

B m ( x ) 

is measurable for any m € N. For this purpose we will show that for each 
t 6 R the set AT = {x; fM(x) > t} is open in M. 

Let m € N and t € M. Take x € UQ such that fM(x) > t. According to 
Remark 2.3 for any chain C(x,R) G CM(x) there exists a diffeomorphism 

h C = 7rCr-l ° Tr—l,r—2 0 " " ' ° 7 ^ - 1 € 7, Í € N 

from an open (in SO) neighborhood Dom(hC) of x to an open subset of 
the transversal SR. Moreover, for every chain C(x, R) = {Po, P i , . . . , P r} and 
each y € Dom(hC) there exists a unique chain C(y, R) = {Qo, QI, • • •, Qr} 
such that PI C C/¿ and QI C UI for i = 0 , . . . , R. From now on we will call 
the chain C(y, r) suitable for the chain C(x, r) and the plaque QI suitable 
for the plaque P¿, i = 0 , . . . , r. 

Denote by D = f l cec m (x ) Dom(hC). Then for every y € D the set BM(y) 
crosses all domains of charts containing plaques from BM(x) and conse-
quently PM(x) < PM(y). 

Let y € D. Consider suitable plaques P¿ € B(x,M) and QI G B(y,m) 
contained in (UI, 4>I) for some 0 < i < r. Prom the regularity oí LI and mono-
tone continuity of ui on í/¿ it follows that for every e\ > 0 there exists <$i > 0 
such that if \<f>I2(PI) — 4>Í2(QÍ)\ < Si then for each z € <f>N(Ui) the inequality 

(3.3) \ui o <f>~1(z,cf>i2(Pi)) - w o <f>T1(z,MQi))\ < 
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holds. Moreover 

| j u) - J = | J uji...k dxi • • • dxk - J ui„.k dxi • • • dxk\ 
Pi Qi Pi Qi 

= | \ Wi...fc O 4rl(z, <t>i2(Pi)) dx 1 • • • dxk 
4>n (Wi)x^a(Pi) 

J Wi-Jfc 0 ^ r 1 ! 2 ' toiQ)) dxi • • • dxk\ 
<Mfi)x<M<W 

< S |wi...fc 0(f>r1(z,<j)i2(Pi)) -<Ji...k 

o « ^ ( z , <MQi))l etei • • • dxk < j €i = €i-flk(BT). 
<f>il(Ui)x4>i2(Pi) 

Now consider two pairs (Pi, Qi), (Pj, Qj) for some 0 < i,j < r of suitable 
plaques Pi,Pj € B(x,m) and Qi,Qj € B(y,m) contained in domains of 
(Ui, <pi), (Uj, (pj), respectively, and such that Pi D Pj ^ 0 and Qi fl Qj ^ 0. 
Since U is regular then for every > 0 there exists 62 > 0 such that 

(3.4) (¿kiMPi n Pj) \ MQi n Qj)) < e2 

whenever |<f>i2(Pi D Pj) - <j>i2{Qi n Qj)\ < S2. 
Whence, for each e > 0, there exists 6 > 0 such that if \4>i2{Pi H Pj) — 

MQiDQj)] < 5 then 

| j W - j W <£. 
P.nPj QinQj 

Indeed, for every e > 0 we can take = 2 ^ l ( U i ) ) and e2 = 4supc/ 'nc/, • 

Then there exist <$1, S2 > 0 such that inequalities (3.3) and (3.4) hold. Hence 
if |<t>i2{Pi n Pj) - MQi n Qj)\ < min{<$i, ¿2} then 

I ! W- i = I I 0 ^(zAiiiPi nPj))dxi • • -dxk+ 
PinPj QiHQj 4>i\{Pi^Pj)^4>a{Pi^Pi) 

\ ui...ko<j)il(z,<l)i2{QiC\Qj))dxi---dxk 

4>i\{Qi^Qj)x4>i2(.Qi^Qj) 

< S K..fco^r1(z,^2(Pi DPj)) 
(4>n (PiDPj )n<t>n (QinQj)) x 4>a (P<nP3-) 

- ^...fc o 4>iX{z, MQi n Qj))) dx 1 • • • dxk 

+ \ U)i...kO<j)T1{z,4)i2{Pi^Pj))dxi-•-dxk 

(4>ii{Pi^Pi)\4>n{.Qi^Qj))x4>i2(Pi^Pj) 
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+ S u)\...ko4>ll{z,<t>i2{QiC\Qi))dxi---dxk 

(4>n (Q.nQj )\(t>i i (P,nPJ))x^i2(P1nP :,) 

< ei • /ifc(^ii(Pi n P j ) n <f>n(Qi n Qj)) + 2e2 • sup \u\ < e. 
UiHUj 

One can show that analogous inequality holds for every finite number 
r € N of pairs (Pi, Qi), i = 1 , . . . , r of suitable plaques Pi € B(x, m) and 
Qi 6 B(y,m) contained in domains of (Ui,<pi), respectively, and such that 
Pi n • • • n PT i 0 and Qx n • • • n QT ^ 0. 

Now let A = /m(x) — t and s = Pm(x). Prom above abbreviations it 
follows that choosing D smaller, if necessary, we can assume that for any 
y € D hold inequalities 

| \ u - j < ^ for * = 
Pi Qi Z 

and 

I S w - \ < — for ij = 1,... ,s; r < s, 

D PH D Q^ j<r j^»* 

where Qi € Pm(y) are suitable plaques to Pi 6 P m (x ) for i = 1 , . . . , s. 
Since u> is almost everywhere positively defined we have 

IV 
Bm(y) ^ ¿=1 Qi ij<ii X A ^ 

u Qi «i,...,ifc=i n Qi, n Qi 

5 

> £ ( ! < , - A ) + . . . + ( _ ! ) « £ ( + < - « * £ ) + ••• 
¿=1 KPi L > ij<it V fc £ J 

n ifc=i n pi j 
j=i 

l i p , ' B " < " 
»=1 

> \ ui- X = t. 
Bm( X) 

Therefore x is contained in At together with the open neighborhood D x Pq 
and, consequently, At is open in M. 

Since for every x e M 

lim \ oj = \ u m—> oo J J 
B m ( i ) Lx 
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then the function / : M —• R defined by x \Li u is measurable on M as 
the limit of the sequence (fm)men °f measurable functions. 

Now let u> € Lp(M). The set of all continuous forms is dense in L£(M), so 
there exists a sequence (u>n)n€N of continuous forms convergent to u. Since 
all functions x \L uin are measurable on M we obtain that the function 
/ : M R defined by 

x i—• J U) 
Lx 

is also measurable on M. • 

THEOREM 3.6. If M has finite volume and T is given by a submersion with 
connected level sets then adm(F) is closed in Lp(M). 

Proof . Let / : M — > £ ? C R b e a submersion. Consider a convergent 
sequence (ixJm)m£N of admissible fc-forms for T. Denote its limit by ui and 
suppose that u 0 adm^F). By completness of Lp(M), u> belongs to l £ ( M ) . 
Moreover, (u>m)m6N includes a subsequence convergent almost everywhere to 
oj(X). It means, in particular, that u> is almost everywhere on M positively 
defined. Therefore ui is not admissible for T if the set 

A = [ L e T - . \ u < l } 
L 

is of nonzero measure. By Lemma 3.5 the real function h : x i—• \LxOJ 
is measurable on M, so A = /i_1(—oo, 1) is also measurable on M and, 
consequently, n(A) > 0. 

Since level sets of / are connected we have 

f(A) = { z e B : S w < l } . 

This set, by the Fubini theorem, is measurable as preimage of (—oo, 1) by 
measurable function B B z S/-i(2) ^ € R and HB(f(A)) > 0. 

Hence 

\ iv A f*aB = S ( S u?jaB< \ laB = M b ( / ( A ) ) 
A /(A) f~Hz) f(A) 

and for each m € N we have 

\ ujm A f*oB = \ ( J Wm) > \ 1 = VB{f{A)). 
A f(A) f~Hz) }{A) 

Denote by 
e = »B(f(A))~ j ( j a , ) a B . 

f(A) ¡~Hz) 
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Then for all m € N we obtain 

0<e = fiB(f(A))- J ( J u)aB 
HA) f-H,) 

< S ( \ um)<TB- S ( S ")<>B 
m /-i(«) f(A) f-nz) 

- \ ( \ - w) <tb = | \ ( \ - u j a B • 

f(A) f~Hz) f(A) /-»(*) 

By Fubini theorem and Holder inequality we have 

e < I j (wro - u) A f*(rB\ < j |(wm - u) A f*aB\aM 

A A 

< \ | ( w m - w ) Af*(TB\aM 
M 

< j \um -w| • \f*(TB\ CM 
M 

< ( i k - a M ) l p • ( i <tm)Ejl. 
M M 

v p-i 
Since M has the finite volume then for c = ( \ M | /*cb | P _ 1 p we obtain 
an inequality 

ll^m - > CC - 1 , 

what is a contrary to the assumptions. • 

Krivov in [Kr] proved that a family A of fc-forms has a unique p-extremal 
form if A is closed and convex in !L,£(M). Since the convexity of the family 
admT is obvious, by the above theorem it follows directly 

COROLLARY 3.7 . If (M, !F) satisfies assumptions of Theorem 3 .6 then there 
exists a unique p-extremal form for the foliation T. 

In last two theorems we describe some properties of an extremal form. 

THEOREM 3.8. Ifuo is an extremal form of a family £ C T then for almost 
all leaves L € £ we have 

\ (¿o = 1 • 
L 

P r o o f . Let £ be a family of leaves of the foliation T and let ljo be an 
p-extremal form for £ . Suppose that the set 

A = {x 6 M; Lx 6 £ and \ u0 > 1} 
Lx 

has nonzero measure. By Lemma 3.5 A is measurable, so fi(A) > 0. Consider 
a cover {Cm}m €N of the set f(A) defined for each m € N in the following 



952 D. Blachowska 

way 

= (1 + -—, 1 + — 
V ¿m m 

U (m + l ,m + 2]. 

Since the measure of A is positive there exists mo € N such that the set 
/ - 1 (Cm0 ) has also positive measure. Moreover the measure of B = A fl 
f~1{(Cmo) is positive, too. Now consider the form 

w io>0 xe M\B. 

Since wo is admissible for C then the form u> is almost everywhere on M 
positively defined and for almost all leaves L £ £\B we have 

J u = \ UJQ > 1. 
L L 

By the definition of u> it follows that for L G C fl B we have 

r 2 m0 r ^ 2mo ( 1 \ 
= ^ T i p > + 2 ^ J = 1 ' 

so u> > 1 for almost all leaves L € C. Moreover, 

IMIP = \ \v(x)\p (JM = I 7^—T~ru !o (X ) a M + \ \UO(X)\P<TM = 
M ¿ 27710 + 1 M\B 

^ { x ) ? oM + s M * ) p v m < M p 

what means that cj € L p ( M ) and, simultanously, contradicts with the as-
sumption of extremality of wo- • 

THEOREM 3.9. If an extremal form UIQ of a foliation T is continuous then 
for all vector fields X\,..., Xn-k 6 TJ- we have 

*wop£i,... ,Xn_ f c ) = 0. 

That means, in particular, that for each leaf L € T there exists a real func-

tion f i on M such that 

= fL • <*L, 

where UL is the volume form of L. 

Proo f . Let ujq be an extremal fc-form for T. Suppose that there exists 
xq G M and vector fields Xi,..., Xn-k € TT such that 

(3.5) •w0 (A: i> . . . ,Xn_fc) (®o)^0. 

Consider a chart ([/, (f>) around xo and denote by e i , . . . , en an orthonormal 
positively oriented basis of smooth vector fields on U such that for any x 6 U 
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vectors e i ( x ) , . . . , ek(x) span TXT. Then 

u ~ Y h uh-ikeh A ' ' ' A 1 < ¿1 < • • • < ifc < n 
tl-ifc 

and 

*u> = u>h...ik • s g n < r ( z i , . . . , t f c , ju...,j„_fc)e£ A • • • A e*jn_k , 
h-ik 

where j i , . . .,jn-k € {1, . . . , n} \ { i u ... ,ik}, 1 < ji < ••• < jn-k < n 
and <r(ii,.. .,ik,ji, • • • ,jn-k) is a permutation of ( n , . . . , i k , j u ..., jn-k). 
By continuity of oj, choosing U smaller, if necessary, we can assume that the 
condition (3.5) holds in whole U. Since X i , . . . , Xn-k € TT then for every 
x €U we have 

(«1 -k 4 + 1 A • • • A ..., X n _ f c ) ( x ) = 0 . 

This condition together with (3.5) gives the existence of a multiindex i\ • • • ik 

^ 1 • • • k such that ajj1...jfc(x) ^ 0. 
Now let W be an open subset of U such that W CU. Consider a conti-

nous function / : M —• R defined by 

f l dla i € M \ C/, 
dla x e W . 

Then 
w = / ( o ; 0 - 0Ji...kel A • • • A e£) + LJh..ke\ A • • • A ek 

is continous, positively defined fc-form on M identical with u>o on M \ U. 
Since 

uj = u\...ke\ A'"AeJ+ £ / " ^h-i^h A "'' A < 
»i-t^l-fc 

h-ik 

we have 

\ U — j w + \ w = j wo+ J e\ A • • • A ek = j UJQ 

L L\U Lnu L\U Lnu L 

for any leaf L of T. Moreover, for all x 6 U the inequality 

M x ) \ 2 = u i . k ( x ) + s a - u v . , ^ ) ) 2 

¿l-ifc/l-fc 

<w?...fc(x)+ 53w?...ifc(a:) = M ® ) | 2 holds. 

»l-ifc 
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Therefore lj is admissible for T and 
IMP = S \u(x)\r <rM = S \u,{x)F aM + J | w ( * ) p oM 

M M\U U 

< S \MX)\P*M+\\UO(X)\P<7M <\\u>o\\P, 

M\U U 

what contradicts with extremality of ojq. » 
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