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ABSTRACT VARIABLE DOMAIN HYPERBOLIC 
DIFFERENTIAL EQUATIONS 

Abstract. An abstract problem is studied for a class of linear hyperbolic differen-
tial equations with variable domain and non-local boundary conditions. Existence and 
uniqueness of the strong solution are proved. 

1. Introduction 
This paper is devoted to the study of a boundary value problem for 

hyperbolic differential operator equations with variable domain and non-
local boundary conditions. 

Let T > 0, be given, H is a Hilbert space and (A(i)} is a family of 
unbounded operators in H, such that for all £ € [0, T], A(t) are self-adjoint 
positive and densely definite. We suppose also that their domains D(A(t)) 
are dependent on t. We look for an ii-valued function it(i) which solves the 
following boundary value problem: 

(P) 
d?u 

Cu = - ^ + A(t)u = f ( t ) 
du du 

V = u | t=o - = V ; * i „ « = ^ | t = o - = 

where /x is a complex parameter, f(t) is an if-valued function, (p and t/> are 
given in H. 

In the case where the operator coefficients have constant domains, var-
ious important results were proved under different assumptions; see [1, 4, 
5, 6]. The proofs were based on energy inequalities in [4, 5, 6], or on the para-
metric construction and a subsequent use of the Laplace transformation for 
the corresponding problem in the first work. 

A version of the problem (P) with homogeneous Cauchy boundary con-
ditions was studied in the works [8, 9]. 
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The aim of the present paper is the study of the boundary value problem 
(P) in a general case, with f(t) / 0 and with nonhomogeneous, non-local 
boundary conditions. 

Summary of the paper is as follows: 
In Section 1, we give notations, present main assumptions and describe 

functional spaces. 
In Section 2, we prove the uniqueness of the strong solution. For this 

purpose, we use the regularizing operators. 
Section 3 deals with the existence of the strong solution. We prove that 

the range of the operator L^ generated by the problem (P) is dense. Then 
we give some examples, which illustrate the considered problem. 

Let us remark that the literature for parabolic linear variable domain 
problem is wider than the hyperbolic one. We can mention the very recent 
papers [2, 3]. 

2. Notations, main assumptions and functional spaces 
As previously mentioned, let H be a Hilbert space with the norm |.| and 

the inner product (,). 
We solve the following boundary value problem: 
Find a strong solution u to the equation 

Su 
(1) Cu = ^ + A(t)u = f(t) 

with nonhomogeneous and non-local boundary conditions: 
du du 

(2) e 0 t l u = U U = 0 - ^|t=T = if ; t^u = — - = </>• 

We denote by I the interval ]0, T[ C M, T < oo. 
The functions u and / are two ¿-variable functions from I to H] fj, is a 

complex parameter satisfying N < e - 2 o T 

The constant a will be defined latter. 
The linear operators A(t),\/t 6 I, are unbounded in H, with domains 

D (A(t)) depending on t and everywhere dense in H. We impose the following 
assumptions: 

(a) The operators A(t), for t € I are self-adjoint in H and there exists 
a constant ci not depending on v and t such that: 

(A(t)v(t),v(t)) > ci \v(t)\2, V v ( t ) e D ( A ( t ) ) , V i e / . 
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(b) We suppose that the inverse operators to A(t) exist on I and A -1(£) 
are strqngly differentiable with respect to t in H with: 

(c) There exists a constant C2 > 0, not depending on t and u, such that 

- < c2 ( ¿ - H f M O X t ) ) , v t i e H . 

We need the following definition: 

DEFINITION 1. The operator A(t) is strongly differentiable with respect to 
t, in to, on u(to) 6 D(A(to)), if there exists t 6 f(io)/{io} is a 
neighborhood of the point ¿o) such that u(t) e D(A(t)), 

u(t) - u(to) 

and 

Then we have 

t - t 0 t—to 

A(t)u(t) - A(t0)u(t0) 

a(to)eD(A(to)), 

my t — to t—»to 

A (to)u(to) = Pfo) - A(to)a(to). 

We remark that if the domain of the operator A(t) is constant, then we 
find the known concept of the strong differentiability. 

Now, we introduce the following functional spaces: 
Let D{Ax/\t)) ± {0}. We construct the Hilbert space W(t) on D ( A l / \ t ) ) 

for all t G I, equipped with the norm 

Ht = \A^(t)u(t)\. 

The operator generated by the problem (P) is denoted by = 
with the domain 

= 
u e L 2 ( I , H ) , u ( t ) e D ( A ( t ) ) , ^ - , 

A(t)u G L2(I, H), sup t € j |-A(i)«| < oo, k = 1,2 

We denote by Ep the completion of D(LM) with respect to the norm 

IMlJ = (1 - e3aTH2) sM\du(t)/dtI2 + K*)|t2). 
t€/ 

We consider the Hilbert space E = L2(I, H) x W(0) x H, whose elements 
F = (/,¥>, VO are such that || |F|||2 = | |/ | |2 + M 2 + |^|2 is finite. 

For the operator L^ we present the following Lemma: 

LEMMA 2 . If the conditions (a)-(c) hold then D(Lf.,) is dense in L2{I,H). 
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Proof . Let v e L^iJ, H) be such that (it, v) dt = 0 for all u € D (LM). 
We set u = A~1(t)h, t G / , where /i is any function in ¿2(J, H). 

We can easily see that \j (A~l{t)h, v) dt = 0. In particular if v = h, then, 
from the condition (a), we obtain A~l(t)v = 0. Hence v = 0 on I. 

THEOREM 3. Under the conditions of Lemma 2, we get 
(3) |M|J < for all u e 
where K > 0 is a constant independent on /z and on u. 

Proof . Since the operators A(t) are not bounded, we approximate them by 
a bounded and strongly differentiate operators ^ ( i )^" 1 ^) where 

AJ1 = (I + s A)'1 e >0. 
The regularizing operators A'1 have the following properties: 

( p i ) = £ A { t ) A - l { t ) d A ^ ) _ A { t ) A 7 i { t ) i 

(P2) sA(t)A7\t) = I - A^(t), 
(P3) lleACO-Ar1^)«!! = \\u - ^ ( ¿ M l 0 w h e n e °>Vu e H, 

d{A(t)A^(t)) -1 dA~\t) (P4) dt dt 
Ae

 1 is self-adjoint positive operator and commute with A. 
(P5) (Aev, v) > (1 + eci), V v € D(A(t)) and t € I. 

du, We integrate by part the expression 2Reec^r ^(JCU, Ae
 1 —) over the inter-

dt 
val ]0,r[ to get: 

(4) 

+ 2 Re j (Cu, A~\t)^)dt + Re] e'*-«)(u, 
0 d t 0 d t 

J \ dt dt ' dt J 

- R e [ ( ^ . ^ ( t ) ^ ) + ( M W ^ W « ) ' dt. 

In order to bound the right side of (4), we use the properties of the regu-
larizing operators. Using the Cauchy-Schwartz inequality, the ¿-inequality 
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with S = 1 for the second term and the condition (c) for the third one we 
obtain: 

(5) 
t = T 

< e 

+ 2Re\c'lT-'l\Cu\2dt + 2R<i\e<<T~l> A ; 1 i t ) f 
o o d t 

H- c Re j ^ ( f r f * + R * S ^ ( ^ f * 

t = 0 

du 2 

dt 
dt + 

dt. 

Using P3 in (5), allowing e —> 0, we get 

(6) 
du 
dt + M? < e 

t=T 

du 
dt + Mt2 

Jt=0 
du 2 

+ S e*- ')\Cu\2 dt + ( 1 - c) J e ^ ^ dt + (C2 - c) J \u\2t dt. 
0 0 d t 0 

We can see that for c > max(l, C2) = a the last two terms are not 
positive. Then they can be omitted. For c = a, the inequality (6) implies 

(7) 
du 
dt + M? < e aT 

t=T 

du 
dt + H 2 

t=0 
+ j e a ( T " t ) \Cu\2dt. 

j1 ^ 
Now we consider the form 2 Re J ec^T~t\Cu,A~l{t)—)dt and, by using 

T dt 
the same reasoning as before, we prove that 

(8) 

(9) 

du 
dt 

< é ,aT 
+ K 

t=T 

Prom (7) and (8) we get 

du 2 

du 
dt + Mt2 + C«T j c«(T-t) J C u f d t . 

t—T T 

(eaT ~ 1) dt + M? < e ,2 aT 

t=T 

du 
dt + M? 

t=0 

r,-OT du 
dt + M? + e2aT\\Cu\2dt. 

t=T 0 

We need the following 
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LEMMA 4. Let g : I —• H and define 

(10) h = g\t=o ~ M3|t=r, 
where n is a complex parameter satisfying \fi\ < e~2aT. Then we have 

ZaT 
(11) e 3 a T |3 l t = ol 2 " \ 9 \ t = T \ 2 < {l_e

ezarm\h\2-

P r o o f . Prom (10) and the e — inequality, we deduce that 

l 5 U I 2 < ( i + ^ ) H 2 l 5 l t = T l 2 + (1 + ^ _ 1 ) H 2 -

It is enough to choose 
(1 - e^l/xl») 

e 3 a T \n\2 

to get (11). 
Now we come back to the proof of the Theorem (3). Applying the 

Lemma 4 to the inequality (9) we then obtain 

S H ^ a - g ^ 1 * * 1 * 
1 _ e3aT| |2 

Multiplying (12) by 2 a T (we remark that 0 < 1 - e 3 a T | ^ | 2 < 1) 
and taking the least upper bounds for both sides of the resultant inequality 
with respect to r, we obtain the inequality (3) with 

p2aT 
K = 

(12) (eaT-l) 

eaT — 1 
LEMMA 5. Assume that the conditions of Theorem 3 hold. Then L^ is clos-
able. 

We denote by LM its closure with domain of definition 

D(L,) = D(L„). 

DEFINITION 6. A function u satisfying 

L^u = F, 

is called a strong solution of the considered problem. 

By passing to the limit we extend the inequality (3) to strong solutions 
u e £>(!„): 
(13) \M\\l<K\\M\\2, v« e z> (2J,.). 

We can easily prove that 

R(LÏ) = BJJ^) and (Z^)"1 = ( I ? ) . 
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REMARK 1. From the inequality (13) , we deduce the uniqueness of the strong 
solution and the closure of il(LM). 

For the existence of the strong solution, it remains to prove that the 
range R (LM) is dense in E, which is equivalent to R (LfJ)± = {0}. 

3. Existence of the strong solution 

THEOREM 7. Let the conditions ( a ) - ( c ) hold. Then for any F = ( / , <p, ip) € 
E, there exists an unique strong solution u to the problem (P) satisfying 
\\u\\l<K\\\L^u\\\2 for all u € D(Lfj). 

Before proving this Theorem 7 we give an intermediate result: 

PROPOSITION 8. Let the conditions of Theorem 7 hold. Assume moreover, 
that u E Do(Lfj) = {it € DiL^) such that ¿o^u = Zx^u = 0}. Then an 
equality 

T 
(14) \(£u,v)dt = 0,VveL2(I,H), 

o 
holds only for v = 0. 
P r o o f . Let h be any function in H2(I,H) such that u(t) — .A_1(i)/i(i). 
Then (14) is equivalent to 

( 1 5 ) + 2 ^ r L T t + A v-d* + v ) d t = 
Next, let to be a solution of the Cauchy problem: 

( T — = w ( 0 ) = 0. 
dt 

Then we obtain 

- J ^ c r - ^ i ) . 

Now, we integrate the left hand side of (16) by part, set h = w, take the 
double real part and then the resultant equality is 
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( 1 7 ) S 
o(T-t) dw 2 

dt dt = - c R e \(T - t)e<T-*> U~ 2 (*)'_, 
o 1 d t 

dt J 
dt 

- 2 R e J ( T - t ) e < T ^ ( w , ^ j d t . 

We need the following Lemma: 

LEMMA 9. If A? (t)d ^ € Loo(I,C(H)), then there exists a constant C4, 
not depending on u and t such that: 

2 

u <C 3 
1 |2 

A~ï{t)w\ . 

Proof . It is based on the Heinz inequality (see [7]). We can choose C3 = 

ess sup 

(18) 

Using the condition (c), Lemma 9 and that w(0) = 0, we get 
T , , - J - 2 

S eV-*) * 1,.dw 
dt 

< ( - c + 3c2 + l ) 5 ( T - t ) e < T " t > 
1 dw 

A 2 { t ) T t 
dt 

- ¡ [ ( c - c a K T - O + l J e ^ " 0 H2dt. 
0 

One can see that if c > max(l + 3c3, C4), then we have 
2 

JECT-O 

0 
dt = 0. 

dw 
But this implies that — = 0 and consequently v = 0. 

dt 
Proposition 8 is proved. 

P r o o f of Theorem 7. Let V = (v, <¿>1, tpi) € R^^)1 and u any function in 
D(Lp) such that (L^u, V) — 0. We have to prove that V = 0. 
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Firstly and without lose of generality, we suppose that u e Do (LM). 
T 

Then (L^u, V) = 0 implies that \(Cu,v)dt = 0. Prom Proposition 8, we 
o 

conclude that v = 0. Next 

(19) (L^u, V) = 0 becomes (£0liu, ipi)0 + (C^u, V-i) = 0, Vu € £>(£,,). 

Let u(t) = t(T - t)x(t) A~l{t)h, where *(t) = 1 if i e [0,e[(e > 0) and 
0 eleswhere. Then (19) gives (A-1(Q)h,ipi) — 0. Taking into account that 
D (A(0)) is dense in H, we conclude that ipi = 0. 

Finally, if we choose u(t) = A~1(t)h, we obtain that (io^u, <pi)o = 0. 
Then (i4_1(0)/i, ^ i ) 0 = 0. Since D(A(Q)) is dense in W(0) we deduce that 
¥> i=0 . 

Now we give some examples. 

EXAMPLE 1. Let ft be an open bounded domain in Rn with C^-boundary 
T, E denotes the open cylinder fix I and let H = ¿2(0) • 

Consider operators A(t) generated by the differential expression 

A(t)u(x, t) = -Axu(x, t), V(x, t) 6 £ 

and the boundary conditions 
du 

u(x, t )| i e r = 0, and —\xer + a(t)u{x, t)\xer = 0, 

where the function a € C 2 ( / ) is positive. One can prove that {A(i)} satisfies 
the conditions of Theorem 3. 

EXAMPLE 2. We can also choose for A(t) the operators generated by 
n d du 

A(t)u(x,t) = - ] T ^(aij(x,t)—) + b(x,t)u(x,t) 

i,j=i * J 

«(M)Uer = 0, and ^ U e r = 0. 

As in (2), we set 
e0Mu(x,t) = uo(x), e^uix^) = ui(x), 

where the functions uq(x) and ui ( i ) are given, a,{j = aji and b(x,t) axe 
positive functions in C 2 (£ ) , satisfying > where a = 
infx€n|ati(®»i)l-

For those two operators we can prove that the strong solution exists and 
is unique. 
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