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THE NATURAL AFFINORS ON THE r-JET 
PROLONGATIONS OF A VECTOR BUNDLE 

Abstract. It is known that for integers m > 2, n > 1 and r > 3 there are only three 
r-jet prolongations of a vector bundle E with m-dimensional bases and n-dimensional 
fibers. The first one is the usual r-jet prolongation JrE, the second one is the vertical 
r-jet prolongation J%E and the third one is the [r]-jet prolongation In this paper 
for integers m > 2, n > 1 and r > 1 we classify all natural affinors on FrE, where FrE 
denotes JT E 

or JyE or As corollaries we obtain similar results for FrE*, (FrE)* 
and ( F r E * y instead of FrE. 

Introduction 
One can prove (a paper in preparation) that for integers r > 3 and 

m > 2 there are only three r-jet prolongations of a vector bundle E with 
m-dimensional basis. Namely, we have the usual r-jet prolongation JrE of 
E, the vertical r-jet prolongation J^E of E and the [r]-jet prolongation 
jMtfof E. 

In [15] for integers m > 2, n > 1 and r > 1 we classified all natural 
linear operators A lifting a linear vector field X from a vector bundle E 
with m-dimensional basis and n-dimensional fibers into a vector field A(X) 
on FrE, where FrE denotes JrE or JTVE or J^E. In the case FrE = JrE 

we proved that A{X) is a constant multiple of the flow operator JTX. In 
the case FrE = J£E we proved that A{X) is a linear combination of the 
flow operator J^X and some explicitely constructed linear natural operator 
V < l > ( X ) . In the case FrE = J^E we proved that A(X) is a linear com-
bination of the flow operator J ^ X and some explicitely constructed linear 
natural operator U ^ ( X ) . 

An afiinor B on a manifold M is a tensor field of type (1,1) on M. 

Key words and phrases: vector gauge bundle functors, natural operators, natural affi-
nors, jets. 
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A natural affinor B on FrE is a system of invariant (with respect to vec-
tor bundle isomorphisms onto open vector subbundles) affinors B : TFrE —> 
TFrE on FrE for any vector bundle E with m-dimensdional basis and n-
dimensional fibers. 

In the present paper for integers m > 2, n > 1 and r > 1 we classify 
all natural affinors B on FrE, where FrE denotes JrE or J'E or J^E. 
In the case FrE = JrE we prove that B is a constant multiple of the 
identity affinor Id on JrE. In the case FrE = J^E we proved that B is a 
linear combination of the identity affinor Id on J£E and some explicitely 
constructed natural affinor U on J^E. In the case FrE = J^E we prove 
that B is a linear combination of the identity affinor Id on J^E and some 
explicitely constructed natural affinor V an J^E. As corollaries we obtain 
similar results for FrE*, (FrE)* and (F rE*)* instead of FrE. 

Natural affinors can be used to study torsions of connections, see [5]. 
That is why they have been classified in many papers, [1]—[4], [6]—[14], [17]. 
e.t.c. 

The category of vector bundles with m-dimensional bases and vector 
bundle maps with local diffeomorphisms as base maps will be denoted 
by VBm. 

The category of vector bundles with m-dimensional bases and n-dimen-
sional fibers and vector bundle isomorphisms onto open vector subbundles 
will be denoted by VBm^n. 

The trivial vector bundle R m x R n over R m with standard fiber R n will 
be denoted by Rm 'n . 

The coordinates on R m will be denoted by a:1,..., xm. The fiber coordi-
nates on Rm 'n will be denoted by y1, ...,yn. 

All manifolds are assumed to be finite dimensional and smooth. Maps 
are assumed to be smooth, i.e. of class C°°. 

1. The r-jet prolongations of a vector bundle 
The r-jet prolongation functor 
Given a V£?m-object p : E —> M the r-jet prolongation JrE of E is a 

vector bundle 
JrE = {jr

x(7 | cr is a local section of E , x £ M} 
over M. Every V23m-map / : E\ —> E2 covering / : Mi —> Mi induces a 
vector bundle map Jrf : JrE\ —* JrE2 covering / such that 

J r f ( j > ) ^%4/oaor1), fxa € JrE1 . 

The functor Jr : VBm —* VBm is a fiber product preserving vector gauge 
bundle functor. 
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The vertical r-jet prolongation functor 

Given a V0m-object p : E M the vertical r-jet prolongation J^E of 
E is a vector bundle 

JT
VE = { f x a | <r : M -» Ex , x G M } 

over M. Every V#m-map / : E\ —> E2 covering / : Mi —> M2 induces a 
vector bundle map J„f : J^Ei —•• JIE2 covering / such that 

J r
v f { i » = j r

L ( x ) { f ° ° ° r l ) , J> e Jr
vE1 . 

The functor : VBm —> VBm is a fiber product preserving vector gauge 
bundle functor. 

The [ r ] - j e t prolongation functor 
Let p : E —» M be a V#m-object. For any x 6 M we have an unital 

associative algebra homomorphism ' : JX(M,K) —» gl(Jx(M, R)) given 
by 

JxViJxl e R), 77(2:), 7 (2) : M —» R are constant maps. We have a 
vector bundle 

J M £ = (J Homt[:](JrC^ l(E),Jr
x(M, R)) 

xeM 

over M. Here Horn.m (JrC™,f l (E), Jx(M, R)) is the vector space of all mod-
tx 

ule homomorphisms over tir' : JX(M, R) —> gl(Jx(M, R)) from the (free) 
JX(M, R)-module Jr (C^'f'l{E)) of r-jets at x of germs at x of fiber linear 
maps E -» R into the gl(Jr

x{M,R))-module J£(M, R). We call J^E the [r]-
jet prolongation of E. Every V<Bm-map / : E\ —> E2 covering / : Mi —> M2 
induces a vector bundle map j M / : J ^ E i —> jM £2 covering / such that 

•7 I r l / (*) ( j / ( . )0 = J r ( L i d a ) 0 0 / ) ) 

for any $ € iîom.M(JT"C2c'/ i(£;), J^(M,R)), x £ Mi and any fiber linear 
map ( : E2 —• R. The correspondence jM : V5 m —> VBm is a fiber product 
preserving gauge bundle functor of order r, [16]. 

REMARK 1. One can show that JrE and J„E can be constructed simi-
larly as J ^ E using some other algebra homomorphisms tx : JX(M, R) -» 
gl(Jx(M, R)) instead of txK This justifies the name [r]-jet prolongation. If 
r > 3 and m > 2 then only JrE, J„E and JMJS admit such reconstruction 
(a paper in preparation). 

From now on FTE denotes JrE or J IE or J^E. 
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2. The natural linear operators lifting linear vector fields to FrE 
In this section we will cite some results of [15]. 
Let p : E —• M be a VBmi„-object. A projectable vector field X on E is 

called linear if X : E —> TE is a vector bundle map from p : E —> M into 
Tp\TE TM. Equivalents, the flow Fl? of X is formed by V£m,„-maps. 
The space of linear vector fields on E will be denoted by Xun{E). 

A natural linear operator A : T/ in |vem n TFr is an Vi3m)rl-invariant 
family of R-linear operators A : Xun(E) —> X(FrE) for any VZ?m)n-object 
E. The Vi3m,n-invariance means that for any VBm,n-map / : Ei —• E2 and 
any /-conjugate linear vector fields X and Y on Ei and E2 the vector fields 
A(X) and A{Y) are i ? r /-conjugate. 

EXAMPLE 1. (The flow operator) Let X be a linear vector field on a Vt3m!n-
object p : E M. The flow Flf of X is formed by V<£?m)n-maps on E. 
Applying functor Fr we obtain a flow Fr(Flf) on FrE. The vector field 
TrX on FrE corresponding to the flow Fr(Flis called the flow prolon-
gation of X. The correspondence TT : T; injygm n TFr, X —> TrX^ is a 
natural linear operator. 

E x a m p l e 2 . Given a linear vector field X on a V£?miTl-object E covering a 
vector field X on M we define a vertical vector field V<1>(X) on J„E as 
follows. Let y = jr

xa € Jr
vE, a : M Ex, x <E M. We put 

V<1>(X)(y) = (y,fx(Xa(x))) G {y} x (Jr
v)xE = VyJr

vE C TyJr
vE , 

where Xa{x) : M —> Ex is the constant map. The correspondence F< 1 5 > : 
Tandem „ TJ„ is a natural operator. 

E x a m p l e 3. Given a linear vector field X on a Vi3m,n-object E covering 
a vector field I o n M and a module homomorphism $ : J rC%°'f l(E) —» 
J£(M,R) over t[

x
] : J£(M, R) gl(Jx(M, R)) (i.e. $ € J[J]E, x € M) we 

have a linear map • JrC™'f l(E) -> JX(M, R) given by 

$x(<r)=jr
x(X'y(x)) , 

<7 € JrC™'f l(E), 7 : M —> R, jT
x7 = Xj(x) : M -» R is the 

constant map. The linear map : JrC^'f l(E) —> JX{M, R) is module 
homomorphisms over iir ' : JX(M, R) —> gl(Jx(M, R)) as easily to verify. 
Consequently, we have vertical vector field U ^ ( X ) on JWE by 

UW(X)* = ($, $x) e { $ } X J^E = V*jWE , 

$ € J[I]E, x e M. The correspondence U^ : Tlin\VBm ri T j M is a 
natural linear operator. 

In [15] we proved the following classification theorem. 
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T H E O R E M 1 . ( [ 1 5 ] ) Let r > 1, m > 2 and n > 1 be integers. 
(a) Any natural linear operator A : T/ in |vsm „ TJr is a constant 

multiple of the flow operator Jr. 
(b) Any natural linear operator A : Tun\vBm n TJ£ is a linear combi-

nation with real coefficients of the flow operator J^ and V/<1>. 
(c) Any natural linear operator A : Tun\\>Bm T JM is a linear combi-

nation with real coefficients of the flow operator J^ and the operator U^. 

3. Examples of natural affinors on FrE 
A V£Jm)n-natural affinor B on FrE is a family of V#m)n-invariant affinors 

B : TFrE -> TFTE for any VBm,„-object E. The invariance means that 
B o TFrf = TFrf o B for any VBm>n-rnap / . 

E X A M P L E 4 . (The identity affinor) For any V£?mjn-object E we have the 
identity map Id : TFrE -> TFrE. The family Id is a V£m ,n-natural affinor 
on FrE. 
E X A M P L E 5. Let p : E M be a VBm n-object. Define U : TJ'E VJ'E 
by 

U(v) = ( y , f x ( T P ( v ) a ) ) e {y} x (J r
v ) x E=V y J r

v E , 
V e TyJIE, y = fxa € (Jy)xE, X e M. Here Tp{v)a : M -» Ex is the 
constant map, the differential of a : M —> Ex at Tp(v). The family U is a 
V5M,N-natural affinor on J„E. 
E X A M P L E 6. Let p : E -» M be a V£m,n-object. Define V : TJ^E -> 
VJWE by 

V(v) = ($,STp(v)) € {$} x , 

v e T*jWE, $ € J[
x
r]E, X € M. More precisely, $ : JrC™'f l(E) -» 

JX(M, R) is a module homomorphism over t^ : JX(M, R) —> gl(J£(M, R)). 
*TP(v) • JrC?>!\E) Jr

x(M, R), <t>Tp(v)Ur
xO = fx(Tp(v)7), ill = 

jx£ €. J r C ^ ' { l { E ) , is also a module homomorphism over t x \ i.e. $tp(V) € 
Jx^E, see Example 3. The family V is a V<Bm>n-natural affinor on J^E. 

4. The main result 
The main result of the present paper is the following classification theo-

rem. 

T H E O R E M 2 . Let r > 1, m > 2 and N > 1 be integers. 
(a) Any VBm,n -natural affinor B on JrE is a constant multiple of the 

identity affinor Id. 
(b) Any VBm^n-natural affinor B on J£E is a linear combination with 

real coefficients of Id and U. 



714 W. M. Mikulski 

(c) Any VBmtn-natural affinor B on J^E is a linear combination with 
real coefficients of Id and V. 

To prove Theorem 2 we need the following lemma. 

L E M M A 1. Let r,m,n be as in Theorem 1. Let B be a VBm^n-natural affinor 
on FrE such that BoTTX = 0 for any linear vector field on E. Then B = 0. 

P r o o f of L e m m a 1. It is sufficient to show that B = 0 over 0 6 R m . 
We fix a basis in the vector space FQ Rm , i l . 

Step 1. B is of vertical type. Consider 

TIT O B : (TFRRM'N)0=RM x F0rRm 'n x i^R™'™ T 0Rm . 

Using the invariance of B with respect to the fiber homotheties we deduce 
that TN o B(a,u,v) = TTT O B(a,tu,tv) for any u,v € F 0 r R m - n , a € R m , 
i ^ 0. Then T V o B(a,u,V) = TN O B(a,u, 0) for u,v,a as above. But 
(a, u, 0) = Tr(al gfr)u- Then TTT O B(a, u, 0) = 0 because of the assumption 
of the lemma. Then B is of vertical type. 

Step 2. B=0. Consider 

pr2oB: (TFrRm'")0=Rm x F0rRm 'n x F0rRm 'n F0rRm>n , 

where pr2 : (FF rRm 'n )0=F0 r 'Rm 'n x R m , n F0rRm-n is the projection 
onto the second factor. Using the invariance of B with respect to the fiber 
homotheties we deduce that pr2 o B(a, tu, tv) = tpr2 o B(a, u, v) for o, u, v as 
in Step 1. Then pr2oB(a, u, v) is a linear combination of the coefficients of u 
and v (with respect to the obvious basis in the vector space FQ R m ' n ) with 
coefficient being smooth maps in a because of the homogeneous function 
theorem. On the other hand, since B is an affinor B(a,u,v) is a linear 
combination of the coefficients of a and v with coefficient being smooth 
functions in u. We see that pr2 o B(a,u, 0) = 0 by the same reason as in 
Step 1. We also see that (0,v,v) = TrLv, where L is the Liouville vector 
field on Rm ' n , and consequently 5(0, v, v) — 0 because of the assumption of 
the lemma. Hence B(a, u,v) = 0 for all a,u,v as above. • 

P r o o f of T h e o r e m 2. Lemma 1 says that a VSmin-natural affinor B 
on FrE is uniquely determined by the vector fields BoTrX for linear vector 
fields X on E. On the other hand BoTTX is a VSm)Tl-natural linear operator 
lifting linear vector fields on E into FrE. Using Theorem 1 (a) we know that 
B o JrX = aJrX. Hence B = aid. This complete the proof of Theorem 2 
for FrE = JrE. Using Theorem 1 (b) we complete the proof of Theorem 2 
for FrE = J^E. Using Theorem 1 (c) we complete the proof of Theorem 2 
for FrE = J W J B . • 
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5. Some versions on the main result 
We say that an affinor B : TE —• TE on a vector bundle E is linear if 

B(X) is for any linear vector field X on E. 

PROPOSITION 1. Let B be a VBmtU-natural affinor on FrE (resp. FrE*, 
(.FrE)*, (FrE*)*). Then B is linear. 

P r o o f . Observe that a vector field X on a vector bundle E is linear iff 
(bt)*X = tX for t ^ 0, where bt is the fiber homothety on E. 

Observe also that Frbt is the fiber homothety on F r R m , n if bt is the 
fiber homothety on R m , n . 

Let X be a linear vector field on F r R m ' n . Then (F r b t )*X = tX for any 
t / 0. Then (Frbt)m(B(X)) = tB(X) because of the invariance of B with 
respect to bt. Then B(X) is a linear vector field on F r (R m , n ) . 

Similar method we use for FTE\ (F r E )* and (FrE*)* • 

There is a natural involution (dualization) ()* : VBm,n —> VBm,n, E —> 
E*, f —> ( / - 1 ) * . Given a linear vector field on a vector bundle E we have 
the dual linear vector field X* on E* such that if ft is the flow of X then 
(ft'1)* is the flow of X*. 

LEMMA 2. Let B : TE —> TE be a linear affinor on a vector bundle E. Then 
there is one and only one linear affinor B* : TE* —> TE* on the dual vector 
bundle E* such that B*(X*) = (B(X))* for any linear vector field X on E. 

P r o o f . We use local vector bundle cordinate argument. If 

B = a{(x)dxi + bMxtfdx* ® ^ + cs
k(x)dyk ® A 

then 
d d d 

B* = a{(x)dxi biie(x)vkdxi ® — + cs
k{x)dvk ® — , 

where ( x \ y k ) are vector bundle coordinates on E and (xl,vk) are the dual 
vector bundle coordinates on E*. • 

Using Proposition 1 and Lemma 2 one can easily deduce from Theorem 
2 the following versions of Theorem 2. 

THEOREM 3. Let r > 1, m > 2 and n > 1 be integers. 
(a) Any VB m n -natural affinor B on JrE* is a constant multiple of the 

identity affinor Id. 
(b) Any VBmiTl-natural affinor B on J„E* is a linear combination with 

real coefficients of Id and U. 
(c) Any VBm,n-natural affinor B on J^E* is a linear combination with 

real coefficients of Id and V. 
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THEOREM 4. Let r > 1, m > 2 and n > 1 be integers. 
(a) AnyVBmfn-natural affinor B on ( JrE)* is a constant multiple of the 

identity affinor Id. 
(b) Any VBmin-natural affinor B on (J£E)* is a linear combination with 

real coefficients of Id and U*. 
(c) Any VBm>n-natural affinor B on (J^E)* is a linear combination 

with real coefficients of Id and V*. 

THEOREM 5. Let r > 1, m > 2 and n > 1 be integers. 
(a) Any VBm,n-natural affinor B on (JrE*)* is a constant multiple of 

the identity affinor Id. 
(b) Any VBm!n-natural affinor B on (J^E*)* is a linear combination 

with real coefficients of Id and U*. 
(c) Any VBm^n-natural affinor B on (J^E*)* is a linear combination 

with real coefficients of Id and V*. 

References 

[1] M. Doupovec , I. Kolar , Natural affinors on time-dependent Weil bundles, Arch. 
Math. Brno 27(1991), 205-209. 

[2] J. Ganca rzewicz , I. Ko la r , Natural affinors on the extended r-th order tangent 
bundles, Suppl. Rendiconti Circolo Mat. Palermo, 30 (1993), 95-100. 

[3] I. Kolâr , P. W. Michor , J. Slovak, Natural Operations in Differential Geometry, 
Springer-Verlag, Berlin 1993. 

[4] I. Kolâr , W. M. Mikulsk i , Contact elements on fibered manifolds, Czech Math. J. 
53 (128) (2003), 1017-1030. 

[5] I. Kolâr , M. Modugno , Torsions of connections on some natural bundles, Diff. 
Geom. and Appl. 2 (1992), 1-16. 

[6] J. Kurek , Natural affinors on higher order cotangent bundles, Arch. Math. Brno 
(28) (1992), 175-180. 

[7] M. Kures , W. M. Mikulsk i , Natural operations lifting vector fields to bundles of 
Weil contact elements, Czech. Math. J., to appear. 

[8] W. M. Mikulsk i , Natural affinors on r-jet prolongation of the tangent bundles, 
Arch. Math. Brno 34 (2)(1998), 321-328. 

[9] W. M. Mikulsk i , Natural affinors on (JrT*)*, Arch. Math. Brno 36 (2000), 261-
267. 

[10] W. M. Mikulsk i , The natural affinors on ® f eT ( r ) , Note di Matematica 19 (2) (1999), 
269-274. 

[11] W. M. Mikulsk i , The natural affinors on generalized higher order tangent bundles, 
Rend. Mat. Appl. Roma VII 21(2001), 339-349. 

[13] W. M. Miku l sk i , Natural affinors on (Jr's'q(.,R1'1^)*, Comment. Math. Univ. 
Carolinae 42,4 (2001), 655-663. 

[14] W. M. Mikulsk i , The natural affinors on (JrT*'a)*, Acta Univ. Palack. Olomuc., 
Fac. Rerum. Natur., Mathematica 40 (2001), 179-184. 



The natural affinors 717 

[15] W. M. M i k u l s k i , Natural operators lifting linear vector fields from a vector bundle 
into its r-jet prolongations, Ann. Polon. Math. 82.2. (2003), 155-170. 

[16] W. M. M i k u l s k i , On the fiber product preserving gauge bundle functors on vector 
bundles, Colloq. Math. 82.3 (2003), 251-264. 

[17] J. T o mas , Natural operators transforming projectable vector fields to product pre-
serving bundles, Suppl. Rend. Circ. Mat. Palermo II (59) (1999), 181-187. 

INSTITUTE OF MATHEMATICS 
JAGIELLONIAN UNIVERSITY 
Reymonta 4 
K R A K 6 W , POLAND 
E-mail: mikulski @ im.uj.edu.pl 

Received March 3, 2003. 




