DEMONSTRATIO MATHEMATICA
Vol. XXXVII No 3 2004

Andrzej Piatkowski

ON THE LEAVES OF A PREFOLIATION
OF A K-DIFFERENTIAL SPACE

Abstract. The definition of a prefoliation (M, F) of a K-differential space and the
theorem about regularity of the inclusion of a leaf of a prefoliation are reminded. An
example of a pair (M, F) of K-differential spaces with the same set of points, which shows
that even if the identity of .M is an immersion F — M and (top M, top F) is a topological
foliation in the sense of Ehresmann then (M, F) has not to be a prefoliation, is given. In
the end, we show that if L is a proper leaf of a prefoliation (M, F') then the both structures
of a K-differential spaces coincide on L.

1. Introduction

In [10] the notion of a K-differential space was introduced. This notion
is a generalization of the notion of the differential space in the sense of
Sikorski ([6]). The definition of the K-differential space seems to be specially
interesting from the point of view of the theory of foliations. Namely, in [10]
it was proved that if R is an arbitrary equivalence relation on the set .M
of points of a K-differential space M then one can define a structure of a
K-differential space in the set of equivalence classes. Moreover, the topology
determined by this structure is equal to the quotient topology of the topology
determined by the K-differential space M.

In [3] we have introduced the definition of a prefoliation of a K-differential
space. This definition is based on the definition of a topological foliation
([1},]2]). The notion of a prefoliation of a K-differential space is a particular
case of the notion of a topological foliation and, at the same time, it is a
generalization of such notions as a prefoliation of a manifold ([4],[9]), a Stefan
foliation ([7],[8]) and a regular foliation ([5]). In [3] we have shown that, for
a prefoliation (M, F), the identity mapping of the set of points of M is a
smooth mapping of the K-differential space F' into M. Moreover, there is a
proof of the regularity of this mapping. As a corollary, we have obtained the
regularity of the natural inclusion of a leaf into M.
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In the present paper, we construct an example which shows that for
two K-differential spaces F' and M with the same set of points, even if the
identity mapping is an immersion F' — M and the pair (top M,top F') is a
topological foliation then (M, F') has not to be a prefoliation. We also prove
that if L is a proper leaf of a prefoliation (M, F'), i.e. both topologies top M
and top F' coincide on L then the structures of K-differential spaces M and
F' coincide on L. More precisely, the equality My = Fy, = F|L holds.

The paper consists of six sections. In section 2 we remind the notion of
a K-differential space and smooth mapping of K-differential spaces. Section
3 contains the definition of a tangent space and a tangent mapping. Some
elementary properties of a tangent mapping are proved. In section 4 we
define a prefoliation of a K-differential space and present some elementary
properties of the prefoliation which are proved in [3]. Section 5 is devoted
to the constuction of the example mentioned above. In the end, in section
6 we prove the main theorem of the present paper. We show there that
if topologies of M and F coincide on the leaf L then the structures of K-
differential spaces also coincide on L.

2. K-differential space
Let K be an arbitrary field with a non-trivial norm (we can think here
about R or C). Let M be a family of functions with values in K. Define the set

M = U D,
aEM
which will be called the set of points of M. In the set of points of M define
a topology top M as the weakest topology containing the family
{a"1(B) : B is open in K and a € M}.
Next set
anM :={po(ai,..om) :meNand ay,..,0, €M
and ¢ is an analytical function defined on an open
set in K™ with values in K}.
If AC .M then
M|A :={c|ANDy:ac M}
and
My = {,3 : VpepﬁauetongaeM (p ceUNAC Dﬁ/\ UcD,
ABUNA=alUNA)}.
It is easy to see that
(2.1) M|AC Ma.
The family M4 will be called a localization of M to the set A.
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From the above definition we have

PROPOSITION 1. Let M be a family of functions with values in K. If B C
A C .M then

Define now a K-differential space.
DEFINITION 1. The family M of functions with its values in K is called a
K-differential space, if the condition
anM=M=My
is fulfilled.

Let M be an arbitrary family of functions with its values in K. One can
prove the following

PROPOSITION 2. The family (an M) ps is the smallest K-differential space
with the set .M as the set of points, containing M.

DEFINITION 2. The K-differential space (an M) pr is called the K-differential
space generated by a family M.

It was proved in [11] the following

PROPOSITION 3. Let M be a K-differential space and A C .M. Then M4 C
M if and only if A € top M.

The above proposition gives

COROLLARY 1. Let M be a K-differential space and A € topM. Then
M|A= Mjy.
Let M, N be K-differential spaces.

DEFINITION 3. The mapping f : .M — .N is said to be smooth if for each
B € N we have Bo f € M.

If the above condition holds then we write f: M — N.

It is obvious that if f : M — N then f : topM — topN ie. fisa
continuous mapping respective to the topologies top M and top N.

3. Tangent space, tangent mapping

Let M be a K-differential space and p € .M. Define M(p) := {a € M :
p€ Dy}
DEFINITION 4. Any K-linear mapping v : M(p) — K such that

v(a - B) =v(a) - B(p) + a(p) - v(B)
for a,B € M(p) is called a vector tangent to M at p. The family of all

vectors tangent to M at p forms a vector space. This vector space is said to
be tangent to M at p. It is denoted by Tp M.
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It is easy to see that if v € Ty M, U € top M and o € M then
(3.1) v(a) = v(a|U).
Let M, N be K-differential spaces and f : M — N. For each p € .M,

the mapping f determines a linear mapping (fs), : Tp M — Ty(y) N called
a tangent mapping. Namely, for v € T, M and 3 € N(f(p)) we have

((£e)pv) (B) = v(B o f).

DEFINITION 5. The mapping f : M — N is called an immersion, if for each
p € .M the tangent mapping (fs)p is a monomorphism.

Let AC .M and ¢ : A — .M. We have the following

LEMMA 1. The mapping ¢ is smooth My — M and ¢ is an immersion.
Moreover, if A € top M then for any p € A the mapping (L*)p is an isomor-
phism.

Proof. Let 8 € M, then fot = B|A € M|A C My by (2.1). Thus
LMy - M.
Let p€ A and v € Tp M4. Assume that (L*)p’l):O, so for any S e M

(3.2) v (B14) = ((w),v) (B) =0.

Let @ € M4 (p). Then there exist U € top M and 8 € M such that pe U N
ACDyandU C Dgand olUNA = BJUNA. Remark that UNA € top M4
([11],[3]). Therefore, by (3.1) and (3.2) we get

v(@) =v(e|UNA)=v(BlUNA)=v((Bl4)[UNA)=v(F]A) =0.

Thus v = 0.
Assume now that A € top M. Let w € T, M. Define v: M4 (p) — K by

the formula
v(B)=w(p).

The definition is correct since 8 € My C M by Proposition 3. It is obvious
that v is an element of T, M4. Moreover, by (3.1)

(), ) (@) =v(al4) = v(a) = w(a)
which means that (ux), v = w. Thus ¢4 is an epimorphism. =

It is easy to prove
LEMMA 2. Let M, N, P be K-differential spaces. If f : M— N andg: N—P
then go f: M — P and for any p € .M the equality
((go f)*)p = (g*)f(p) °© (f*)p

holds. Moreover, if f,g are immersions then go f is an immersion.
We have
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PROPOSITION 4. Let M, N be K-differential spaces and AC. M. If f: M— N
is an immersion then f|A: M4 — N and this mapping is an immersion.

Proof. Remark that fl{A = fo¢ with:: A< .M. Obviously, by Lemma 1
and Lemma 2 we have the assertions. =

4. Prefoliation of a K-differential space
Let M be a K-differential space.

DEFINITION 6. A pair (M, F) of K-differential spaces is called a prefoliation
of M iff

1).F=.M,

2) top F' is locally connected,

3) Vpe M3UctopF(p € U A Fy = My).
Connected components of top F are called leaves of (M, F).

It is easy to see that the notion of a prefoliation is a generalization of
the notion of the regular foliation, and of the Stefan foliation. Moreover, if
(M, F) is a prefoliation of a K-differential space M then (top M, top F) is a
topological foliation in the sense of Ehresmann ([1],[2]).

It is not difficult to prove the following

THEOREM 1. If (M, F) is a prefoliation of a K-differential space M then for
the mapping f =id pr we have f: F — M.

Proof. If 8 € M then for each p € .M denote by U, such a neighbourhood
of p in top F' for which
Fy, = My,.

Thus we get an open covering {Up}pe.m of the set .M respective to top F’
with
BlU, € M|U, C My, = Fy,.
Therefore 8 € F since F' is a K-differential space. =
From the theorem we get

COROLLARY 2. Let (M, F) be a prefoliation of a K-differential space M.
Then topM CtopF and M C F.

We also have

THEOREM 2. If (M, F) is a prefoliation of a K-differential space M then the
mapping [ = id ps is an immersion F — M.

Proof. Suppose that (f.)p(v) = O for some v € T, F. Then for each
B € M(p) we have v(Bo f) =0, i.e. for each G € top F with p € G by (3.1)
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we have

(4.1) v((Bo f)IG) =0

Let a € F(p). There exists U € top F such that p € U and Fy = My by
the definition of a prefoliation. Therefore, a|DyNU € F|U = Fy = My by
Corollary 1. Thus there exist V € top M and v € M such that pe VNU C
Dy and V C Dy and 4|V NU = a|V NU. Obviously v € M(p) and because
of Corollary 2, VN U € top F. Consequently,

v(a) =v(alVNU)=v(HIVNU)=v(yo fIVNU)=0

by (4.1). Thusv=0. =

Using Proposition 4 we simply get
COROLLARY 3. If L is a leaf of a prefoliation (M, F) then idy, : Fy, — M is
an tmmersion.
COROLLARY 4. If L is a leaf of a prefoliation (M, F') then My, C F|L.

Proof. The assertion follows directly from Corollary 2 and the simple fact:
ifMCF, M=.Fand AC .M then Mgy CFy. =

5. Example
In the present section we construct a pair (M, F') of K-differential spaces
such that

1°.M = .F;

2° top F' is locally connected;

3%id ps : F — M is an immersion;

4° (top M, top F) is a topological foliation;

5° (M, F') is not a prefoliation of a K-differential space.

To this end, we introduce a new definition of the tangent space T, M.
Let M be an arbitrary K-differential space and p € .M. In the set M(p)
define an equivalence relation in the following way:

a = <= Jyectopm(p €U AU = |U),

for a, B € M(p). The equivalence class of a function a € M(p) will be called
a germ of « at p and will be denoted by & = [a]p. Obviously, the value of a
germ & at the point p is well defined. The set of all germs at p with naturally
defined addition and multiplication forms a ring. It follows from the equality
an M = M and from the fact that M contains all constant functions on open
sets in top M ([11]). Denote this ring by R,,. It is easy to check that the set

m, = {£ € Ry : {(p) = 0}
is an ideal in R,. One can prove the following
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PROPOSITION 5. The K-vector spaces T, M and (mp/mf,)* are isomorphic.

Let F' be the R-differential space generated by the family of all continuous
functions defined in R. For each p € R the vector space Ty, F' is zero-
dimensional.

Let M be the R-differential space generated by the family of all C*
functions defined in R. Analogously as in [6] for differential spaces in the
sense of Sikorski, one can prove that for each p € R the tangent space T, M
is one-dimensional.

Remark that top M also is the natural topology in R.

For the pair (M, F) we have:

1) .M =.F=R,

2) top F' is locally connected as the natural topology in R;

3)idg : F — M since M C F and this mapping is an immersion since
dim T, F' = 0 for each p € R;

4) (top M, top F') is the trivial topological foliation since top M = top F'
is the natural topology in R;

5) (M, F) is not a prefoliation since for each U € top F' = top M we have
My = M|U ¢ F|U = Fy by Corollary 1.

6. Proper leaves
Using the definition of a prefoliation one can prove

LEMMA 3. If (M, F) is a prefoliation of a K-differential space then for each
B € F and for each p € Dg, there exist G € topF and o € M such that
p € G C Dg and B|G = ¢|G.

Proof. Let 8 € F and p € Dg. By the definition of a prefoliation there
exists U € top F' such that p € U and My = Fy. Remark that, since Dg €
top F', the set V := U N Dy is an open (respective to top F') neighbourhood
of p contained in U. By Proposition 1 and Corollary 1 we have My =
(My)y = (Fu)y = Fv = F|V. Therefore, 5|V € My which means that
there exist W € top M and a € M such that p€ WNV C Dgy =V and
W C Dy and oW NV = gIWNV. By Corollary 2, top M C top F, so if we
set G:=WnNV thenpe GetopF and G C Dg and B|G =a|G. =

Let (M, F) be a prefoliation of a K-differential space M and let L be a
leaf of (M, F).

DEFINITION 7. The leaf L is said to be proper if (top F') |L = (top M) |L.
We have the following

THEOREM 3. Let (M, F) be a prefoliation of a K-differential space M and
L be a proper leaf of (M, F) then

M = F|L.
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Proof. The inclusion My, C F|L holds for each L by Corollary 4.

We show that F'|L C M. Let v € F|L. By a local connectedness of
top F' we have L € top F' and consequently v € F|L C F by Proposition 3.
By Lemma 3, for each p € D,, there exist V € top F and 3 € M such that
p€V CD,CLand~|V = pg|V. Since L is proper, there exists W € top M
such that V = WNL. Let p € D, and define U := W N Dg € top M and
a = B|U € M by Proposition 3. Then we have

)peUNLCDysinceUNLCWNL=V C D,

2) U C D, (in fact the equality holds);

NalUNL=pIUNL=BWNLND, =vWNLND,=~UNL since
wnLnD,CV.

By 1)-3) and the definition of the localization we have v € M. =
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