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TRANS-SEPARABILITY IN SPACES OF CONTINUOUS
VECTOR-VALUED FUNCTIONS

Abstract. Let X be a completely regular Hausdorff space and E a Hausdorff topolog-
ical vector space (TVS). In this note, we study the notion of trans-separability for certain
subspaces of Cy(X, E) endowed with the o-compact-open and some related topologies.

Let X be a completely regular Hausdorff space and E a Hausdorff topo-
logical vector space (TVS) with a base W of balanced neighbourhoods of 0,
and let Cp(X, E) (resp. Cre(X, E) ) denote the vector space of all continu-
ous F-valued functions f on X such that f(X) is bounded (resp. relatively
compact). Let Co(X, E) be the subspace of Cy(X, E) consisting of those
functions which vanish at infinity. If X is compact, Cp(X, E) = Cr(X, F) =
Co(X, E). When E is the real or complex field, Cp(X, E) = Co(X, E) and
we denote this by Cp(X) and Co(X, E) by Co(X). The o-compact-open
topology o (resp. compact-open topology k, countable-open topology o9) [4,
5, 11] on Cp(X, E) is defined as the linear topology which has a base of
neighbourhoods of 0 consisting of all sets of the form

N(A,W) = {f € Cy(X, E) : f(4) S W),
where A varies over all o-compact (resp. compact, countable) subsets of X
and W € W. The uniform topology u on Cy(X, FE) is the linear topology
which has a base of neighbourhoods of 0 consisting of all sets of the form
N(X,W), where W € W. Clearly, 0p < 0 < u and k£ < o. Further,
by ({11}, Theorem 3.3), ¢ = u iff X = A for some g-compact subset A;
k = o iff every o-compact subset of X is relatively compact; op = u iff X is
separable. For any A C X, let || . |4 denote the seminorm on Cy(X) given
by || f |a= sup,ea |f(z)], f € Cp(X). We shall denote by Cy(X) ® E the
vector subspace of Cy(X, E') spaned by the set of all functions of the form
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¢ ® a, where p € Cy(X), a € E, and (¢ ® a)(z) = p(z)a, z € X. Let BX
denote the Stone-Cech compactification of X. Each g in Cy(X) or Cro(X, E)
has a continuous extension § to X and the spaces Cp(X)®F and C.(X, E)
are linearly isomorphic to Cp(8X) ® E and Cp(3X, E), respectively. Recall
that a TVS F is called admissible if the identity operator on E can be
uniformly approximated on compact subsets by continuous operators with
finite dimensional range [12]. Every F-space with a basis, in particular [,
(0 < p < o0), is admissible ([18], p. 101). We shall require the following
known result. We sketch its proof for the sake of completeness (cf. [18],

[11}).

THEOREM 1. Cp(X) ® E is u-dense (hence also o-, og-dense) in Cro(X, E)
in each of the following cases:

(i) X is a normal Hausdorff space of finite covering dimension and E
any TVS.

(ii) X is any Hausdorff space and E an admissible TVS.

(ili) X is any completely reqular Hausdorff space and E a locally convez
TVS.

Proof. (i) Since X is a normal Hausdorft space of finite covering dimension,
BX is also of finite coveing dimension [3]. Thus, by ([18], Theorem 1),
Cp(BX) ® E is u-dense Cy(BX,FE), and so the results follows from the
above observation.

(ii) Let f € Cre(X, E) and W a neighbouhood of 0 in E. Since f(X) is
compact and E is admissible, there exists a continuous map 9 : f(X) — E
with finite dimensional range such that ¥(f(z)) — f(z) € W for all z € X.
By using the same argument as that of ([18], Proposition 1), we see that
Yo feC(X)®E, and so f is in the u-closure of Cp(X)Q E.

(iii) If E is localy convex, then ([18], Theorem 1) remains valid without
the assumption of finite covering dimension on X, and so the result follows
asin (i). »

A locally convex space is L is called seminorm-separable if, for each
continuous seminorm p on L, (L, p) is separable. The following two classical
results are stated for reference purpose.

THEOREM 2. (i) [13, 20] (Cp(X), || -II) is separable iff X is a compact metric
space.

(ii) [16, 20] If X is locally compact, then (Co(X), || .||) is separable iff X
is a o-compact metric space.
THEOREM 3. [5] The following statements are equivalent:

(a) (Cy(X),0) is seminorm-separable.
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(b) (Cb(X),00) is seminorm-separable.
(c) The closure in BX of each o-compact subset of X is metrizable in

BX.

A uniform space L is called trans-separable if every uniform cover of
L admits a countable subcover ([7], [6]). This notion has occured to be
useful in the work of ([14], [1], [15]) while studying the metrizability of
precompact sets in locally convex spaces (see also [9]). Drewnowski [2] had
actually coined the word “trans-separable” and it has been further used by
Robertson [15]. Recently, in [10], the author has introduced a generalized
notion of separability in the TVS setting and characterized it for vector-
valued function spaces endowed with the strict and compact-open topologies.
This notion may be defined equivalently, as follows. Let (L,7) be a TVS
whose topology is generated by a family Q(7) of continuous F-seminorms
[21, p. 2]. Then (L, 7) is called F-seminorm-separable if (L, q) is separable
for each ¢ € Q(1). Clearly, separability implies F-seminorm-separability;
the converse holds in metric spaces.

The following result establishes the equivalence of the notions of trans-
separability and F-seminorm-separability.

ProOPOSITION 4. A TVS (L, T) is trans-separable iff (L,q) is separable for
each g € Q(7).

Proof. Suppose L is trans-separable, and let ¢ € Q(7). For each n > 1, let
Vo = {z € L: q(z) < 1/n}, a balanced neighbourhood of 0 in L. Then, for
eachn > 1, U, = {z + V, : 2 € L} is a uniform cover of L, and so it has a
countable subcover U}, = {:rfcn) +Vo:keN}. Let D= U;’L°=1{a:§c") :k e N}
To show that D is dense in (L, g), let y € L and € > 0. Choose N > 1 such

that 1/N < €. Since U}, is a cover of L then y € m%v) + Vy for some K € N.

Thus ¢(y — x%\l)) < 1/N < € and hence (L, q) is separable.

Conversely, suppose (L, q) is separable for each ¢ € Q(7). Let {z + U :
z € L} be any uniform cover of L, where U is a neighbourhood of 0 in
L. Choose a balanced neighbourhood V of 0 in L with V +V C U. Pick
q € Q(7) such that W = {z € L : q(z) < 1} C V. Let {z,} be a countable
dense subset in (L, q). Since L = Uzer(z + V), then for each 2, € L, there
exists some z,, € L such that 2, — z, € W. Let y € L. Choose z;, such that
q(y — zx) < 1. Then

y~zk=y—2)+(z—xzk) EW+WCU,
and so L = Up>1(zn + U). =

THEOREM 5. Let E be any non-trivial TVS. Then the following statements
are equivalent:
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(a) (Co(X) ® E,0) is trans-separable.

(b) (Co(X) @ E, 0y) is trans-separable.

(c) The closure in BX of each o-compact subset of X is metrizable in
BX and E is trans-separable.

Proof. It is obvious that (a) implies (b).

That (b) implies (c) follows from Theorem 3 and the fact that both
(Cy(X),00) and E are isomorphic to subspaces of (Cp(X) ® F, 0p) via the
maps ¢ = ¢ ®a (0 # a € F fixed) and 2 — 1x ® 2, respectively.

(c) implies (a): By Theorem 3, (Cy(X),0) is trans-separable. Fix a o-
compact subset A of X and a balanced W € W. We need to show that there
is a countable set H C Cp(X) ® E such that Co(X)® E = H+ N(A,W).

For every pair m,n € N choose a balanced U, , € W so that, for Vi, , =
Unn + mUnn + Unp n, one has

Vin + -+ Vinn (n-summands) C W.
Also, choose a countable set D, , in E so that E = Dy, o+ Upn. Let D be
the union of all these sets Dy, , (m,n € N).

Next, for each k£ € N denote By = {f € Cp(X) : || flla £ 1/k} and choose
a countable set Gy, in Cp(X) so that Cp(X) = G, + Bg. Let G be the union
of all these sets Gy (k € N).

We are going to show that the countable set H = H, w of all functions
in C’b(X) ® E of the form h = )], g; ® d;, where g; € G and d; € D
(¢=1,...,r,r € N), is as required.

Take any f € Co(X)® E. Then f =37, fi ® a; for some fi,...,fn €
Cp(X) and ay,...,a, € E. Let m € N be such that ||filla < m for ¢ =
1,...,n,and next choose k € Nsothat k~la; € Upp fori=1,...,n. Bythe
definitions of Dy, ,, and Gy, there are dy,...,d, € Dy, and g1,...,9x € Gk
such that

a; —d; €Uppn and |fi—gilla <1/k fori=1,...,n.
Now, fori=1,...,nand z € A,
(x)  fi(z)a; — gi(z)d;
= (fi(z) — gi(z))ai + fi(z)(ai — di) + (gi() — fi(x))(a: — ).
Hence (using the fact that Uy, , is balanced)
fi(@)ai — gi(2)di € U+ MUnmn + Unin = Vinn.

In consequence, setting h = 3 -, gi ® di, we have h € H and for every
TEA,

—~ h(z) = Z(fz(z —gi(@)d) e W
sothat f—he N(A,W). n



Trans-separability in spaces 615

REMARK (I). A somewhat more transparent variant of the above proof that
(c) implies (a) can be based on Proposition 4. Thus, one has to show that
for any o-compact subset A of X and any continuous F-seminorm p on E,
the space (Cy(X) ® E,pa) is separable , where pa(f) = sup,cqp(f()).
Now, let G be a countable subset dense in (Cy(X), ||||a), and D a countable
set dense in (E,p). Take any f =37 | fi ® a; in Cp(X) ® F, and choose
m € N so that || f;|la < m for each ¢. Givene >0, let g = > 1, ;i ® d;,
where g; € G and d; € D. Assume that ||f; — gi||la < ¢ for all 7 and some
as yet unspecified 0 < § < 1. Then, making use of (*), it can be easily seen
that

pa(f—9) < Z (Ifi — gill aai)
+ P(IllelA(az di)) + p(Ilfi — gill a(a: — di)))
< > (p(dai) + (m + L)p((ai — di).

i=1
But this can be made less than ¢ by taking ¢ sufficiently small and choosing
the d;’s in D sufficiently close to the a;’s. It follows that the countable set
of all g’s of the above form is dense in (Cp(X) ® E,pa).

(I). If Co(X) @ E is u-dense in Cr.(X, E) (cf. Theorem 1), then clearly
Theorem 5 holds with Cy(X) ® E replaced by C,.(X, E). We do not know
of any general assumption on X other than its compactness in Theorem 1
ensuring that Cp(X) ® F is o- or gg-dense in Cy(X, E). However, without
this density assumption, the following holds.

THEOREM 6. (Cy(X, F),0) is trans-separable < (Cp(X, E), 00) is so.

Proof. [=] This follows from the fact that o¢ < 0.

[«=] Suppose (Cy(X, E), ¢) is not separable. We show that (Cy(X, E), 00)
is also not trans-separable, i.e., if H = {f,} is any countable set in Cy(X, E),
then there exist a countable set B = {z,} C X and a W € W such that
Cy(X,E) # H+ N(B,W). Since (Cy(X, E), 0) is not separable, there exists
a o-compact set A C X and a W € W such that Cy(X, F) # H+ N(B,W).
Then there exists an f € Cy(X, E) such that f—f, ¢ N(A, W) foralln > 1.
So, for each n > 1, there exists an z, € A such that

f(zn) — fnlzn) ¢ W.

Thus, if B = {2,}, f — fn ¢ N(B,W) for all n > 1. Hence Cy(X, E) #
H + N(B,W), and so (Cy(X, F), 0p) is not trans-separable, as desired.

Next, using Theorem 2 and the method of the proof of Theorem 5, we
obtain:
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THEOREM 7. Let E be a TVS. Then:

(a) (Co(X) ® E, u) is trans-separable iff X is a compact metric space and
E is trans-separable.

(b) Suppose X is locally compact. Then (Co(X)® E, u) is trans-separable
iff X is a o-compact metric space and E is trans-separable.

Again we remark that, if Cp(X) ® E (resp. Co(X) ® E) is u-dense in
Cy(X, E) (Co(X, E)), Theorem 6 remains valid with Cp(X)®F (Co(X)®E)
replaced by Cy(X, E) (Co(X, E)).

Finally, we give some examples concerning the above results and remarks.

ExaMpPLES. For 0 < p < 1, let [, = [,(N) denote the usual space of scalar
sequences, and let h, = hp(D) denote te Hardy space of certain harmonic
functions on the unit disc D of complex plane (see [17] ). I, and h, are
not locally convex but are locally bounded (hence locally pseudo-convex or
semi-convex [8]) and their duals separate points; I, is separable while h,
is not since it contains a copy of le ([17], Theorem 3.5). Let w be the
first uncountable ordinal and wg the first countable infinite ordinal. Let
2 = [0,w] and Qo = [0,wp], each endowed with the order topology, and
let T = Q x Qo\{(w,wo)}, the deleted Tychonoff plank, with the product
topology ([19]). Then:

1. Cy(X) ® L, is u-dense (hence also 0-, oo-dense) in Cro(X, ;) for any
Hausdorff space X since [, is admissable.

2. (Cp(R2) ® Iy, u) and (Ch(2) ® hp, u) are not trans-separable since
is not merizable and h,, is not (trans-) separable.

3. (Cy(,1p),u) is trans-separable since €y is compact and metrizable.

4. (Cp(T) ® lp, 0) is not trans-separable since, if A = U2,Q x {n}, A
is o-compact and AT = BT = Q x ) which is not metrizable (see [5], p.
259).

Acknowledgement. Theorems 5 and 6 were originally proved for E a
locally pseudo-convex space with nontrivial dual E'. The author is greatly
obliged to the referee for several useful suggestions including the present
general proofs of Theorems 5 and 6 which holds for any non-zero TVS E.
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