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HADAMARD INEQUALITIES FOR WRIGHT-CONVEX
FUNCTIONS

Abstract. In this paper we establish several inequalities of Hadamard’s type for
Wright-convex functions.

1. Introduction
If f : [a,b] — R is a convex function, then

(L1) f(“;’b)< L {fyde<

“b—-a
a

f(a)+ f(b)
2

is known as the Hadamard inequality ([5]).

For some results which generalize, improve, and extend this famous in-
tegral inequality see [1] — [8], [10] — [15].

In [2], Dragomir established the following theorem which is a refinement
of the first inequality of (1.1).

THEOREM 1. If f : [a,b] — R is a convex function, and H is defined on
[0,1] by

b
1 a+b
(12) H(t)— méf(tl"l"(l-t) 5 )d.’L‘,
then H is convez, increasing on [0,1], and for all t € [0,1], we have
a+b 1}
19 () -HOSHOSHO =7 |/@ds

a

In [10], Yang and Hong established the following theorem which is a
refinement of the second inequality of (1.1).
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THEOREM 2. If f : [a,b] — R is a convex function, and F is defined on
[0,1] by

om0~ () ()
(500 ()

then F is convez, increasing on [0,1], and for all t € [0, 1], we have

b
15) - |f@d=FO<F@<Fu=L{20

We recall the definition of a Wright-convex function:

DEFINITION 1 (see [9, p. 223]). We say that f : [a,b] — R is a Wright-convex
function, if, for all z, y + & € [a,b] with £ < y and § > 0, we have
(1.6) fl@+8)+f) < fly+d)+f(z).

Let C ([a, b]) be the set of all convex functions on [a,b] and W ([a, b]) be
the set of all Wright-convex functions on [a,b]. Then C ([a,b]) G W ([a, b]).
That is, a convex function must be a Wright-convex function but not con-
versely (see [9, p. 224)).

In this paper, we shall establish several inequalities of Hadamard’s type
for Wright-convex functions.

2. Main results
In order to prove our main theorems, we need the following lemma:

LEMMA 1. If f : [a,b] — R, then the following statements are equivalent:
(1) f € W{(la,b));
(2) for all s,t,u,v € [a,b] withs <t <u<vandt+u=s+v, we have
(2.1) fFO+f@) S f(s)+f(v).
Proof. Suppose f € W ([a,b]). If s,t,u,v € [a,b], and s <t < u < v,

wheret+u=s+v, thenwecan writez =s,z+d=¢t, y=u,y+ 0 =v,
it follows from (1.6) that

fO+f@f(s)+f(v).
Conversely, if z,y + 8 € [a,b], z < y and § > 0. We may have
r<z+6<y<y+d

or
z<y<z+i<y+d.
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In either case we have, by (2.1), that
f+d+f)<f@+fy+9).
Thus f € W ([a,b]). =
THEOREM 3. Let f € W ([a,b]) N L1 [a,b]. Then (1.1) holds.
Proof. For (2.1), we have
a+b 1 + a+b a+b
() =ma L) o ()]
Sbia S [f (=) +f(a+b-—a:)]dm(a:§a;bga;bga-i-b—w)
o b {0
| f@de+ | f(x)da =b_a§f(z)dm,
a gzﬁ a
b 1 =+
f(“):j”)=b_a | (o) + 1 @)
ZbiaT[f(m)-i-f(a-f—b—a:)]dz (e<z<a+b—z<Db)

2

4 1
[g da:+§f dm:|=b_

This completes the proof. =

b
- Sf(a:) dz.

THEOREM 4. Let f € W ([a,b]) N L; [a,b] and let H be defined as in (1.2).
Then H € W ([0,1]) is increasing on [0,1], and (1.3) holds for all t € [0,1].

Proof. If s,t,u,v € [0,1]] and s <t < u < v, t+u = s+ v, then for

TE [a, “—;b] we have

>tx +(1—t)ib

b23m+(1—s)a+b

+b

2u:c+(1—u)a b2vz+(1——v)

>a

)
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and if z € [%b, b], then

b b
aSsm-{-(l—s)a; Stw+(1—t)a;
Sum-i—(l—u)a;bgvm-i-(l—v)a-i_bSb,

where

[m+(1—t)“;’b] + [ux+(1—u)a;b]

= [sz+(1—s)a;b} + [vm+(1—v)

a+b]

By Lemma 1, we have

f<t:c+(1—t)a—_2té) +f(ux+(1_u)a-;-b)

5f(sx+(1—s)a;rb>+f(vx+(1—v)a;b>,

for all z € [a,b]. Integrating this inequality over = on [a,b], and dividing
both sides by b — a, yields
H(t)+ H(u) < H(s)+ H (v).

Hence, H € W ([0, 1]).
Next,if0<s<t<landze [a,%’l], then

tz+(1—t)g—_2i-£§sx+(1—s)a—2+_b
Ss(a+b—x)+(1—s)a;bSt(a+b—$)+(1—t)a;b,
where
[so+a-92 +[sart-n+a-9 ]
= [t:c-i—(l—-t)a;b] + [t(a+b—x)+(1—t)a+b]-

By Lemma 1, we have

H(s) = bialgf(sa:+(1—s)a-2*_b>dz
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a+b

= S[f(sz+(1—s)a;b)+f<s(a+b—:c)+(1—s)a+b)]dx

b—a 2
gbiagii’[ (tm+(1—t)a;b)+f(t(a+b—x) (l—t)a+b)]dx
=b1asf(tx_*-(l—t)a_i-b)dx:H(t)'

Thus, H is increasing on {0, 1], and (1.3) holds for all t € [0,1].
This completes the proof. =

THEOREM 5. Let f € W ([a,b]) N Ly [a,b] and let F be defined as in (1.4).
Then F € W ([0,1]) is increasing on [0,1], and (1.5) holds for all t € [0,1].

Proof. If s,t,u,v € [0,1] and s <t <u<wv,t+u=s+wv, then

o () er (5) = (5 e+ (45)-

2

< (1;t>a+(%)zg (1;’3)a+( ):z:<bforalla:€[a b,
and
o< (552)o+ (5%) 2 () o+ ()

IA
7N
(=)
o+ o
e
N—
<o
+
N
Pt
noj |
e
N—
8
IA
N
p—t
N+
e

)b-{-(l2v)1:<bforallm€[a,b],
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() (5)) o0 (%) (55))
o () (7)) o ((5)0+ (7))
<0((57) o+ (559)7) 4 ((59) o+ (55))

()5 ))+1((5)++(5)-)

for all z € [a,b]. Integrating this inequality o n [a,b], and dividing
both sides by 2 (b — a), we have

F(t)+ F(u) < F(s)+ F(v),

hence, F € W ([0, 1}).
Next, if 0 < s <t <1 and z € [a,b], then

(557) e (55) == (55)+ (%)

By Lemma 1, we have

b

+




Hadamard inequalities

Thus

(2900 (59 0bm)
+ [f( 1;t>a+ (1—;) (a+b—:c)>
+f(<1—-2*_é)b+ <¥> x)]}dw.

Hence, F is increasing on [0, 1] and (1.5) holds for all ¢ € [0, 1].
This completes the proof. =
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