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CHARACTERIZATIONS BASED ON k£-TH UPPER
AND LOWER RECORD VALUES

Abstract. Let {Y,gk), n> 1} and {Z,(lk), n> 1} denote respectively the sequences of
k-th upper and lower record values of the sequence { X5, n > 1} of independent identically
distributed random variables with distribution function F. Let n, k and = be given posi-
tive integers. We characterize distributions for which one of the conditional expectations
E(v®, | ), B | Y8), Bz, | 2) or (20 | 2,
ample, distributions for which E(Y, %), | ¥,{¥)) has the form E(Y,¥), | ;) = a¥,*) +b
for some a, b € R.

), is linear. For ex-

1. Introduction

Let {X,, n > 1} be a sequence of independent identically distributed
random variables with distribution function (df) F' and probability density
function (pdf) f. Let Xi.,,..., Xn:n denote the order statistics of a sample

Xi,...,Xn. For a fixed k > 1 we define the sequence Ui (1), Ug(2), ... of k-th
upper record times of X1, Xo, ... as follows: Ux(1) = 1, and for n = 2,3,...,

Uk(n) = min {J' > Uk(n—1) : Xjijip-1> XUk(n—-l):Uk(n—l)+k-—1} :

Write
Yrsk) = XUk(n):Uk(n)+k—1) n > 1.

The sequence {Y,Sk), n > 1} is called the sequence of k-th (upper) record

values of the above sequence [3]. Note that for £k = 1 we have v =
XU, (n):Uy(n) = Rn — the upper record values of the sequence {Xy, n > 1}

and that Y¥ = Xy
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Similarly for a fixed k£ > 1 we define the sequence Lg(1), Lx(2), . .. of k-th
lower record times of X1, Xy, ... as follows: L(1) = 1, and for n = 2,3,...,

Li(n) = min {J' > Li(n—1) : Xp.r, (n-1)4k-1 > Xk:j+k—1},
Write
Z® = Xppymy+b-10, n =1

The sequence {Z,(lk), n > 1} is called the sequence of k-th (lower) record

values of the above sequence [7]. Note that for k = 1 we have zd =
Xi:L,(n) := R;, — the lower record values of the sequence {X,, n > 1}
and that Z{¥ = X

The aim of the paper is to characterize absolutely continuous distri-
butions by linearity of regression of k-th upper and lower record values.
We show that E(Y, _kH | v )) is linear iff F' is an exponential, Pareto or
power d1str1but10n function with regression parameters depending on k, and

(Y,S") | Y, +,) is linear iff F' is a negative Gumbel, negative Fréchet or
Weibull distribution function with regression parameters which, in contrast
with the previous case, do not depend on k. These results generalize those
given by [5, 6] where the case k = 1 and r = 1 was considered and by [2]
who studied the case k = 1.

Moreover, we prove that E(Zn +r | Z,(Lk)) is linear iff F' is a negative
exponential, negative Pareto or inverse power distribution with regression
parameters depending on k and E(Z, A | Z,(:_?T) is linear iff F' is a Gumbel,
Fréchet or negative Weibull distribution with regression parameters which
also do not depend on k.

In Section 2 we give definitions of d1str1but10n functions for which the
regressions E(Yy, | ¥4°), B(Y" | Y,\3)), E(Z%, | 289), Bz | 23),),
are linear while in Section 3 we discuss hneanty of regression for k-th up-
per and lower record values. Characterizations of distributions by linearity
of regressions of the k-th upper and lower record values are presented in
Section 4.

2. List of working distributions

In the paper we use the following notation of probability distribution
functions:

e Exp(), ) - the exponential distribution with
F(z)=1-exp(-Mz—17)), z>vA2>0,v€R.



Characterizations based on k-th record values 465

e Par(0, p1,0) — the Pareto distribution with

_q (ErEY .
F(z)=1 (z+5), >pu;0>0, 0,0 €R, u+6>0.
e Pow(#, 1, v) — the power distribution with
v—z\°
F(z‘)=1—(y_u) , p<z<v;0>0 pveR, p<v.

e NG(B,~) — the negative Gumbel distribution with
F(r)=1—-exp (—eﬂ(”"Y)) , z€R;B>0,vy€R.
e NFre(6,+, a) — the negative Fréchet distribution with

a— é
F(z)=1-exp _(a—:c> , z<a;0>0,v,a€R, a>7.

e W(0, 11, 7v) — the Weibull distribution with
r—p\?
F(z) =1-exp —(7_“) , > 0>0, u,yeER, v> p.
e NExp(A, v) — the negative exponential distribution with
F(z)=exp(AM(z-v)), z<v;A>0,veR.
e NPar(0, v, §) — the negative Pareto distribution with

§—v\*
F(z) = , z<v;0>0,v,6€R, v<4.
b—z

e IPow(8, o, B) — the inverse power distribution with
T—a

Fe) = (5%
e G(B,7) — the Gumbel distribution with
F(z) = exp (—e‘ﬂ("’_")) , TER; >0,7v€R.
e Fre(6, i, §) — the Fréchet distribution with
_ 6
F(x)=eXp(— (i_ﬁ) ) T>p;0>0,pu,0€R, p<d.
o NW(4, 1, v) - the negative Weibull distribution with
RN
F(m)=exp(_(z___:'))a I<#;9>0,#,’Y€R,#>’)’-
Moreover, for the df F' we denote
lp =inf{z: F(z) >0}, rr=sup{z: F(z) <1}.

6 ,
) , a<z<fB3,0>0 0Bk, a<p.
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3. Linearity of regression of k-th upper and lower record values
3.1. k-th upper record values

It is known [3] that the pdf of Y,{® is

n

fy0(2) = [~ log(1 = F@))*}[1 - F(z)]*"1f(2)
n (n—1)!

and the joint pdf of the vector (Y,Slk) , Y,Sk)) is
k‘n
(m—-1ln-m-1)!

m-1_ f(z)
[—log(1 — F(z))] lm

_ T n—-m-—1
x <log 1——%) [1-F)F'f(y)

for z < y and 0 for £ > y [4]. Therefore, the conditional density of Y,fi),

fyw yo(@,y) =

given Y P =zis
__K 1-F(2)\"" (1=F()\*" _f@)
31) fyo yowlyle) = (r—1)! (l"g 1—F(y)) (1—F(z)> 1-F(z)
for y > z, and the conditional density of Y( ) given Y,S_‘:_)r =yis
(n+r—1) (=log(l— F(z))*
(n = Dr = D! (~log(1 ~ Fy)))™*~

1-F@)\"™" f(z)
x (bg = F(y)) - F(2)

32  fypoyw (=ly) =

for x < y.
Using (3.1) we see that for z € (Ip,rF)

E( +r | Y(k) = .’l:)
r _ r—1 _ k-1
- Sy k (logl F(w)) (1 F(y)> 1©) g
- 1) 1-F(y) 1- F(z) 1- F(xz)
which for the exponentlal Pareto and power distributions gives
E(Y9 1Y) = an¥,® + b,

where for:
(a) Exp(A,9)
ark =1, brk = 735
(b) Par(0, p,6), 6 > £,

k6 \" k6 \"
o= (mm1) el
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(¢) Pow(6, 1, v)

o= (1) o= {1 (1) )
k= \k0+1/) ' TFT +1) |

For instance, if F' ~ Exp(),~), then for z > «v

2 r=1 —kAy—z
B 1V = 0) = 20 [yl - e Puagy
r 00
= —(7('k)\)1)' S (z + w)u" "t e R dy
-]
(kX" T(r) (kA" T(r+1) og
S -DIEN T E) T RN
Using (3.2) we see that the regression
(n+r-1) 1

33) EY® |8 =y) =

(n—DI(r = 1! (- log(1 - F(y)))"*"~*
y _ T r—1 x

x [ o (~log(1 - F@)"* (o ol )) 1@ g,
Ip

1- F(y) 1- F(z)
does not depend on k. Moreover, we see that for negative Gumbel, negative
Fréchet and Weibull distributions we have

EY® Y5 = eV, + b,

where a,i and b, are a, and by, respectively, for all k > 1 and (c.f. [2]) for:
(a) NG(B,7)

Ly g lobrmiEt  cp
o =1 b= B(n—1)! ,-;oz'!(r—z‘—l)!(nﬂ)z’

(b) NFre(6,~, ), if 6 > 1/n,

_ I'(n+r)I'(n - %)
Fn)(n+r— %)’

T

b, = a(a—1),

(c) W(0,1,7)
_I(n+r)(n+ %)
" Fr)(n+r+ %)’
3.2. k-th lower record values
It is known that the pdf of Z,(Lk) is

b, = u(1 - a).

n

fo0(&) = gy (< Tog Fl@)™ (F@) 1),
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and the joint pdf of (Z,(,’f), Z,(Lk)) is
k" m—1 f(.’L')

fZ,(,’f),Z,(,k) (:L') y) =(m — 1)‘(11 —m— 1)| (_ lOgF((E)) F(IL‘)
F(:E) n—m—1 B
«(loaFy)  F@W)

for £ > y and 0 for z < y [7]. Therefore, the conditional density of Z,(:_?r
given Z,(;k) =z is

kT F()\" ' (F k-
(3.4) fzr(“:gr|z$,") ylz)= (r—1)! (log ng;) (Fgg) f];((i))’

for y < z, and the conditional density of Z,(Lk) given Z,(fzr is
(n+r-1! (=logF(z))"!
n =1 — D (~log F(y))™*"~

()

(35) er(tk)|Z,(,,:2,-(z l y) = (

for z > y.
Using (3.4) we obtain that for = € (Ip,rF)

*) (. K F)\" ' (F)\*! f()
B2 =)= vy (e rs)  (75) 7

F(y) F(z)) F(e)
which for the negative Gumbel, negative Fréchet and Weibull distributions
gives

(230 | 20) = a2 + b,
where for:
(@) NExp(A, v)
r

Qrk = 1, brk = —H;

(b) NPar(,v,6), § > 1/k,

k0 \7 k8 \T7
ark—(ke_l) ) brk—(s{l_(ko_l)}a

(¢) IPow(6, o, B)

- (w7) » ={(wrr) -1}
Ak =\ko+1/) *7T k0 + 1 :
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Using (3.5) we see that for y € (Ip,TF)
(n+r—1) 1
= DY(r - D! (~log F(y))™*""

r—1
X S z (—log F(z))" ! (log ?Ezg) ;,((:;)) dz

which for the Gumbel, Fréchet and negative Weibull distribution gives
E(Zr(zk) | Zr(tlf})-r) = arkZSLIfzr + brk,

where a,j and b, are a, and b,, respectively, for all £ > 1 and for:

(a) G(B,7)

BZP 2% =) =

L (amr—y (=1
a=b b= gjﬂ(r—l—i)!("”)z’

(b) Fre(6, u, 6), 6 > 1/n,

I‘(n+r)1"( =) b= 51 —a)
I"(n)l‘(n+r—71;) ’ ’

(¢c) NW(8, u,7)
B F(n+r)l (n + %)
B F(n)F(n+r+ %),

b, = p(a —1).

4. Characterizations by linearity of regression of k-th upper and
lower record values

4.1. k-th upper record values
THEOREM 1. Let {X;, j > 1} be a sequence of i.i.d. random variables with
df F. If for fized positive integers n,r,k > 1
(4.1) EY® | Y®) =a¥® +b
for some a,b € R, then only the following three cases are possible:

(a) a =1 and X; ~ Exp(A,7) where A= {5 and y €R;

(b) a > 1 and X; ~ Par(8, u, 6) where

0= va ) b

T k(Ya-1) a—1’
and pu € R is such that p+ 6 > 0;
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() 0<a<1 and X; ~ Pow(0, u,v) where

6 va u—b

“kQ-va) " 1-a

and p € R is such that p < v.

Proof. We use Theorem 1 of [2] and the fact that for any k£ > 1 the sequence

{Y,Sk), n > 1} of k-th upper record values from df F' has the same finite-

dimensional distributions as the sequence {R,, n > 1} of record values from
the df F

(4.2) Gir(z) =1— (1 - F(z))*
(c.f. [1]). Then (4.1) is equivalent to
E(Rnyr | Ry) = aR, +0.

It follows from Theorem 1 of [2] that only three cases are possible:
(a) a=1and

Gi(z) =1 —exp (—X(a: - 'y)) , >0,

WhereX=£-a.nd'y€R;

(b) a>1 and
+6\°
Gk(z)zl_(l;_*_a)) z>p,
where v ;
~ a
0“</a—1’ J_a—l’

and p € R is such that u+ 6 > 0;
(¢0<a<1and

]
v—=z
=1-
Gk(m) (V—p) y p<z<Y,
where v :
~ /a
b= V" 1=a

and p € R is such that p < v. Using (4.2) we complete the proof. =

For the regression £ (Y,Sk) | Y,fi)r) we have

THEOREM 2. Let {Xj, j > 1} be a sequence of i.i.d. random variables with
df F. If for fized positive integers n,r,k > 1

(4.3) E(Y,® | Y,5) = oV +b

for some a,b € R, then only the following three cases are possible:



Characterizations based on k-th record values 471

(a) a =1 and X; ~ NG(B,7);
(b) a > 1 and X; ~ NFre(9,~, a);
() 0<a<1and X; ~W(b,ur).

Proof. Note that if (4.3) holds then by (3.3) for y € (I, rF)
(4.) E(Rn | Rntr = y) = BV | YR, =y) =ay +b.
Therefore (4.4) implies that

E(Rp | Royr) = aRpyr +b.
Now the result follows from Theorem 3 of [2]. =

The parameters of the distributions are determined from the respective
formulae for a and b of Section 3.

4.2. k-th lower record values

THEOREM 3. Let {Xj, j > 1} be a sequence of i.i.d. random variables with
df F. If for fized positive integers n,r,k > 1

(45) E(Z, | Z8) = az{ +b

or some a,b € R, then only the following three cases are possible:
fe b h ly the foll h bl
(a) a =1 and X; ~ NExp(},v) where A = —ff and v € R;
(b) a > 1 and X; ~ NPar(8,v,0) where
g=_ Vo  s__b

k({a-1 ~ 1-a’
and v € R is such that v < §;
(c) 0<a<1 and X; ~IPow(8, a, B) where

___Va _ b
b= ta-vay *“a-1

and B € R is such that 8 > a.
Proof. Note that by (3.1) and (3.4)
Fz00 120 W 2) = fygw g (-y | —2),
where {?,fk), n > 1} is the sequence of k-th upper record values from the df
G(z) = 1 — F(—z) with the pdf g(z) = f(—z). Thus, for z € (Ip,TF)
B2, 12 = ) = -BT,D. | ¥ = —a),
which implies that if (4.5) holds true, then
EF,S |70 =2) = az -,

for z € (lg,r¢), where lg = —rp, r¢ = ~lp. Therefore, by Theorem 1 only
the following three cases are possible:
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(a¢) a=1 and
G(z)=1-exp(-Az-7)), z>7,
where r
A=-—1 TER
(b) a>1 and
L [t
G(z)=1 (z+6)’ z>p,
where

g=i § = b
k({a—-1) 1-a’
and u € R is such that p+ 6§ > 0;
(00<a<1and

0
vV—
G(x)—l—(y_“), p<z<u.
_ a _ b
b= ta-va “Ta-1m

and p € R is such that u < v.
Taking into account that G(z) = 1 — F(—z) we get the statement of
Theorem 3. w

In the same way, we can prove the following result, which characterizes
the Gumbel, Fréchet and negative Weibull distributions.

THEOREM 4. Let {X;, j > 1} be a sequence of i.i.d. random variables with
df F. If for fized positive integers n,r,k > 1
E(Z{ | 2{),) = oz, + b
for some a,b € R, then only the following three cases are possible:
(a) a =1 and X; ~ G(B,7),
(b) a > 1 and X; ~ Fre(0, u, 6);
(c)0<a<1 and X; ~NW(0, 1,7).

The parameters of the distributions are determined from the respective
formulae for a and b of Section 3.
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