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LIFTINGS OF P R O J E C T A B L E P R O J E C T A B L E V E C T O R 
FIELDS TO 1-FORMS ON HIGHER ORDER COTANGENT 

BUNDLES OVER F I B E R E D F I B E R E D MANIFOLDS 

Abstract . For an (mi,m2,ni,n2)-fibered fibered manifold Y and a projectable pro-
jectable vector field Z on Y we give a construction of a 1-form A(Z) on the ( r i , . . . , rg)-
cotangent bundle J""l'-->r8*y. It is reflected in the concept of a natural operator Ay: 
T ^ M - p r 0 j \ ^ M m m n i t n Y - 7 1T r l>"> r8*y lifting projectable projectable vector 

fields on a Y to 1-forms on 7 i rl>-> r8*y. We determine all natural operators of this kind and 
prove that they form a free C°° (R ri + r4+ r6+ r8 )-module of dimension 2(rj +r4+rQ+rg). 
We construct explicitely a basis of such module. 

0. Introduction 
Roughly speaking, we generalize the construction of a 1-form A(Z) on a 

higher order cotangent bundle from a vector field Z or a projectable vector 
field Z (in case of the category of fibered manifolds) to the category of 
(7711,7712, rii, ri2)-fibered fibered manifolds. It is reflected in the concept of a 
natural operator over such objects, the classification result on which will be 
also presented. 

We start with the notation of categories over manifolds to be used and 
the survey of already achieved results. We consider the category M.fm of Tri-
dimensional manifolds with embeddings, the category TM. of fibered man-
ifolds and fibered maps, the category TM.m ,n of fibered manifolds with Tri-
dimensional bases, n-dimensional fibers and fibered embeddings. Further, 
we consider the category J ^ M of fibered fibered manifolds with fibered 
fibered maps, [16] and the category /"2Aim i i r n 2 ) n i ) n 2 of (mi,7712,711, n2)-
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dimensional fibered fibered manifolds with fibered fibered embeddings and 
finally the category VB of vector bundles with vector bundle morphisms. 
We follow the basic notation of bundle functors and natural operators from 
the fundamental monograph [4]. The concept of a fibered fibered manifold 
was introduced in [16]. 

Fibered fibered manifolds are surjective fibered submersions between 
fibered manifolds. They naturally appear in differential geometry if we con-
sider transverse natural bundles in the sense of Wolak, [18]. In [17], we have 
classified all product preserving bundle functors on the category T 2 M.. In 
the present paper, we consider a bundle functor •M.m\,mi,n\,ni -» VB 
which does not preserve products, namely the cotangent bundle functor of 
order ( r i , . . . ,r8), [8]. 

We are going to generalize the following results concerning the category 
Mfm together with an r-th order cotangent bundle Tr*M = Jr(M, R)o and 
the category TM.m,n together with an (r, s, g)-th order cotangent bundle 
Tr,s>q*y = M1 '1^, see [14] and [15]. 

In [14], the first author studied the problem how a vector field Z on an 
m-dimensional manifold M induces a 1-form A(Z) on Tr*M. Such a concept 
is reflected in the concept of a natural operator A : T_M fm —» T*Tr*. He 
proved that for natural numbers m >2 and all r, all natural operators A : 
TMfm T*Tr* form a free 2r-dimensional module over C°°(R r). Further, 
the basis of such a module was constructed. 

In [15], the similar problem was studied, i.e. how a projectable pro-
jectable vector field Z on an (m, n)-dimensional fibered manifold Y induces 
a 1-form A(Z) on the (r, s, g)-cotangent bundle Tr<s,q*Y. The problem is 
reflected in the concept of a natural operator A : Tproj\jrMrri n —> x*Tr,a,q*. 
It is proved that for all natural numbers m,n,r,s,q satisfying m > 2 
ans s > r < q all natural operators A : TpTOj\FMjn n —• T*Tr 's '9* form 
a free 2(q + r)-dimensional module over C°°(R9+r) and its basis is con-
structed. 

In the present paper, we are going to extend the above mentioned results 
to fibered fibered manifolds, i.e. we study the problem how an ^A^-project-
able (i.e. projectable projectable) vector field Z on YeOb(Jr2Mmurn2inun2) 
induces a 1-form A(Z) on on the ( r i , . . . , r8)-th order cotangent bundle 
Tru...,rs*Y = Jr^ - '^(Y,R1'1'1'1)0. This problem is reflected in the concept 
of a natural operator A : T^2M_proj^2Mmi jn2 ni n2 T*T r i - - r 8 *. We 
prove that for all natural numbers mi ,m2,ni , r i2 , r i , r2 , . . . ,rs satisfying 
"ii > 2, rg > r4 < rs > rs, r$ > re < 7-7 > r<x and r i < r» for i = 2 , . . . , 8 
all natural operators A : TT2M_pToj\r>Mmi,m2,niin2 T*TTl'-,r** form a 
free C0 0(R r i + r 4 + r 8 + T '8)-module of dimension 2(r1 + r4 + r6 + r8) and we 
explicitely construct the basis of this module. 
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As a matter of fact, natural operators lifting functions, vector fields and 
1-forms to some bundle functors played an important role in all papers 
devoted to prolongations of geometric structures, e.g. [19]. That is why such 
operators are studied, [1]-[17], [19]—[21], etc. Operators like this concerning 
higher-order cotangent bundle functors were studied in [1]—[4], [6]—[11], [14], 
[15], [20], [21] e.t.c. 

Prom now on the usual coordinates on M™1-"12'"1'™2 = R m i x Rm 2 x 
R n i x R"2 are denoted by x1,...,xmi,y1,...,y™2, w1,..., wni, v 1 , . . . , vn*. 
All manifolds and maps are assumed to be smooth, i.e. of class C°°. 

1. Fibered fibered manifold 
The concept of a fibered fibered manifold was introduced in [16]. A 

fibered fibered manifold is a fibered surjective submersion n : Y —* X be-
tween fibered manifolds, i.e. a surjective submersion which sends fibers into 
fibers such that the restricted and corestricted maps are submersions. We 
will write Y instead ir if tt is clear. If n' :Y' —> X' is another fibered fibered 
manifold, a morphism 7r —• 7r' is a fibered map f :Y —>Y' such that there is 
a fibered map fo : X —> X' satisfying n' o / = / 0 o 7r. Thus all fibered fibered 
manifolds form a category which we will denote by T 2 M . The category is 
over manifolds, local and admissible in the sense of [4]. 

A fibered fibered manifold 7r : Y —> X is said to be of dimension 
(mi,m2, ni,n2) if the fibered manifold Y is of dimension (7711+711,7712 + 712) 
and the fibered manifold X of dimension (mi, 7712). All fibered fibered mani-
folds of dimension (mi, 7712, ni, n2) and their local ^r2A/lmi>m2,n1,n2 C 
Every ni)Jl2-object is locally isomorphic to Mmi x R"12 x R n i x 
R"2 —> R m i x Rm 2 where the fibered manifolds forming the total space and 
the basis in this object are considered over R m i x R"1 and R7711' respectively. 
Let us denote such an object by M™1-™2'"1'712. 

In the end of the section, we define the concept of a projectable pro-
jectable vector field as follows. Let 7r: Y —• X be a fibered fibered manifold 
(an F2M mi,m2,ni,n2~°bject). A projectable vector field Z on Y is said to be 
projectable projectable if there is a 7r-related projectable vector field ZQ on 
X, [16]. Further, the flow of a projectable projectable vector field is formed 
by local ^Ai-isomorphisms. 

2. ( r i , . . . ,r8)-cotangent bundles of fibered fibered manifolds 
Let ri,...,r& be natural numbers such that > 7-4 < 7-5 > 7-3, > 
< T7 > r2 and ri < ri for i = 2 , . . . , 8. The concept of the r-jet and of 

the (r, s, g)-jet can be generalized as follows, see e.g. [8]. Let n : Y —> X 
be a fibered fibered manifold being a surjective fibered submersion between 
fibered manifolds pY : Y Y and px : X X. Further, let tt' : Y' X' 
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be another fibered fibered manifold being a surjective fibered submersion 
between fibered manifolds pY' : Y' Y' and px' : X' -* X'. Let y € Y 
be a point and y — pY(y) € Y, x = 7r(y) € X and x = px(x) € X be 
its underlying points. Further, let f,g : Y —» Y' be two fibered fibered 
maps with underlying maps / , g : Y —• Y7, /o,<7o : -X" —̂  X' and A , JTQ • 
X —* X. We say that f,g determine the same (r 1 , . . . , r^- je t at y EY, i.e. 
jru-,rsf = jru-,rsg i f the equalities j f f = jr

y>(f\Yx) = j?(g\Yx), 
j?U\Yy) = jry3(g\YyJ, j?fo = 3?go, j?(fo\XE) = j?(go\Xx), #>(/) = 
jry6(g) ftdlYx) = fy; (9\¥x) and - j?(gQ) hold. The space of all 
( r i , . . . , r8)-jets of fibered fibered maps between fibered fibered manifolds is 
denoted j(ri' -'ra\Y,Y'). The composition of fibered fibered maps induces 
the composition of ( r i , . . . , rg)-jets. 

Let r i , . . . , rg be as above. Let mi ,m2,n i ,n2 be natural numbers. The 
r-cotangent bundle functor Tr* = J r ( - ,R) 0 : Mfm VB ([4]) and the 
(r,s,g)-cotangent bundle functor Tr~s'q* = J(r> , '«)(->11 '1)0 : TMm%n -> 
VB ([5], [13], [15]) can be generalized as follows. The space Tri' -rs*Y = 

0 6 R4 has an induced structure of a vector bundle 
over Y. Every ^2MmitTn2<nUTi2-map / : Y —> Y' induces a vector bundle 
map Tri'-'ra*f : Tri'~'r**Y -U Tri''ra*Y' covering / defined by 

7 ) = i f e - , r i ) ( 7 o r 1 ) 

for any fibered fibered map 7 : Y —> R1 ,1 ,1 ,1 satisfying 7 ( y ) = 0. The cor-
respondence T""1' ' ,r8* : f2 jMm i ,m2 ln1 ,n2 —> VB determines a vector bundle 
functor in the sense of [4]. In what follows, a bundle functor of this kind is 
said to be the ( r i , . . . , rg)-cotangent bundle. 

3. Examples of n a t u r a l ope ra to r s 2>»M-proj\^Mmi ,ma ,n i ,na 
yi-JV! r8* 

Let mi,m2, ni , ri2, r i , . . . , rs be natural numbers as in Section 1. We are 
going to study how a .F2.M-projectable vector field on an (mi, m2, n\, n^)-
dimensional fibered fibered manifold Y induces canonically a 1-form A(Z) 
on TTl' - 'ra*Y. This problem is reflected in the concept of a natural operator 
T ^ M - p r o j ^ M m ^ , ^ - T*T r i r8* in the sense of [4], 

EXAMPLE 1. Let Z be an T2 .M-projectable vector field on an (mi, 7712, rii, 712) 
(fci)i 

-dimensional manifold. For every ki = l , . . . , r 8 we have a map Z : 
T * T r i , . . . , r 8 * y R d e f i n e d b y 

iZ1(jiri'-'rs)7) = Zklli(y) where 7 = ( 7 1 , 7 2 , 7 3 , 7 4 ) : Y -» R1-1-1-1 
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(fci)i (fci)i 
y e Y , 7 ( y ) = 0 and Z = Z o . . . oZ (fci-times). The map Z is well-defined 

since j y r i ' " ' r s ^ = j y r i ' ' ' ra^J follows jy 1 7i = j ^ i i for all fci = l , . . . , r 8 . 

(fci)i 
Then for every k\ = we have a 1-form dZ on T r i , -,TS*Y. The 

(fci)i 
correspondence A : T*Tri'-<ra* defined by 

(*i)i Z dZ determines a natural operator. 

E x a m p l e 2. Let Z be as in Example 1. For every = 1, • • •, »"4 we have a 
(*a) 2 

map Z : T * T r i - - r 8 * y - » R defined by 

( Z ) a 0 ' i r i - - r » ) 7 ) = ^ f c 272(y ) where 7 = (71,72,73,74) : V R 1 , 1 , 1 ' 1 

(fcja 
and y € y , 7(1/) = 0. Then for every = 1, • • •, ^4 we have a 1-form d Z 

on T r i r s * y . The correspondence A : 7 > 2 a , i - P r o j \ F * M m u m 2 , n i , n 2 

(*a)a 
T * T r i r ' * defined by Z 1—> d Z determines a natural operator. 

EXAMPLE 3. Let Z be as in Example 1. For every £3 = 1,... we have a 
(Ma 

map Z : T * T r i r»*Y - > R defined by 

( Z a 0 ' i P , , " " r 8 ) 7 ) = Z f c 3 7 3 ( y ) where 7 = (71,72,73,74) : ^ - » R 1 ' 1 ' 1 ' 1 

(fcsis 
and y € V , 7(2/) = 0. Then for every fc3 = 1 , . . . , r 6 we have a 1-form d Z 

(<=3)3 
o n Tri' ~<r»*Y. The correspondence A : T^M_projljr2Mmi m2 ni n2 -> 

(fcs)s 

T*Tri,—'rB* defined by Z 1—• d Z determines a natural operator. 

E x a m p l e 4 . Let Z be as in Example 1. For every k4 = 1 , . . . , r i we have a 

map Z : T * T r i r«*y —> R defined by 

(M4 Z ( 4 r i - ' r 8 ) 7 ) = ^ f c 474(y ) where 7 = (71,72,73,74) : Y R 1 ' 1 ' 1 ' 1 

(̂ 4)4 
and y € y , 7 ( y ) = 0. Then for every £4 = 1 , . . . , r i we have a 1-form d Z 

(*!4)4 

on TVl r 8 * y . The correspondence A : Tr2M_projl^Mrni m2 ni n2 - » 

(̂ 4)4 
T*Tri'- 'rs* defined by Z 1—• d Z determines a natural operator. 
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E x a m p l e 5. Let Z be as in Example 1. For every k\ = 1 , . . . , rg we have a 
< f c i > i 

1-form Z : TTTl r»*Y -> R on T*T r i ra*Y defined by 

( z \ v ) = (diZ^-^iylTñyiv)) 

for v G (TTr>''ra*)yY, y 6 y , 7 = (71,72,73,74) : Y R1-1-1'1, 7(y) = 0 
and p£(v) =¿ri' -'re)j wherep£ : TTri->ra*Y -> T r i - - r s * F is the tangent 
bundle projection. Further, ñ : Tri'-'ra*Y —• Y is the base projection. The 

< f c i > i 

correspondence A : Tjr2M_projl^2Mmim2niri2 T*Tri'-ra* defined by 
<fcl>X 

Z i-» Z determines a natural operator. 

E x a m p l e 6. Let Z be as in Example 1. For every k<¿ = 1 , . . . , we have a 
<fc2>2 

1-form Z : TTri<- 'r**Y -> R on T*Tri ra*Y defined by 

{z\v) = (d{Zk*-l
l2){y),TñY{v)) 

for t; € (TTr»->r°*)yY, y G Y, 7 = (71,72,73,74) : Y R1-1-1-1, 7(y) = 0 
and py(u) = "'r8^7 wherepy : TTri'-'ra*Y -> Tri->ra*Y is the tangent 
bundle projection. Further, 7?: Tri, "'rs*Y —> Y is the base projection. The 

<*2>2 
correspondence A : Tr2M_proj]jr2Mrni7ri2nin2 T*Tri< <ra* defined by 

(fc2>2 Z t-> Z determines a natural operator. 

E x a m p l e 7. Let Z be as in Example 1. For every ks = 1 , . . . , re we have a 
<<=3>3 

1-form Z : T T r i - - r 8 * F —> R on T*Tri r**Y defined by 

( z \ v ) = {d{Zk^){y)^Y{v)) 

for v G (TTri' -'ra*)yY, yeY, 7 = (71,72,73,74) : Y - R1,1 '1 '1, 7 (v ) = 0 
and PY (V) = ¿RI RS)J where p£ : TTri'-<r**Y -» Tri>~<ra*Y is the tangent 
bundle projection. Further, 5r: Tri' - 'Va*Y —> Y is the base projection. The 

<fc3>3 
correspondence A : Tjr2M_proj\jr2Mmim2nin2 -» T*Tri rs* defined by 

<**>3 
Z i-» Z determines a natural operator. 

E x a m p l e 8. Let Z be as in Example 1. For every £4 = 1 , . . . , r\ we have a 
<*4>4 

1-form Z : TTri< -<ra*Y —• R on T*Tri r**Y defined by 
(¿4)4 
Z {v)^{d{Zk*-l

lA){y\TKY{v)) 
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for V € (TV* r**)yY, y e Y , 7 = (71,72,73,74) : Y - K1'1'1'1, i { y ) = 0 
a n d p $ ( v ) = jy'1'"''r^ry w h e r e p y : TTri re*Y Tri'~'ra*Y is the tangent 
bundle projection. Further, 7r: TVl> -'rs*Y —> Y is the base projection. The 

(Mi 
correspondence A : T j r 2 M _ p r o j

T * T r i r s* defined by 
( M i 

Z i—• Z determines a natural operator. 

4. The classification theorem 
In this section, we are going to formulate the main result giving the 

classification of all natural operators Ay : T'^M-projlJr2Mmi m2 ni n2 ^ ~~* 
T*Tri' -'TB*Y transforming ,F2.M-projectable vector fields on afibered fibered 
manifold Y € Ob(Jr2/Ami,m2,n1,n2) to 1-forms on the ( r i , . . . , ^-cotangent 
bundle of Y. 

The set of all natural operators T*TTl'—'ra* 
is a module over C ,00(RPl+r«+Pe+r*). Indeed, for any f € C 0 0 (M r i + r 4 + r 6 + r 8 ) 
and a natural operator A : Tj^M_proj|^Mmiimai„lina T*Tri r8*, we 
have a natural operator f A : X ? ^ M - P r o j \ 3 ^ M m i , m 2 , n i , n 2 T*Tri r8* de-
fined as follows 

(Ml (M 2 (M 3 ( M i 
(.fA)(Z) = f ( Z ,Z ,Z ,Z )A(Z) 

where Z is an T2M. projectable vector field and 1 < k\ < rs, 1 < < 
1 < < and 1 < k^ < r \ . 

The main classification theorem of this paper reads 

THEOREM 1. Let m\,m.2,n\,n2,ri,... be natural numbers satisfying 
mi > 2, rs > r"4 < rs > r$ > < r-? > r2 and ri < r^ for 
i = 2 , . . . , 8 . Then the C°°(W1+ri+r6+r*)-module of all natural operators 
T^M_proj\jr2MmuTn2 ni ri2 T*Tri--'r*m is free and 2 ( n + r 4 + r6 + r 8 ) -
dimensional. Moreover, for ki = 1,.. .rs, = 1, • • • , k z = 1,... and 

(Mi (M2 (Ma ( M i (Ml <M2 (Ma 
¿4 = l , . . . , r i , the natural operators A , A , A , A , A , A , A 

(Mi 
and A form the basis of the module. 

The proof of Theorem 1 will occupy the rest of the paper. It is a com-
plicated adaptation of the proofs of Theorem 1 in [14] and [15]. 

5. Some preparations to the proof of Theorem 1 
Let us consider a natural operator A : Tjr2M_proj¡|j*Mmi,maiB1>Bil -» 

( M i (Ma (Ms ( M i (Mi <M2 (Ma ( M i 
T*Tri ra*. The operators A , A , A , A , A , A , A and A 
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for ki = l , . . . r g , k 2 = 1, . . . , r 4 , £3 = l , . . . , r 6 and £4 = 1, . . . , r i are 
C°°+r4+r6+T-a^-linearly independent. Thus we only prove that A is a 

(fci)i (*a)2 (*a)s (M4 <*l)l (fc2>2 (fc3>3 (Mi 

linear combination oí A , A , A , A , A , A , A and A for 
fci, fc2, fc3,/c4 as above with C~(R r i + r 4 + r 6 + r 8 ) -coef f ic ients . 

In the following lemma we show that A is uniquely determined by the 
restriction A (¿jfr) | ( T T r 1 • • • • >r» *R m i >m2,»»1 ,»»2) Q 

LE M M A 1. If A(-£r)\(TTri »»•ir»i.*»a.»i.'w)0 = 0 then A = 0. 

P r o o f . The proof is standard. We use the naturality of A and the fact 
that any J^jVf-projectable vector field Z having an underlying projectable 
vector field with an underlyng non-vanishing vector field is locally in 
some fibered fibered manifold coordinates. • 

It follows from Lemma 1 that our investigations of natural operators in 

question can be reduced to their restriction to the canonical vector field ^fr, 

i.e. we are going to study all ••• r 8*Rm i 'm 2 'n i , n 2)0 . 

LE M M A 2. There are functions fWl,..., /(rg)l, /(1)a,..., /(r4)a, /(i)a>..., 

/ ( r » ) „ / (1 ) 4 , • • • , / ( r l ) 4 e R n + r 4 + r 6 + r 8 ) ^ ^ 

^ (fei)i ^ (fcs) 2 (fca)3 J i , 
(A~ fi^h A - /(fc2)2 a - /(*»).A )(v) = ° 

fcl=l fc2 = l A¡3 = 1 A ¡ 4 = 1 

for any v € (VT r i>-- ' r 8*)oRm i , T , l 3 , n i , n 2 , the vertical subbundle with respect 
to the projection TV : TVl r 8 * j j m 1 , m 2 , n i , n 2 fl£mi,m2,ni,n2_ 

P r o o f . We have the identification ( F r r i - , r 8 * ) 0 R m i ' m 2 , r i l , n 2 

T o 1 ' " ' r s * R m i ' m 2 , n i ' n 2 x Tq 1 ' ' ' r 8 * R m i ' m 2 ' n i ' n 2 by ^ = 0 ( « + tw)~(u,w) for 

U,W <E Tq1 r8*Rml."l2,r»l,n2 

For jfei = 1 , . . . , r 8 we define / ( f c l ) l : R»-i+r4+r.+rs R b y 

f(k 1)1(a,b,c,e) = 

ki=1 fc2=l 

t h^)-* 
fe3=i fc4=i 

where a = ( a i , . . . , a r a ) € R r " , b = (bu... ,6 r 4) € R r 4 , c = ( c i , . . . , c r e ) € 
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Rr®, e = (e i , . . . , e r i ) G R r i . For k2 = 1 , . . . , r4 we define /(fca)a : R»-i+r4+r.+r. 
—> R by 

f(k2)2(a,b,c,e) = 

^ e ¿%<*[>\E 
fci=l k2=1 

E E ¿•s.^.tf 
fc3=i fc4=i 

where a, 6, c, e are as above. 

For fc3 = 1 , . . . ,r6 we define /(fc,)a : M r i + r 4 + r 8 + r 8 R by 

fcl=l fc2=l 

E E j^V'U" '"(»•»•¿<*1>k--0)). 
fe3=l 3 ' *4=1 4 

where a, 6, c, e are as above. 

For fc4 = 1 , . . . ,ri we define f{ki)i : R r i + r 4 + r 8 + r 8 —> R by 

/(fc4)4(a»b»c>e) = 

' 't^ ¿ ^ ° 
fci=l fc2=1 

E ¿ ^ f r E ¿ r J ^ K 
fc3=i fc4=i 

where a, 6, c, e are as above. 
(fci)i 

In order to simplify the notation, put A = A — f(k1)1 -A — 

(fcsh ra (fea) 3 (fc4)4 
T,k2=i f(k2)2 A ~T,k3=if(k3)3A ~ EfcUi f(k*U A • 

Consider ^Ai-morphisms 7, 7/ : Rmi 'm2-ni-"2 R1-1-1-1 satisfying 
7(0) = 0,7/(0) = 0, 7 = (71,72,73,74) and 77 = (771,772,773,7/4). 

Define a = (01,. . . , a r s) G R r s , b = (bu..., bri) G R r 4, c = (c i , . . . , cre) 
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e R " ) e = ( e l r . . , e r i ) 6 r by 

^ r i ' - , r 8 ) (71 (X1 ,0, . . . , 0), 0,0,0) = p ( f ; -Lflfcx (a ;i)*i, 0,0, o) 

i r i'-' r 8 ) (o, T2{x\ 0,..., 0), 0,0) = jt (o, f ; ±bk2 (x 1)" 2,0, o) 
— 1 

j i r i - ' r B ) ( 0,0,73 (a;1,0,... ,0),0) = (o, 0, £ -Lcfca (x1)^, 0 ) 

r8 )(0, o, 0, 74(x\ 0,..., 0)) = jt  r 8 ) (o, 0,0, jr ±ek4 (x 1)^. 

Further, define a = (o i , . . . , a r 8 ) e IT8, b = (i>i,... A J € M7-4, c = 
(c i , . . . , c r 6 ) 6R r 6 , e = ( e i , . . . , e r i ) € R r i by 

ti1 r s ) (Ti (x 1 ,0 , . . . , 0), 0,0,0) = jt 1 r8 ) ( E ^ a f c l ( x T , 0,0, o) 

Jt  r a )(0,r]2(x 1,0,...,0),0,0) = j^  r 8 )(o, p ¿M* 1)*,<>,(>) 

A r i r , ) (o lo l»»(x1 lo l . . . ,o) lo) = ji r u- r 8 )(o,o, f^ ¿ ^ ( z 1 ) * 3 ' 0 ) 

jp-rt(0,0,0,m(x\0,...,0)) = jp'"") (o,0,0, E ¿e^i® 1)* 4)-

Taking into account the naturality of A with respect to ^r2Mm1,m2,n1,n2-
morphisms given by (x 1, tx 2,..., txm i, ty 1,..., tym2,tui,..., tu n i, it>i,..., 
tv n 2) : Rm i 'm 2 'n i 'n 2 -> |mi,m2,ni,n2 for t ^ 0 and putting t -> 0, we obtain 

r ehA r u-' r a )v) = 

r 8 ) (7 (^ ,0 , . . .0)),j<r r i ) (n(x\0, . . .0))). 

Then we have 
d » / .(ri,...,r8) .(ri,...,r8) \ _ 

¿ ( ^ r ) U 1  r a >v) = 
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re 

= f(k1)1(a,b,c,e)akl+'^2 f(k2)2{a,b,c,e)bk2 

fc! = l fc2=i 

r« r\ 
+ 2 /(fc3)3(aAC>e)Cfc3 + 2 

/C3 = l &4 = 1 

re T*4 

fcl = l fc2 = l 

~ - ^ /(fc4)4(a>b>c>e)«fc4 = 
fc3 = l Ii4 = l 

The proof of Lemma 2 is complete. • 

6. Proof of Theorem 1 
Consider the functions /(fc^, /(fc2)2, /(fc3)3, f(k4)4 from Lemma 2 and 

(fci)i (fc2)2 (fc3)3 
replace A by A — X)fci=i /(fci)i ~ E£=i f^h A ~ ElUi f(k3)3 A ~ 

(*4)4 
/(fc4)4 as in Lemma 2. Then any natural operator in question can 

be assumed to satisfy 

A^^r^|(yTri--r8*)oMmi'm2'ni'n2 = 0. 

It remains to show the existence of functions 9(^)^9(^)2, 9(k3)3, 9(k4)4 € 
<fcl)l <fc2>2 

C°°(Kri+r4+r8+r8) so that A = ErkU9(klhA + ElUi9(k2)2 ^ + 
(fc3>3 <*4>4 

Efc63=iS<fc3>3̂  + E f c U l A • For fc! = l , . . . , r 8 define 9(kl) l : 
fljn+ri+rs+rg ty 

* G § 0 " I f : friW+¿i^'-1*2. 
fcl=l 

v J-br ( . x j r J -or (x1)^, y ; J_e~ (z1)' \fc 4 

fc2=l fe3 = l fc4=l 

where a = (01,...,arg) € Mrs, b = (61,..., 6 r J € R7"4, c = (ci,..., cr„) 6 
Rr®, and e = (ei,..., er i) € R r i. Here Tri>~<rs*Z denotes the flow lifting of 
the J^JW-projectable vector field Z on Y to Tri rs*. 
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Analogously, for fc2 = 1 , . . . , U define g^2)2 : M r i + r < 1 + r 6 + r 8 R by 

9 < b ) , ( a , 6, c,«) = A ( ¿ ) ( l - ( # »> ( £ (x ' ) ' . , 
fcl=l 

V J - b r ( z ^ + ^ J — Or1)*-1*2 , V - L c r (x1)*3, 
J^k2\k2 (k2-1)! fc3! fc3 
fc2 = l |C3=1 

t ^ ñ ) ) -fc4=i 

Further, for k3 = 1 , . . . , r6 define g{k3)3 : M r i + r * + r 6 + r 8 -» R by 

^ . ( M - A ( ¿ ) ( i - >»&(# »( £ 
fci=l 

j r ^ h o*1)*2- E — ^ o*1)*3 + 
^ fc2! fe2 ' ^ fc3! ka (fcs-1)! 
fc2=l A¡3=1 

fc4=i 

where a, 6, c, e axe as above. 
Finally for fc4 = 1, • • • define s<fc4)4 : R r i + r < l + r 8 + r a R by 

- a ( £ ) ( t ' - ¿ ( A '•»( £ 
fcl=l 

t fr.vfrt ¿ ^ 
fc2=1 fc3=l 

jr j - e r (x 1 )^ + - ^ J — ^ - V ^ V 
^ k4\ k^ (fc4 —1)! J J J 
k¿ = l 

It follows from Lemma 1 and the assumption 

A( 3 | r )| (Vr r t - ' r 8 * )oR m i , m 2 , n i , T l 2 = 0 

that it suffices to show that 
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( d \ (r r^ ( A <*»>! A ^ 
A(aZT )(Tri' -'r8*ml>ri 7)) = £ 9<kl}l ^ + E 9V»), A 

^ ' fc2=l 
^ <fe3>3 ^ (M4\ / 9 \ . r V 

+ b ^ r 1 rB*(d^ou--'rs)i)) 
fc3 = 1 fc4 = l J \OX J 

for any ^At-morphism 7 : R m i - m 2 ' n i -" 2 K1'1,1*1, 7(0) = 0 and any con-
stant vector field d on M m i ' m 2 , n i ' n 2 and linearly independent with -£r. Tak-

r ing into account the naturality of A and A — 22k"=1 9(ki)i A + 

2 <<=3)3 <^4)4 
Erk2=i9{k2)2A +Tl

rk3=i9(k3)3A +El\=i9{k4uA with respect to linear 
^2Aimi>m2)n1>n2-morphismsRmi-m2 'ni 'n2 -> M7"1'7"2'"1'"2 preserving we 
can assume d = . 

Consider an ^ X - m o r p h i s m 7 = (71,72,73,74) : M™1'7"2'"1'"2 -vR 1 , 1 ' 1 ' 1 

satisfying 7(0) = 0. Define a = ( a i , . . . , a r J € Rr®, b = (61,..., &P4) € R r 4 , 
c = ( c i , . . . , c r 6 ) € R r e , e = ( e i , . . . , e r 6 ) € R r i by 

Cfc3 = W f ^ e*4 = 

for fci = 1 , . . . , r8, Ai2 = 1,...,7*4^^3 = 1 , . . . , re and ¿4 = 1 , . . . , r\. Further, 
define a = (01,.. . , ara) 6 R r s , b = (61,..., 6 r J 6 R r 4 , c = ( c i , . . . , cr6) € 
R r s , e = (ei , . . . ,erg) G R r i by 

a d^-1
 / n . ~ a afc2~1 / n . 

a f c l = d ( ^ j ^ T 7 l ( 0 ) ' b f c 2 = 

a afc3~1 ,n. _ a a**-1 
Cfc3 = efc< = 

Using the naturality of A with respect to the >m2jTll >n2-morphisms 
( : r 1 ,tx2,rx3,..., rxmi, r y 1 , . • • , r y ™ 2 , t w 1 , . . . , rwni, tv1 ,..., r i ; n 2 ) : 

u m i ) m 2 , n 1 ) n 2 R m i . m 2 , n ! , n 2 for ^ T ^ 0 we obtain the following homogenity 
condition 

" ( * • ) < * 

-K&W 
tx3, ..., rxmi, ry1,..., r y m 2 , r i o 1 , . . . , rwni, tv1, ..., Tvn2)fj. 
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This kind of homogenity yields 

-M) A 

0<fci>i(a>&>c>e)ofci + 9(k2)2{a,b,c,e)bk2 
fci=i fc2=i 

+ Yl 9{k3)3{a,b,c,e)ck3 + ^ P(fc4)4(a, b, c, e )4 4 
fc3=i fc4=i 

which follows from the homogenous function theorem. On the other hand 

which is easy to observe. It completes the proof of Theorem 1. • 

7. A corollary 
In this section, we deduce a corollary of Theorem 1 giving the classifi-

cation of canonical 1-forms A on T*TVl' - ,rs* for fibered fibered manifolds 
Y of dimension mi,m2,ni ,n2. They correspond to constant (i.e. indepen-
dent on vector fields) natural operators Ay iV2.M-proj|:F2.Mmi m2 ni n Y —• 
T*Tn ' --' r»*Y. Such a correspondence can be equivalently formulated as fol-
lows. 

Any canonical 1-form A on Tri'-'r8*Y is of the form Ay (0) for a natural 
operator Ay : TT*M_vroj\^Mmv m ^ n Y -» T*TVl where y are 

,m2,ni,n2" objects. Thus we have the following corollary 

COROLLARY 1 ([8]). Let mi,m2,ni,»i2 and ri,... ,r& be natural numbers 
such that mi > 2, r% > r^ < r$ > r% > < ri > r% and ri < 
for i = 2 , . . . , 8. Then the vector space over R of all canonical 1-forms A 
on T*Tri' -'ra*Y for Y € O t ( f 2 M m i i m 2 i í l l i „ 2 ) is 4-dimensional and the 

<*=!>! <fc2>2 <fc¡)>8 (Ml 
1 -forms A , A , A and A form its basis. 

P r o o f . The proof is clear. 

fci=i fc2=i 

fc3=i fc4=i 
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REMARK. We have four canonical maps TT; : Tri'-'r**Y T*Y defined 
by formulas iri{jjri'"m'r*)'y) = d y j u i = 1 , . . . , 4 , 7 = ( 7 1 , 7 2 , 7 3 , 7 4 ) : Y 
R i , 1 , 1 , 1 , 7 ( y ) = 0, y e Y € O b j ( J ^ M mi,mj,ni,nj)" Then it is easy to verify 

i 
that A = 7r*A, the pull-back of the well-known canonical (Liouville) 1-form 
on T*Y. 
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