DEMONSTRATIO MATHEMATICA
Vol. XXXVII No 2 2004

Krzysztof Cieplinski

SOME REMARKS ON ITERATION GROUPS
ON THE CIRCLE

Abstract. In this paper we give two constructions of some iteration groups on the
unit circle S. The first one determines rational iteration groups. The other describes all
iteration groups {F¥ : S! — S!, v € V} for which S! £ {z € §* : F¥(2) = z,v € V} # 0
(V is a linear space over Q with dimV" > 1).

1. Introduction

Let X be a topological space and V be a linear space over Q with
dimV > 1. Recall that a family {F’ : X — X, v € V} of homeomor-
phisms such that

FUlofv = Fortve g eV

is called an iteration group (on X). An iteration group is said to be rational
(respectively, real) if V = Q (respectively, V = R).

Rational iteration groups on open real intervals have been examined by
J. Tabor in [11] and M. Bajger and M. C. Zdun in [3]. The aim of this paper
is to give a construction of rational iteration groups on the unit circle S!
and a construction of all iteration groups {F¥ : S' — §!, v € V'} for which

D#{zeS:F¥(2) =2 veV}#S.

2. Rational iteration groups
First, we will deal with rational iteration groups.

2.1. Preliminaries

We begin by recalling the basic definitions and introducing some nota-
tion.

Throughout the paper N denotes the set of all positive integers. The
closure of a set A C S will be denoted by cl4 while A9 stands for the set of
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all cluster points of A. By an open arc we mean the set {e2™, t € (t1, t2)},
where t1, to € R are such that 0 < t9 — t; < 1.

It is well-known (see for instance [1], [4] and [13]) that for every continu-
ous mapping F : $1 — S! there is a continuous function f : R — R, which
is unique up to translation by an integer, and a unique integer k such that

F(ezm‘z) — 2mif(z) 4nd flz+1)=f(z)+k, =z€eR

The integer k is called the degree of F, and is denoted by deg F. If F:S§! — 8!
is a homeomorphism, then so is f. Furthermore, |deg F| = 1. We say that
a homeomorphism F : S! — S! preserves orientation if deg F' = 1, which

is equivalent to the fact that f is increasing. For such a homeomorphism F,
the number a(F) € [0, 1) defined by

a(F) = lim fn(m)(modl), z € R,

n—oo n

is called the rotation number of F. If a(F) ¢ Q, then the set
Lp = {F"(2), n € 2}¢

(the limit set of F') does not depend on z € S! and either Lp = S! or Lp
is a non-empty, perfect and nowhere dense subset of S! (see for instance [8]
and [10]).
LEMMA 1 (see [7]). If F = {F¥ : S — S, v € Q} is an iteration group
for which a(F1) € Q, then there exists a unique pair (¢x, cr) such that
or : St — S! is a continuous function of degree 1 with pr(1) = 1 and
cr : Q — S! satisfying the following system of functional equations

or(F*(2)) = cr(W)ps(s), 2€S8), veQ
The mapping cr is given by
(1) cr(v) = yeq,

and fulfils the equation

(2) C]:(’Ul + 1)2) = c_r(vl)c;r(vg), v1, U2 € Q.
If moreover L1 # S!, then
3) ¢7[8'\ Lp1] - Imer = (8! \ Lpm].

2.2. Main results
We start with the following

THEOREM 1. Let v : S' — S be an orientation-preserving homeomor-
phism and assume that for everyn € N there ezists an orientation-preserving
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homeomorphism 1, : S — S! such that Y?*! = 1,_1. Then a family
{Fv:8! — 8!, we Q}, where

Fo#l .= .. neNU{0},
F% .= (Fa)n-Dm  peN mez,

is an iteration group. Moreover, every rational iteration group with F! = 1y
can be obtained in this way.

Proof. We shall show that constructed in the above way family {F¥ :
s! —s s!, w € Q} is an iteration group. To do this, let us first observe that
the functions F* : S — S! for w € Q are well-defined, that is

FR=F%, mezZn keN, k> 1.
Indeed, fixing m € Z, n, k € N, k > 1 we see that
FoE (F"—}c!)(nk—l)!mk _ ((F-#!)in—,:?—!)(n—l)!m
— ((F-,—l-lﬂ)nk(nk—l)-...-(n+1))(n—l)!m — (F;Lf)(n—l)!m = 2.

Next, fix wy, we € Q and let n € N, my, my € Z be such that w; = 2,
we = £2. Since

FYt o Fw2 — F-’%l- OFﬂnz — (lel)(n—l)!ml o (F-’%!)(n—l)!mz

— (F-'%!)(n—-l)!(ml-f'mz) = Fﬂl%ﬂz = Fuitw

and the mappings F for w € Q are homeomorphisms, the family {F® :
s! — §!, w € Q} is an iteration group.
Finally, let {F* : S! — S!, w € Q} be an iteration group such that

1
F! = /. Putting ¢, :== F®+ for n € N we check at once that ¢?+1 = ¢, _;
for n € N and every v, is a homeomorphism of the circle which (see [7])
preserves orientation. m

Let us recall that a homeomorphism F : X — X is said to be embed-
dable in a rational (respectively, real) iteration group on X if there exists
such an iteration group for which F! = F.

It is known (see for instance [11]) that if X is a real interval, then every
increasing homeomorphism is embeddable in a rational iteration group. For
X = §! this is no longer true. Theorem 1 gives a necessary and sufficient
condition for embeddability of a given homeomorphism of the unit circle in
rational iteration group. In the sequel, we present some examples.

Regarding the case when F' : 8! — §! is a homeomorphism with
Lp = S! we have the following proposition, which follows immediately from
Theorem 2 in [5] (one can also use Theorem 1 and Lemma 1 in [14]).



366 K. Cieplifiski

PROPOSITION 1. Every homeomorphism F : 8! — S! such that Lp = S!
satisfies the assumption of Theorem 1.

For any homeomorphism F' : S! — S! with Lg # S! put
Kp :=o[s'\ Lg],
where ¢ : S — 8! is a unique continuous mapping such that
P(F(2)) = e#iPlp(z), 78!
and ¢(1) = 1 (see [5]). For every sequence a = (an)neN satisfying
4) an € {0, ..., n—1}, agp =ap(modn), &k, neN
define also
Aypy(a) = {riTaF)+Tan)  n e N, meZ}).
With this notation, we have

PROPOSITION 2. A homeomorphism F : S1 — S! with Lr # S! fulfils the
assumption of Theorem 1 if and only if there ezists a sequence a = (an)neN
satisfying (4) and such that

(5) KFp - Ayry(a) = KF.

Proof. Let F : S! — S! be a homeomorphism for which Lg # S!.

Suppose that F satisfies the assumption of Theorem 1 and let F = {F* :
s! — §!, w € Q} be an iteration group such that F! = F. From (2) it
follows by induction that

(6) cr(mw) =cr(w)™, mezZ weq.
Fix k, n € N. By (1) and (6) we have

; 1
eZma(F) — C]-'(].) - c}_(;)n’

and therefore there exists an a, € {0, .., n — 1} for which cx(1) =
2mi(*2+28) Gince
k a o a
or(L) = er() = (Rt - e
n kn
we see that ax, = an(mod n). Thus, the sequence a := (ap)nen satisfies

. F
%) — 2mi(HP+en) Lo Obtain

(4). Moreover, from (6) and the equality cz(
cr(Q) = Ayr)(a), and (3) now shows that (5) holds true.

To finish the proof it suffices to apply Theorem 3 in [5]. =

As an immediate consequence of Theorems 2, 3 in [5], Theorem 1 and
Proposition 2 we obtain
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COROLLARY 1. A homeomorphism F : S! — S! with o(F) €& Q is embed-
dable in a rational iteration group if and only if it is embeddable in a real
iteration group.

PROPOSITION 3. Let L be a non-empty, perfect and nowhere dense subset
of S with 1 € 8! \ Ugeq €Uy, where Iy for q € Q are open pairwise disjoint
arcs such that '\ L = U,eq I;. Assume also that o € [0, 1) \ Q and put
K, = {e2m'(ma+%)’ me Z}, Ko := {e2m'(ta+%), te Q}
Then there are homeomorphisms Fy, Fp : 8! — S! for which
a(Fl)=a=«aFp), L, =L=1Lp, Kr =K1, Kp =K.
Moreover, Fy satisfies the assumption of Theorem 1, but Fy does not.

Proof. The fact that homeomorphisms Fy, F, : S! — S! having the stated
properties exist can be found in [14].

Let us note that Kr, - Aymy)(a) # KF, for any sequence a = (an)neN
satisfying condition (4). Indeed, if there existed such a sequence for which
KF, - Ayry)(a) = KF,, we would have

e2rillationty) ¢ K. . Axry)(a) = Kpy,

and therefore there would be p, m € Z such that

la + 1a + 1 +p= + -
¥ TR yTEEmAT
1
Consequently, a = 27%12 € Q, which is impossible.
2

Since we also have KF, - Ay(m,)(a) = Kp, with a = 0, our assertion
follows from Proposition 2. =

The following fact can be concluded from [9)].

PROPOSITION 4. If the set of all m-periodic points of a homeomorphism
F : 8! — 8! has ezactly m elements for an integer m > 2, then F' does not
satisfy the assumption of Theorem 1.

3. Iteration groups having a nontrivial set of common fixed points
of all elements

Now, we give a general construction of all iteration groups {F*:S! — s,
veEV}suchthat 0 # {z €S : F'(z) =2, ve V} #SL

3.1. Preliminaries
We begin by recalling the relevant material from [2] and [5].
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For any v, w, z € S! there exist unique t1, t3 € [0, 1) such that we™h =
and we?™#2 = y, so we can put

v<w=<2 if and only if 0< i1 <to.

A set A C S! is an open arc if there are distinct v, z € S! for which

A={wes' :v<w=<z}=(y, 2).

Given a subset A of S! with cardA > 3 and a function F mapping A
into S! we say that F is strictly increasing if for any v, w, z € A such that
v < w < z we have F(v) < F(w) < F(z). A homeomorphism of the circle is
strictly increasing if and only if it preserves orientation.

3.2. Main results

It is easily seen (see also [5]) that for every homeomorphism F': A — 4,
where A = {e?™, t € (a, b)} with a, b€ R, a < b < a+ 1, there exists a
unique homeomorphism f : (a, b) — (a, b) such that

F(e?™) = emf@) gz e (a, b).
We say that f represents F', and if f is strictly increasing, then we say that
the homeomorphism F' preserves orientation.

The following remarks are easy to check.

REMARK 1 (see also [5]). Let A = {e*"®, t € (a, b)}, where a, b€ R, a <
b < a+1, and assume that F, G : A — A are homeomorphisms. If f
represents F' and g represents G, then:

(i) g o f represents G o F,

(ii) f~! represents F~!.

REMARK 2. If {FY : A — A, v € V} is an iteration group on the set
A= {e** t ¢ (a, b)}, where a, b € R, a < b, then every homeomorphism
F" preserves orientation.

REMARK 3. If F = {FV :S! — S!, v € V} is an iteration group, then the
set

Er :={z€S8':F’(z) =2, veV}
is closed in S!.
Let F = {F” : 8t — 8!, v € V} be an iteration group for which
0 # Ex # S!. Then we have the following decomposition
st \Er = U I,
qEM

where M is a set with cardM > 1 and I, for ¢ € M are open pairwise disjoint
arcs if cardEx > 1, whereas I, = S!\ {2} for a 2z € S! if cardEx = 1.
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LEMMA 2. If F = {F¥ : S! — S!, v € V} is an iteration group such that
0 # Ex #S!, then
F'lI)J=1;, qeM,veV.

Proof. It is obvious that if cardEx = 1, then our assertion follows. Now,

assume that cardEr > 1. Fix ¢ € M, v € V and let I; =(aq, b;). Clearly,
F¥(aq) = aq, F"(by) = by, and the fact that the homeomorphism F¥ is
strictly increasing now yields

F?lIg) = F*[(aq, b)] =(F"(ag), F*(bg))=(ag, bg)=Io. m
THEOREM 2. The following construction determines all iteration groups F =
{FV:8' — S1, v e V} for which § # Ex #S!.

1°. Take a non-empty closed subset E # S' of S' and let M be a set with
cardM 2> 1, and I; for ¢ € M be open pairwise disjoint arcs if cardFE > 1,
whereas I, = S\ {20} for a 20 € S! if cardE = 1 such that
(7) s'\E=|J L.
qeEM
2°. Choose iteration groups {Fy : Iy — I, v€ V} on I, forqe M
such that at least one of them is nontrivial (i.e., different from {id}).

3°. Define

v . JF2(2), z€l;, g€ M,
O
Proof. We shall first show that the family F := {F* :8! — 8!, v € V}
is an iteration group with § # Er # S!. To do this, we prove that the
mappings F? : 81 — §! for v € V are strictly increasing. Fix v € V and
z, w, z € S! such that z < w < 2 and consider the following cases:

(i) {z, w, z} c I, forage M.

Let tz, ty, t; € [0, 1) be such that "= = g, ¢?"*w = 1 and >": = 2.
Then we have either t, < t,, < t,, or t, <t, < ty, ort, < t; < t,. Assume,
for instance, that t; < ¢, < t, and let f; represents the homeomorphism
FY | I,. Since, by Remark 2, F” | I, preserves orientation, we see that
fo(tz) < fo(tw) < fo(tz). Moreover, fo(tz), fq(tw), fo(tz) € (1, t2) for some

t1, t2 € R with 0 < ty — t; < 1. Therefore e?™*fa(tw) g(2mife(tz)  g2mifolts)),

and consequently F?(w) G(F”(m)_,_'F”(z)).
(ii) card({z, w, 2} NI;) =2 forage M.
According to Lemmas 1 and 2 in [5] we may assume that z, w € I.
Fixing a u € I, for which w €(z, u) we conclude from (i) and (8) that
F(w) €(F*(c), F*(w)c L, snd F*() g1,

and, in consequence, F¥(w) E(F”(a:),_'F”(z)).

veV.
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If cardE = 1, then the proof is complete. From now on we assume that
cardE > 1.

(iii) card({z, w, 2} N 1) = card({z, w, 2} N I;) = 1 for some distinct
p,geEM.

We can assume, in view of Lemmas 1 and 2 in [5], that z € I, w € I,.
Since z < w < 2z, we have Iy < I, < I(z) (that is, foranya € I, be I, c €
I(z), a < b < ¢), where

I, zel.,reM,
I(z) = {{z}, z€E.
Therefore, by (8), we get FV[I;] < F*[I;] < F'[I(z)], and consequently
F(z) < F*(w) < F¥(2).
(iv) card({z, w, 2z} N E) = 2.
On account of Lemmas 1 and 2 in [5] we may assume that z, z € E and

w € I, for a ¢ € M. As I, is an open arc, we see that I, C(z, z). Hence, by
(8), we obtain

FYlI] = I, C(z, 2)=(F"(z), F"(2)),

and therefore F¥(w) €(F¥(z), F(z)).

(v) {z, w, z} C E.

From (8) we have F'(z) = z, F'(w) = w and FY(2) = z, and our
assertion follows.

We have thus proved that the functions F* : 81 — §! for v € V are
strictly increasing. Since, by (2), we also have F?[S!] = §!, Remark 3 in [6]
and Lemma 4 in [5] show that these mappings are homeomorphisms.

Fix z € S! and vy, vy € V. If z € E, then, by (8), (F*' o F*2)(2) =z =
F"1*%2(z). Now, assume that z € S! \ E and let ¢ € M be such that z € I.
Then F*2(z) € Iy, and (8) together with the fact that {Fy : I; — I;,v € V}
is an iteration group gives

(F* o F*)(2) = (F 0 F?)(2) = F1+¥2(2) = FvHa(y),

We have thus shown that F = {F¥ : S! — S!, v € V} is an iteration
group. Finally, it is clear that § # E C Er # SL.

Let us next assume that F = {F? : S! — S§!, v € V} is an iteration
group for which § # Ex # S! and put E := Ex. From Remark 3 it follows
that the set E is closed in S!. Let M be a set with cardM > 1 and I for
g € M be open pairwise disjoint arcs if cardE > 1, whereas I, = S! \ {20}
for a 29 € S! if cardE = 1 such that (7) holds true. Putting F? := F”| I,
for v € V, ¢ € M we deduce from Lemma 2 that {Fy : [, — I, v € V}
for ¢ € M are iteration groups. Moreover, it is obvious that at least one of
these groups is nontrivial and (8) holds true. =
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