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SOME REMARKS ON ITERATION GROUPS 
ON THE CIRCLE 

Abstract. In this paper we give two constructions of some iteration groups on the 
unit circle S1 . The first one determines rational iteration groups. The other describes all 
iteration groups {Fv : S 1 —• §\ v € V} for which S1 ^ {z G S 1 : Fv(z) = z, v 6 V} ± 0 
(V is a linear space over Q with dimV > 1). 

1. Introduction 
Let X be a topological space and V be a linear space over Q with 

dim V > 1. Recall that a family {Fv : X —> X, v G V} of homeomor-
phisms such that 

FV1 oFV2 = FV1+V2, vuv2eV 

is called an iteration group (on X). An iteration group is said to be rational 
(respectively, real) if V = Q (respectively, V — R). 

Rational iteration groups on open real intervals have been examined by 
J. Tabor in [11] and M. Bajger and M. C. Zdun in [3]. The aim of this paper 
is to give a construction of rational iteration groups on the unit circle S1 

and a construction of all iteration groups {Fv : S1 —> S1, v € V} for which 
0 ^ {z 6 S1 : Fv(z) = z, S1. 

2. Rational iteration groups 
First, we will deal with rational iteration groups. 

2.1. Preliminaries 
We begin by recalling the basic definitions and introducing some nota-

tion. 
Throughout the paper N denotes the set of all positive integers. The 

closure of a set A C S1 will be denoted by clA while Ad stands for the set of 
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all cluster points of A. By an open arc we mean the set {e2wit, t E (¿1, ¿2)}) 
where t\, t2 E R are such that 0 < ¿2 — < 1-

It is well-known (see for instance [1], [4] and [13]) that for every continu-
ous mapping F : S1 —> S1 there is a continuous function / : R —> R, which 
is unique up to translation by an integer, and a unique integer k such that 

F(e2nix) = e2nif^ and f(x + l) = f(x) + k, 1 6 R . 

The integer k is called the degree of F, and is denoted by deg F. If F: S1 —> S1 

is a homeomorphism, then so is / . Furthermore, | deg F\ = 1. We say that 
a homeomorphism F : S1 —> S1 preserves orientation if degF = 1, which 
is equivalent to the fact that / is increasing. For such a homeomorphism F, 
the number a(F) E [0, 1) defined by 

a ( F ) := lim ^ ^ ( m o d l ) , x € R, n—>oo fl 
is called the rotation number of F. If &(F) ^ Q, then the set 

LF := {Fn(z), n E Z}d 

(the limit set of F) does not depend on z E S1 and either Lp = S1 or Lp 
is a non-empty, perfect and nowhere dense subset of S1 (see for instance [8] 
and [10]). 

LEMMA 1 (see [7]). If T = {Fv : S1 —• S1, v E Q} is an iteration group 
for which «(F1) $ Q, then there exists a unique pair cjr) such that 
tpj: : S1 —> S1 is a continuous function of degree 1 with <pj?{ 1) = 1 and 
cj: : Q —> S1 satisfying the following system of functional equations 

<pr(Fv(z)) = cr(v)<pr(z), z € S1, v € Q. 

The mapping cjr is given by 

(1) cjr(v) = e2™(pv\ v E Q, 

and fulfils the equation 

( 2 ) Cjr(vi + V 2 ) = Cjr(vi)cyr(v2), V h V 2 E Q. 

If moreover Lpi S1, then 

(3) ^ [ S 1 \ Lpi] • Imcjr = ^ [ S 1 \ Lp,}. 

2.2. Main results 
We start with the following 

THEOREM 1. Let t/>0 : S1 —> S1 be an orientation-preserving homeomor-
phism and assume that for every n E N there exists an orientation-preserving 
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homeomorphism ipn : S1 —> S1 such that ipn+l — VVi-i- Then a family 
{Fw : S1 —» S1, w e Q}, where 

pjdi?- := n e N U {0}, 

F n : = (F^) ( n ~ 1 ) ! m , n E N, m € Z, 

is an iteration group. Moreover, every rational iteration group with F 1 = ipo 
can be obtained in this way. 

Proo f . We shall show that constructed in the above way family {Fw : 
S1 —> S1, w e Q} is an iteration group. To do this, let us first observe that 
the functions Fw : S1 —> S1 for w £ Q are well-defined, that is 

^ m m f c . . 

Fn = m € Z, 71, k e N, k > 1. 

Indeed, fixing m € Z, n, k E N, k > 1 we see that 
F^t = (F^i)(«fe-Dimfc = ( ( F ^ i ) ^ ) ^ " 1 ) 1 " 1 

Next, fix w\, W2 € Q and let n 6 N, mi, m2 6 Z be such that w\ = 
w2 = Since 71 

FW1 o F™2 = F^ o F^ = ( F ^ ) ( " - 1 ) ! m i o (F^ ) ( n _ 1 ) ! m 2 

= = Fminm2 = FWI+W2 

and the mappings Fw for w € Q are homeomorphisms, the family {Fw : 
S1 —• S1, w € Q} is an iteration group. 

Finally, let {F™ : S1 —> S1, w 6 Q} be an iteration group such that 
F 1 = tpo. Putting ipn := F(n+1)! for n G N we check at once that = i/Vi-i 
for n € N and every t]jn is a homeomorphism of the circle which (see [7]) 
preserves orientation. • 

Let us recall that a homeomorphism F : X —• X is said to be embed-
dable in a rational (respectively, real) iteration group on X if there exists 
such an iteration group for which F 1 = F. 

It is known (see for instance [11]) that if X is a real interval, then every 
increasing homeomorphism is embeddable in a rational iteration group. For 
X = S1 this is no longer true. Theorem 1 gives a necessary and sufficient 
condition for embeddability of a given homeomorphism of the unit circle in 
rational iteration group. In the sequel, we present some examples. 

Regarding the case when F : S1 —> S1 is a homeomorphism with 
Lp = S1 we have the following proposition, which follows immediately from 
Theorem 2 in [5] (one can also use Theorem 1 and Lemma 1 in [14]). 
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PROPOSITION 1. Every homeomorphism F : S1 —> S1 such that Lp = S1 

satisfies the assumption of Theorem 1. 

For any homeomorphism F : S1 —• S1 with Lp ^ S1 put 

Kf := ^[S1 \ Lp], 

where ip : S1 —> S1 is a unique continuous mapping such that 

<p(F(z)) = e2™W<p(z), z G S1 

and <p(l) = 1 (see [5]). For every sequence a = (a„)n€N satisfying 

(4) an G {0, ..., n - 1}, akn = an(mod n), k, n 6 N 

define also 

> W ° ) := n E N, m 6 Z}. 
With this notation, we have 

PROPOSITION 2. A homeomorphism F : S 1 —> S1 with Lp ^ S1 fulfils the 
assumption of Theorem 1 if and only if there exists a sequence a = (an)n€pj 
satisfying (4) and such that 

(5) KF-Aa(F)(a) = KF. 

r r o o f. Let F : S1 —» S1 be a homeomorphism for which Lp ^ S . 
Suppose that F satisfies the assumption of Theorem 1 and let T = {Fw : 

S1 —• S1, w G Q} be an iteration group such that F1 = F. From (2) it 
follows by induction that 
(6) Cf(mw) = Cf(w)m, me Z, w 6 Q . 

Fix k, n G N. By (1) and (6) we have 

e2 « « ( F ) = C j r ( 1 ) = C j r ( I ) n 
n 

and therefore there exists an an G {0, ..., n — 1} for which cj.r(^) = 
Since 

C J P ( I ) = = ( e ^ i ^ + T f r ))* = 

we see that = a„(mod n). Thus, the sequence a := (an)nep$ satisfies 
(4). Moreover, from (6) and the equality c^-(^) = we obtain 
cjr(Q) = j4Q(F)(a)> and (3) now shows that (5) holds true. 

To finish the proof it suffices to apply Theorem 3 in [5]. • 

As an immediate consequence of Theorems 2, 3 in [5], Theorem 1 and 
Proposition 2 we obtain 
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COROLLARY 1. A homeomorphism F : S1 —• S1 with a(F) £ Q is embed-
dable in a rational iteration group if and only if it is embeddable in a real 
iteration group. 

PROPOSITION 3. Let L be a non-empty, perfect and nowhere dense subset 
of S1 with 1 e S1 \ UgeQ cl/„ where Iq for q € Q are open pairwise disjoint 
arcs such that S1 \ L = UgeQ Iq- Assume also that a £ [0, 1) \ Q and put 

K l |e27r¡(ma+|)) m g zy f ^ ^ ( t o f ^ % € 

Then there are homeomorphisms F\, F2 : S1 —• S1 for which 

a(Fi) = a = a(F2), LFl=L = Lp2, KFl = Ku Kp2 = K2. 

Moreover, F2 satisfies the assumption of Theorem 1, but Fi does not. 

Proof. The fact that homeomorphisms Fi, F2 : S1 —• S1 having the stated 
properties exist can be found in [14]. 

Let us note that Kpx • Aa^p^(a) / KFl for any sequence a = (an)n6pj 
satisfying condition (4). Indeed, if there existed such a sequence for which 
Kpi • Aa(Fl)(a) = Kpx, we would have 

e 2 , i ( i a + i a 2 + i ) g ^ A a { n ) { a ) = K p i j 

and therefore there would be p, m G Z such that 
1 1 1 1 
-a + -a2 + -+ p = ma + 

Consequently, a = ia2\p g q? which is impossible. 
m 2 

Since we also have Kp2 • Aa(p2)(a) = Kp2 with a = 0, our assertion 
follows from Proposition 2. • 

The following fact can be concluded from [9]. 

PROPOSITION 4. If the set of all m-periodic points of a homeomorphism 
F : S1 —• S1 has exactly m elements for an integer m> 2, then F does not 
satisfy the assumption of Theorem 1. 

3. Iteration groups having a nontrivial set of common fixed points 
of all elements 
Now, we give a general construction of all iteration groups {Fv: S1 —> S1, 

v 6 V} such that 0 ^ {z € S1 : Fv(z) = z, veV}^ S1. 

3.1. Preliminaries 
We begin by recalling the relevant material from [2] and [5]. 
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For any v,w, z € S1 there exist unique ii, ¿2 £ [0,1) such that we2mtl = z 
and we2mt2 = v, so we can put 

v -< w -< z if and only if 0 < t\ < ¿2• 
A set A C S1 is an open arc if there are distinct v, z G S1 for which 

A = {w G S1 : v -< w -< z} =:(v, z) . 
Given a subset A of S1 with cardA > 3 and a function F mapping A 

into S1 we say that F is strictly increasing if for any v, w, z G A such that 
v -< w -< z we have F(v) -< F(w) -< F{z). A homeomorphism of the circle is 
strictly increasing if and only if it preserves orientation. 

3.2. Main results 
It is easily seen (see also [5]) that for every homeomorphism F : A —> A, 

where A = {e2nit, t € (a, b)} with a, b G R, a < b < a + 1, there exists a 
unique homeomorphism / : (a, b) —• (a, b) such that 

F(e2™) = e2™Hx\ x G (a, b). 
We say that / represents F, and if / is strictly increasing, then we say that 
the homeomorphism F preserves orientation. 

The following remarks are easy to check. 

REMARK 1 (see also [5]). Let A = {e2nit, t G (a, 6 )} , where a, b G R , a < 
b < a + 1, and assume that F, G : A —• A are homeomorphisms. If / 
represents F and g represents G, then: 

(i) go f represents Go F, 
(ii) f~l represents F~l. 

REMARK 2. If {Fv : A —> A, v e V} is an iteration group on the set 
A = {e2nit, t G (a, b)}, where a, b G R, a < b, then every homeomorphism 
Fv preserves orientation. 

REMARK 3. If J7 = {Fv : S1 —> S1, v € V} is an iteration group, then the 
set 

Ejr := {z e S1 : Fv(z) = z, veV} 
is closed in S1. 

Let T = {Fv : S1 —> S1, v E V} be an iteration group for which 
r ̂  s1 . Then we have the following decomposition 

U ^ 
qeM 

where M is a set with cardM > 1 and Iq for q G M are open pairwise disjoint 
arcs if c a rdE j > 1, whereas Iq = S1 \ {zq} for a ZQ G S1 if cardEjr = 1. 
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LEMMA 2. If T = {Fv : S 1 — • S 1 , v G F } is an iteration group such that 
Q^Ejr^ S1, then 

Fv[Iq] = Iq, qeM, v eV. 
P r o o f . It is obvious that if cavdEjr = 1, then our assertion follows. Now, 
assume that card£y > 1. Fix q G M, v G V and let Iq =(aq, bq). Clearly, 
Fv(aq) = aq, Fv(bq) = bq, and the fact that the homeomorphism Fv is 
strictly increasing now yields 

Fv[Iq] = F»[(a^bq)] =(Fv(aqj^F*(bg))=(a^bq)= Iq. . 
THEOREM 2. The following construction determines all iteration groups T = 
{Fv : S1 —• S1, v G V} for which 0 ^ E? / S1. 

1°. Take a non-empty closed subset E ^ S1 of S1 and let M be a set with 
c a r d M > and Iq for q G M be open pairwise disjoint arcs if cardE1 > 1, 
whereas Iq = S 1 \ {2:0} / o r a zo € S 1 t / cardjB = 1 such that 
(7) S 1 \ E = | J / , . 

qeM 
2°. Choose iteration groups {Fq : Iq —> 7g, t> G V} on Iq for qeM 

such that at least one of them is nontrivial (i.e., different from { i d } ) . 
3°. Define 

(8) *"%*):= veV. 
I zi z E ih, 

P r o o f . W e shal l first s h o w tha t t h e fami ly 7 : = {Fv : S 1 — • S 1 , v G V} 
is an i terat ion group w i t h 0 ^ ^ S 1 . To do this , w e prove t h a t t h e 
m a p p i n g s : S 1 — • S 1 for v G V are s tr ic t ly increasing. F i x v G V and 
x, w, z G S 1 such tha t x -< w -< z and consider t h e fol lowing cases: 

(i) { x , w, z} C / 9 for a q G M . 
Let tx , tw, tz G [0, 1) be such that e2mt* = x, e2irit™ = w and e2nit* = z. 

Then we have either tx < tw < tz, or tw < tz < tx, or tz < tx < tw. Assume, 
for instance, that tx < tw < tz and let fq represents the homeomorphism 
Fv | Iq. Since, by Remark 2, Fv \ Iq preserves orientation, we see that 
fg{tx) < fq(tw) < fq(tz). Moreover, fq(tx), fq(tw), fq(tz) e (h, t2) for some 

th t2eR with 0 < t2 - i i < 1. Therefore e2™^^ e(e2niM'\ 

and consequently Fv(w) e(Fv(x), Fv{z)). 
(ii) c a r d ( { i , w, z} f l Iq) = 2 for a q G M. 

According to Lemmas 1 and 2 in [5] we may assume that x, w G Iq. 

Fixing a u G Iq for which w e(x, u) we conclude from (i) and (8) that 

Fv(w) e(Fv(xj^Fv(u))c Iq and Fv(z) £ Iq, 

and, in consequence, Fv(w) e(Fv(x), Fv(z)). 
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If cardE = 1, then the proof is complete. Prom now on we assume that 
cardi? > 1. 

(iii) card({a:, w, z} fl Iq) = card({a;, w, z} fl Ip) = 1 for some distinct 
p, q£ M. 

We can assume, in view of Lemmas 1 and 2 in [5], that x € Iq, w € Ip. 
Since x <w < z, we have Iq -< Ip -< I(z) (that is, for any a 6 Iq, b 6 Ip, c £ 
I(z), a -< b ^ c), where 

v > \ {Z}, zeE. 
Therefore, by (8), we get Fv[Iq] -< FV[IP] •< Fv[I(z)}, and consequently 
Fv(x) -< Fv(w) -< Fv(z). 

(iv) card({x, w, z} fl E) = 2. 
On account of Lemmas 1 and 2 in [5] we may assume that and 

w € Iq for a q € M. As Iq is an open arc, we see that Iq C(x, z). Hence, by 
(8), we obtain 

F»[Iq] = Iq C(z7!z )=(F v (X)TF v (Z) ) , 

and therefore Fv(w) e{Fv(x)^Fv(z)). 
(v) {x, w, z) C E. 
From (8) we have Fv(x) = x, Fv(w) = w and Fv{z) = z, and our 

assertion follows. 
We have thus proved that the functions Fv : S1 —> S1 for v € V are 

strictly increasing. Since, by (2), we also have F^S1] = S1, Remark 3 in [6] 
and Lemma 4 in [5] show that these mappings are homeomorphisms. 

Fix z € S1 and vu v^eV.Uze E, then, by (8), (FV1 o FV2)(z) = 2 = 
FVl+V2(z). Now, assume that 2 6 S1 \ E and let q € M be such that z e Iq. 
Then FV2(z) € Iq, and (8) together with the fact that {F% : Iq —> Iq,v E V} 
is an iteration group gives 

(Fv 1 o FV2){z) = (Fg1 o Fg2)(z) = F%1+V2{z) = Fv'+v2(z). 

We have thus shown that T = {Fv : S1 —»• S1, v € V} is an iteration 
group. Finally, it is clear that Ejr ^ S1. 

Let us next assume that T = {Fv : S1 —> S1, v € V} is an iteration 
group for which 0 ^ E? ^ S1 and put E := Ejr. From Remark 3 it follows 
that the set E is closed in S1. Let M be a set with cardM > 1 and Iq for 
q 6 M be open pairwise disjoint arcs if cardZ? > 1, whereas Iq = S1 \ {20} 
for a z0 6 S1 if card£ = 1 such that (7) holds true. Putting := Fv\ Iq 

for v 6 V, q 6 M we deduce from Lemma 2 that {F^ : Iq —> Iq, » e K } 
for q e M are iteration groups. Moreover, it is obvious that at least one of 
these groups is nontrivial and (8) holds true. • 
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