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LINEAR APPROXIMATION 
A N D ASYMPTOTIC EXPANSION ASSOCIATED 

WITH THE SYSTEM OF FUNCTIONAL EQUATIONS 

Abs t r ac t . We consider the following perturbed system of functional equations 

m n m n 

k=1 j=1 fc=l j=1 Vx € ii C Rp;i= 1 ,2 , . . . ,n, 

where e is a small parameter, |e| < l ; f i is a compact or non-compact domain of Rp, 
aijk,bijk are the given real constants; Rijk,Sijk : f! —• : R R,gi fl —> R are 
the given continuous functions and fi : tl —> R are unknown functions. By using the 
Banach fixed point theorem, we prove the system (*) has a unique solution. In the case of 
$ e C2(R;R), 

we also obtain the quadratic convergence of the system (*). Moreover, if 
$ 6 CN(R; R) and maxl<j<n \bijk | < 1, then an asymptotic expansion of 
the solution of the system (*) up to order N + 1 in £ is obtained, for e sufficiently small. 

1. Introduction 
In this paper, we study an asymptotic expansion of solution in the small 

parameter e of the following system of functional equations 
m n m n 

( l . i ) Mx) = 
fc=ii=i fc=lj=i 

where e is a small parameter; fi is a compact or non-compact domain of RP, 
O ' i jkibijk are the given real constants; Rijk,Sijk : ft —• fi, $ : R —> R,gi : 
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ft —> R are the given continuous functions and fi:Q—>R are unknown 
functions. 

In [1], system (1.1) is studied with p = 1, ft = [—6,6], m = n = 2, 
&ijk = 0 and Sijk binomials of first degree. The solution is approximated by 
a uniformly convergent recurrent sequence and it is stable with respect to 
the functions gi. 

In [2], we have studied a special case of (1.1) with p = 1 and Q = 
[—6,6] or Q an unbounded interval of R. By using the Banach fixed point 
theorem, we have obtained the existence, uniqueness and also stability of 
the solution of the system (1.1) with respect to the functions gi. In the 
case of aijk = 0 and S^k being binomials of first degree, g G Cr(ft;Rn) 
and ii = [—6,6] we have obtained a Maclaurin expansion of the solution of 
system (1.1) until the order r. Furthermore, if gi are polynomials of degree 
r, then the solution of system (1.1) is also a polynomial of degree r. Next, 
if gi are continuous functions, the solution / of (1.1) is approximated by a 
uniformly convergent polynomial sequence. Afterwards, these results have 
been extended in [3] to the multi-dimensional domain ft C Rp, S^k being 
affine functions. Furthermore, we also give a sufficient condition for the 
quadratic convergence of the system of functional equations [3]. 

In this paper, we consider three main parts. In Part 1, by using the 
Banach fixed point theorem, we prove the existence and uniqueness of the 
solution of system (1.1). In Part 2, we give a sufficient condition for the 
quadratic convergence of the system of functional equations. In Part 3, we 
prove that if $ e CN(R]R) and X f̂cLi SILi m a x i< j<« l^jfcl < 1, then an 
asymptotic expansion of the solution of system (1.1) up to order N + 1 in 
e is obtained, for e sufficiently small. The results obtained here relatively 
generalize the ones in [1-3]. 

2. Notations, functions spaces 
A point in Rp is denoted by x = ( x i , . . . , xp). We call a = ( a i , . . . , ap) € 

Z+ a p -multi- index and denote by xa the monomial a;"1 ...Xpp, which 
has degree |a| = a»- Similarly, if Dj = d/dxj for 1 < j < p, then 
Da = Df1 ... Dpp = x°f l°gx

aP denotes a differential operator of order |a | . 
We also denote a! = c*i!... ap\ . 

With ft a compact subset of i?p, we denote by X = C(fJ; Rn) the Banach 
space of functions / = ( / i , . . . , /„) : ft —» Rn continuous on ft with respect 
to the norm 

n 
(2.1) 



System of functional equations 351 

When fi C RP is a non-compact domain, we denote by X = C(,(fi; Rn) 
the Banach space of functions / : fi —> Rn continuous, bounded on fI with 
respect to the norm (2.1). We note that, if Q C RP is open, the functions 
in C(f2;i?n) need not to be bounded on ii. If / G C(f2; Rn) is bounded and 
uniformly continuous on fi, then it possesses a unique, bounded, continuous 
extension to the closure ft, of 0 . Hence, we define the vector space C(f2; Rn) 
consisting of all those functions / G C(Q;Rn) for which / is bounded and 
uniformly continuous on i). This is a Banach space with norm the given 
by (2.1). 

Similarly, for any non-negative integer m, we put 

C m ( Q ; Rn) = { / = ( / ! , . . . , / „ ) <E C(f i ; Rn) : D a f i G Rn), 

\a\ < m,i — I , . . . ,n} 

for Q, C RP a domain in Rp, and 

Cm(U- Rn) = { / = ( / ! , . . . , /„) € C(n; iT) : £)«/< G C(fi; iT), 
|a| < m, i = 1 , . . . , n } 

for fi c i?p an open set in RP. Cm(Cl-,Rn) is also a Banach space with 
respect to the norm 

n 

(2.2) ll/llc-in*») = SUP E \D°fi(x)\ • 
v ' |a|<m i e n ^ 

We write system (1.1) in the form of an operational equation in X = 
C(n-,Rn) 

(2-3) f = sAf + Bf + g, 

where 

/ = ( / i , - - - , /n), = ( ( ¿ / ) i , •. •, (Af)n), Bf = ( ( 5 / ) i , . . . , ( B / ) n ) , with 
771 71 

( A / ) i ( x ) = E E "i j&ifiiRiiki*)) ) , 
k=l i=i 

m n 
(B/)i(ic) = E E bijkfj(Sijk(x)), (* = 1 , 2 , . . . , n) for all Vx G ii. 

fc=i i=i 

3. Theorem on existence and uniqueness of the solution 

Put ||[&ijfc]|| = E ? = : m a x ! < 3 < n \bijk\ • First, we need the following 
Lemma. 
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LEMMA 1. Let ||[6ijfe]|| < 1 and Sijk '• 0, —> Ct be continuous. Then the linear 

operator I — B : X —> X is invertible and 

||(/ - B)_1|| < Y T ] p ~ j j f ' 

P r o o f . We easily verify that 

(3-1) \\Bf\\x < H M D ||/||x V/ eX. 

Hence, ||5|| < ||\bijk]|| < 1 and then the linear operator I — B is invertible 
and 

IIBII ~ 1 - I I [ M i l 
By Lemma 1, we rewrite the functional equations system (2.1) as follows 

(3.2) / = (I — B)~x (eAf + g) = T f . 

We make the following hypotheses: 

(Hi) Rijk, S^k : fi —> fi are continuous; 
(H2) g = {gi,...,gn) e X\ 

(H3) \\[bijk}\\ < 1; 

(H4) $ : R-* R satisfying the following condition: VM > 0, 

3Ci ( M ) > 0 : - 3>(z)| < C i ( M ) \y - z\ Vy,z € [-M, M}. 

(H5) M > JÉ 2||ffll and i i r a r 

0 < £0 < 
M(l-\\[bijk)\\) 

( M C i ( M ) + n 1^(0)1) ||[aijfc]||' 

Given M > 0, we put 

KM = {feX:\\f\\x<M}. 

Then, we have the following Lemma. 

LEMMA 2. Let (Hi)-(Hi) hold. Then, we have 

(i) \\Af\\x < ||[a^]||(C1(M)||/||x+n|$(0)|) V f e K M . 

(Ü) Af-Af 
x 

< CI(M) ||[aii7-fc]|| 
x 

The proof of this Lemma 2 is straightforward and we omit the details. • 

Then, we have the following Theorem. 

THEOREM 1. Let ( H I ) - ( H 5 ) hold. Then, for every e, with |e| < £0, the 

system (3.2) has a unique solution f € KM-
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P r o o f . It is evident that Tf £ X, for every f € X. Considering / , / € Km, 
we easily verify, by Lemma 1 and Lemma 2, that 

( 3 . 3 ) \\TfWx = \\(I-B)-1(eAf + g)\\x 

— IIC ~~ -®)-11| (£ IIAf II* + Ibllx) 
1 [£o||[aijfc]||(MC1(M) + n|$(0)|) + < 

(3-4) 

i - I I [ M i l 

T f - T f 

\x 

< 

Notice that, from (H5) we have 

(3.5) 1 

and 

( . I - B ) - ' e { A f - A f ) 

< 6 0 I l ( I - B ) - 1 

e0C1(M) ||[ai;7-fc]|| 

X 

A f - A f 
x 

1 - I I [ M i l 

1 - I I [ M i l 
[so I I M I I (MCi(M) + n |*(0)|) + \\g\\x] < M, 

_ SQC\{M) ||[atjfe]|| 

1 - I I [ M l II 
It follows from (3.3), (3.4), (3.5), that T : Km Km is a contraction 
mapping. Then, using Banach fixed point theorem, we have the existence of 
a unique / € Km such that / = Tf. m 

REMARK 1. Theorem 1 gives a consecutive approximate algorithm 

(3.6) gM = T g ^ ~ l \ n = 1 , 2 , . . . , where gW e KM is given. 

Then the sequence {<7^ } converges in X to the solution / of (3.2) and 
we have the error estimation 

(3.7) ||s(M) - / | | x < - 5 (o) 
X 1 - a ' 

fi = 1,2,... 

4. The second order algorithm 
In this part, we consider the algorithm for system (1.1) 

(4.1) 
fc=i j=i 

771 71 

+ £ E E aijkVif^iRiM*))) 
k=1j=1 
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x i / ^ W t o w j ^ W o * ) ) ] '3 
771 71 

+ E E w j ' W o * ) ) + * ( * ) > 
fc=ij=i 

for z e f t , ¿ = 1 , 2 , . . . , n , a n d i/ = l , 2 , . . . , w h e r e f(0) = { f i ° \ • • •, f n } ) € KM 

is g iven. R e w r i t e (4.1) a s l i nea r s y s t e m of f u n c t i o n a l e q u a t i o n s 
in n 

(4.2) f t \ x ) = " S w / j ' W o o ) 
k=ij=i 

Ttx n 

+ E E w j ' W o o j + i ^ ) . 
fc=ij=i 

w h e r e 

(4.3) « $ ( * ) = ( / ^ ( J ^ * ) ) ) , 

a n d 

(4.4) « ^ ( x J ^ O r ) 

771 71 

*!=i j = i T h e n , we h a v e t h e fo l lowing 

T H E O R E M 2 . Let ( H i ) - ( H 3 ) a n d $ e C l { R ] R ) hold. I f f ^ - 1 ) e X satisfies 

771 71 
(4.5) a v = E E , W s u P a S ( ® ) + I I M I I < 

there exists a unique function 6 X being solution of system ( 4 . 2 ) - ( 4 . 4 ) . 

P r o o f . W e w r i t e s y s t e m (4 .2) - (4 .4) in t h e f o r m of a n o p e r a t i o n a l e q u a t i o n 
in X = C ( i l ; R n ) 

(4.6) /<"> = T „ / < " \ 

w h e r e 
771 71 

( 4 . 7 ) ( T u f ) i ( x ) = E E ^ ) / ^ ^ ) ) 

fc=ii=i 
771 71 

+ T / J 2 b i j k f j ( S i j k ( x ) ) + g i u ) ( x ) , 
k=1j=l 

for X € i i , i = 1 , 2 , . . . , n , a n d / = ( / i , • • • , / n ) e X. 
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We can easily check that T„ : X —> X and 

\ \ T v f - T j \ \ x < * v \ \ f - f \ \ x 

for all / , / € X. Then using the Banach fixed point theorem, there exists of 
a unique function G X being solution of system (4.2)-(4.4). • 

We make the following hypotheses: 

(He) $ e C2(R-R), 
(H7) \\g\\x + |S| I M I (3MM1+n\m\) < (1 - I I M I I W 
where Afi = s u p M < M |$'(y)| • 

Then, we have the following 

THEOREM 3. Let (Hi)-(H3), (He), (H7) hold, let f be the solution of system, 
(1.1) and the sequence {/(")} be defined by algorithm (4.2)-(4.4). 

( i ) / / | | / ( ° ) | | x < M , then 

(4.8) \\fH ~f\\x < / 3 m | | / ( i / _ 1 ) - / | | x . * = 

where 

un R WtWMW , n 

and 
M2= sup |$"(y) | . 

\y\<M 

(ii) If we choose the first term f ^ sufficiently near f such that 

M \ f ( 0 ) - f \ \ x < i , 
then the sequence converges quadratically to f and satisfies the error 
estimation 

(4.10) ||/<"> - f\\x < - L (j3M\\/<°> - f \ \ x f , v = 1 ,2 , . . . 

P r o o f . First, we will verify that if H / ^ H ^ < M then 

(4.11) | | / M | U < M , i/ = 1 ,2 , . . . 

Indeed, supposing 

(4.12) Wf^Wx < M, 

we deduce from (4.2), (4.12) that 
(4.13) 

( m n \ 

E E , ™ « S U P K ( S ( * ) I + II M I L \\fH\\* + \\9M\\X-k=n=i -3-nxen / 
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On the other hand, we have 

(4.14) | a g ( x ) | < |e| | ay* | I t f t f j " - 1 W ( * ) ) ) | 

< |e| loijfcl sup |$'(t / ) | = |e| M i | o y f c | . 
\y\<M 

Hence, we deduce from (4.13), (4.14) that 

( 4 . 1 5 ) \\fH\\x < ( M M i | | [ o y * ] | | + | | [ M I I ) | | / M | | j f + \\gM\\X-

Note that ( i? 7 ) implies |e| M i ||[ayfc]|| + ||[&ijfc]|| < 1, hence we obtain 

(4.16) | | / M | | X < i _ ||[6yfc]|| - | e | M i ||[a i j fc]|| I M L ' 

On the other hand, from (4.4) we get 

(4.17) \\gM\\x < \\g\\x + \e\ | |[a i j fc]|| (n | * ( 0 ) | + 2 M M i ) . 

Hence, from (4.16), (4.17), and (H7), we obtain 

Now, we shall est imate | | / — • 

P u t e W = / - we obtain from (1.1) and (4.1) the sys tem 

(4.19) e^)(x) = f i ( x ) - f ^ ( x ) 
771 n 

= £ E E a ^ [ * ( £ ( * « * ( * ) ) ) - * ( / j ^ W t o H / j ^ W O * ) ) " 
k=u=i 

+ (Be^)i(x) + gi(x)-gll')(x) 

171 71 

= (Be^Ux) +e E E a ^ [HfjiRiMx))) - « ( / j ^ W O * ) ) ) " 
fc=1 j=i 

in n 
+ * E E ovkVitf-'HRukix))) \e^\Rijk{x)) - ef-^iRij^x)) . 

fc=ij=1 

Using Taylor's expansion of the function $ ( / , - ) about the point / j " - 1 ^ up 
to order two, we obtain 

(4.20) ^ ( y ) ) - 4 ? ( / } " - % ) ) = * ( & - % ) ) # ' % ) 

where 
y = Rijk(x), A < % ) = / ! " - % ) + 0 < 6j < 1. 
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Substituting (4.20) into (4.19) where the arguments of f j , /j"-1^, e^"-1^, A ^ 
appearing in (4.20) are replaced by y = Rijk(x) we obtain 

(4.21) ¿?\x) = (Be^Ux) 

m ri 

k = 1 3 = 1 771 71 r 2 
+ I *"( I ^ W O * ) ) ' 

fc=i j=i L 

It follows from (4.12), (4.14), (4.21), that 
(4.22) ||eW||x 

< l l t M l l l l ^ l l x + NMiHeMlU 
I I 71 77X 71 

< (IlMII + kl M1)\\e^\\x + ^M2\\[aijk}\\snp f £ l e ^ O r ) 

< (Il M || + k | Mi) He^llx + Ç M2 ||[ayfc]|| ||e<" -Dll? x-2 
Hence, we obtain (4 .8) by (4 .9 ) , and (4 .22) . Finally, we deduce easily (4 .10) 
from (4 .8) . • 

REMARK 2 . Choosing the first term such that f3M ||/(0) - f \ \ x < 1, 
Theorem 1 gives a consecutive approximate algorithm (3 .6) . Then the se-
quence g^ —> f in X and we have the error estimation (3 .7) . Choose ¡io 
sufficient large such that 

n-M 0 

M g M - f \ \ x < M T g ( 0 ) - g { 0 ) \ \ x ^ < l . 

Then we take /<°> = m 
5. Asymptotic expansion of solutions 

In this part, we assume that the functions Rijk, <Sijfc,5, $ and the real 
numbers a,ijk,bijk,M satisfy the assumptions (Hi)-(H5), respectively. 

We make the following hypothese: 

(Hs) $eCN(R;R). 

We consider the perturbed system (3 .2) , where e is a small parameter 
|e| < e„. Put L = I — B. 
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L E T U S C O N S I D E R T H E S E Q U E N C E OF SOLUTIONS { / ' R ' } , r = 0 , 1 , 2 , . . . , N, 

F M G K M ( W I T H S U I T A B L E CONSTANT M > 0 ) D E F I N E D B Y T H E FOLLOWING S Y S T E M S : 

( 5 . 1 ) / L ° J = 0 = P L ° ] , 

(5 .2) I / W = P W =AfW, 

( 5 . 3 ) L / M = P M , R = 2 , 3 , . . . , I V , 

W H E R E 

pM = (pH,pMI...,pW)lr = 0,l,...lJV> 
771 71 

(5.4) P 4 W ( X ) = (Afl%(x) = E E * i * * ( / J ° W ( * ) ) ) . 

fc=i j=l 
771 H 

( 5 . 5 ) I F ( * ) = ( ^ W ) ) / ] 1 ' ^ ^ ) ) -

FC=I 

F O R S = 3 , 4 , . . . , N, 

( 5 . 6 ) 
771 n 5 — 1 -

k—lj=l r=1 |-y|=r, rj(7)=s—1 

W H E R E , W E H A V E U S E D T H E FOLLOWING NOTATIONS: 

F O R A M U L T I - I N D E X 7 = ( 7 1 , 7 2 , • • •, 7AT) € , 

JV AT 

m = E 7 i ' 7 ' = 71'72' • • •7iv!' = E i 7 i > 

n = (/j1],/j2],• • •, /f1), = (/j11)- ( / f r • • • u f V • 
P U T 

( 5 . 7 ) h = + ^ E R / M = + U, 

r= 1 

T H E N 

N 

( 5 . 8 ) „ = / - ; > V / M = / - / I , 

r=0 

SATISFIES T H E S Y S T E M 

(5.9) Lv = e[A(v + h)-Ah] + Ee, 

W H E R E 

N 

( 5 . 1 0 ) Ee = e[A(f® +U)~ A(fW)] -

r=2 
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Then, we have the following lemma. 

LEMMA 3. Let (Hi)-(Hs) hold. Then there exist a constant Cjy^ such that 

(5.H) < c « | £ | N + 1 , 

where Cffl is a constant depending only on N, ||[oijfc]||, | | / ' r ' 
r = 0 , l , . . . , JV. 

P r o o f . First, we need the following Lemmas. 

LEMMA 4. We have 

(N \ r rN , 

= E E p= 1 ) p=r |7|=rvj(7)=p 

Vx = (x i , . . . , xN) G RN, Ve € R,Vr, N G IN. 

LEMMA 5. We have 
N-1 rN N-1 p N-1 rN 

(5.13) £ £ Crpe* = E E + E E 
r = l p=r p=l r = l r = l p=N 

where e, Crp G i?, 1 < r < AT - 1,1 < p < W(JV - 1), AT = 2 ,3 , . . . . 

The proof of the Lemmas 4, 5 is straightforward and we omit the details. 

P r o o f of L e m m a 3. In the case of N = 1, the proof of Lemma 3 is 
easy, hence we omit the details, which we only prove with N > 2. We have 

Tit n 
(5.14) (A(/M + U)~ A ( f ^ M x ) = £ £ oyfc[*(/J01 + Uj) - <&(/j01)], 

k=ij=i 

where, we denote /J0] = /]°'(/?ijfc(x)). 

By using expansion of the function + Uj) — round the point 
/ j0 ' up to order N, we obtain(we omit the arguments Rijk(x)) 

(5.15) * ( / j 0 ] + ^ ) - * ( / j 0 1 ) = + 

r = l 

Using the Lemma 4, we obtain (N \ r rN . 

E^J" =E E Sr?«»-
p=l / p=r | 7 | = r ^ ( 7 ) = p 

Hence, it follows from (5.15), (5.16) and Lemma 5, that 
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(5.17) $(/t°] + C/.) -$(/j 0 1 ) 
N-1 rN 1 

= E *w(/i01) E E h n * 
r=l p=r |7|=r,T,(t)=P 

p=N \i\=N,ri(y)=p 

= EE*wof) E h n * 
p = 1 r = l | 7 | = t . i 7 j ( 7 ) = p 

N-1 rN . 

+ EE*W(/J0|> E 
r = l p=N |7|=r,r;(7)=p 

p=iV |7l=JV,rj(7)=p 

Substituting $(/]01 +C/ j ) -$(/j° 1 ) in (5.17) into (5.14), we obtain after some 
rearrangements in order of e, that 

(5.18) (A(fM + U)-A(fM)Ux) 

N — 1 / m n p jy-1 / m n f .. \ 

= E (EE"«' £*wuf> E h n Y 
p=1 V f c = l j = l r = l | 7 | = T . ) T J ( 7 ) = p / 

m n iV—1 riV 1 + E E * E E^'of) E h n * 7! 
fc=lj=l r = l p=N |7|=r,77(7)=p 

m n N2 

fc=lj=l p=JV |7|=N,7,(7)=p 

JV-1 

where 
P=i 

m 7i N—l rN 1 

(5.19) = E E ^ E E $ ( r ) (/ j 0 1 ) E ¿ n 7 ^ 

fc=lj=l r = l p=N |7|=r,?j(7)=p 

m n N2 1 + + E E 
fc=l ¿ = 1 p=N |7|=JV,fj(7)=p 
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We deduce from (5.4)-(5.6), (5.18), (5.19) that 

N 

(5.20) Eei(x) = s(A(f® + U)~ A(f®))i(x) - P.¡r] = eN+1RN[*, e]i. 
r=2 

By the boundedness of the functions /M, r = 0,1,2,..., N, /'rl 6 Km, we 
obtain from (5.19), (5.20) that 

(5.21) \\e,wx=iijmmh* < c$> k r + i . 

Lemma 3 is proved completely. • 

THEOREM 4. Let (Hi)-(Hz), (H5), (Hs) hold. Then there exists constant 

£\ > 0 such that, for every £, with |e| < ei, the system (3.2) has a unique 

solution f£ G Km satisfying the asymptotic estimation up to order N + 1 as 

follows 

(5.22) 
N 

r f [ r 

r=0 X 

< 2 | | L - 1 | | C { /
1 ) \ s \ N + 1 

the functions f^r\r = 0,1,. . . , N being the solutions of systems (5.1)-(5.6), 
respectively. 

P r o o f . Put 
N 

v = f £ - J 2 e r f [ r ] = fe-h. 
r=0 

We have 

(5.23) 
Lv = e[A(v + h)~ Ah] + Ee, 

v = L~l [e (A(v + h)~ Ah) + Ee}. 

Hence, it follows from Lemma 3 that 

(5.24) |M|X < Hi"11| (|e| \\A(v + h) - Ah\\x + W&Wx) 

< Hi-11| (|e| ||i4(i; + h) - Ah\\x + c f f . 

On the other hand 
N 

(5.25) 
r=0 

= M. 

It follows from (4.25) that 

(5.26) \\A(v + h)~ Ah\\x < sup _ |*'(y)| ||[aijfc]|| \\v\\x . 
\y\<M+M 
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Prom (5.24), (5.26) we see that 

(5.27) IMIx < I M I f a sup |*'(y)| ||[ayfc]|| ||t;||x + c f f |e|"+ 1). 
\y\<M+M 

Choosing 0 < Ei < £o, such that 
(5.28) £ l s u p _ |$ ' (2/) | l|[a»jfc]ll ^ 1/2-

\y\<M+M 

Hence, we have from (5.27), (5.28) that 

(5.29) H I * < 2 | | L - 1 | | c g ) | e r + 1 , 
or 

r = 0 X 

Theorem 4 is proved completely. • 
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