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ON THE LIMITS OF FUNCTIONS OF TWO VARIABLES 

Abstract. We show some conditions concerning sections of real functions of two 
variables which imply the existence of the double limit of considered function. Moreover 
we observe that the set of points, where the real function has the finite limit is an Gj-set 
and that a function having finite limit except a countable set is continuous except a 
countable set. 

Let TZ be the set of all reals and let V? = TZ x Ti-
lt is well known that a function / : TZ2 —• TZ having continuous sections 

fx(t) = f(x,t) and fy(t) = f(t,y), x,y,t € TZ, can be discontinuous on 
the set of full plane Lebesgue measure ¡JL̂  ([1]). Evidently, if a function 
/ : TZ2 —• TZ with continuous sections fx and fy has the finite limit at a 
point (u,v), then it is contiunous at this point (u, v). So there are functions 
f-.n2 —• TZ with continuous sections fx and fy which has not the finite 
limits on a set of full plane measure. 

On the other hand if sections fx, x € TZ, are equicontinuous at a point u 
(i.e. for each e > 0 there is 6 > 0 such that for each point y with \y — u\ <6 
and for each point x the inequality \fx(y) — fx(u)\ < £ holds) and if the 
section fu is continuous at a point v then / is continuous at the point (v, u) 
as the function of two variables ([2]). 

In this article we investigate some conditions concerning sections fx and 
fy which imply the existence of the limit of / . 

THEOREM 1. Let a function f : TZ2 —> TZ be such that for a point (u, v) 6 TZ2 

there is a positive real r such that for sections fX) u ^ x € (u — r,u + r), 
there are limits 

lim f(x, y) = b(x, v) € TZ 
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and for each positive real e there is a positive real S such that 

(1) |/0E,t,)-&(:E,„)|<e 

for v ^ y e (v — S,v + S) a n d u x G (u — r,u + r). 

If there is the limit 
lim b(x, v) = a(u, v) 6 11, 
x—tu 

then there is the limit 

(;x,y)->(u,v), Ijtu, yjtv 

Proof . Fix a positive real s. By (1) there is a positive real 5 such that 

V , V \f(x,y)-b(x,v)\<^. 

Since there is the limit 

lim b(x,v) = a(u,v), 
X—>u 

we can find a real s > 0 such that s < r and 

\b(x, v) — a(u, u)| < ^ for u ^ x £ (u — s,u + s). 

Consequently, for 

(x, y) € ((u-s,u + s)\ {u} ) x ((u - <5, v + S) \ {„}) 
we obtain 

I f(x,y) - a(u,v)| < \f(x,y) - b(x,v)\ + \b(x,v) - a(u,v)\ < | + | = e. 

This finishes the proof. 

As an immediate corollary from the above theorem we obtain: 

C O R O L L A R Y 1 . Let a function f : 1Z2 —• 72. be such that for a point (u, 1») € 
V? there is the limit a(u, v) 6 TZ of the section fv at the point u and there is a 
positive real r such that sections fX) u x 6 (u—r, u+r), are equicontinuous 
at the point v. Then there is the limit 

, x lini f{x,y) = a(u,v). 
(;x,y)->(u,v), I7ÉU 

Observe that hypotheses of last theorem and the assumption that there 
is the limit lim f(u,y) € % do not imply that there is the limit 

lim f(x,y) = a(u,v). 
(x,y)->(u,v) 

For example sections fx of the function 

f(x,y) = 0 for x ± 0 and f{0,y) = 1 for y € K 
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are equicontinuous and 

but there is no limit 

lim f(x, y) = 0 for all y 6 TZ, x—*0 

lim f(x,y). 

THEOREM 2. Let a function f : TZ2 —• TZ be such that for a point (u, v) € TZ2 

there is a real r > 0 such that for sections fX) x G (u — r,u + r), there are 
limits 

lim f(x, y) = b{x, v) €71 

and for each positive real £ there is a positive real 8 such that 
| f[x, y) — b{x, < e for v ^ y € (v — S,v + 6) and u ^ x € (u — r,u + r). 
Let there exists limits 

lim b(x, v) = lim fix, v) = a(u, v) € TZ. x—tu X—>u 
If there is a sequence of points yn ^ v such that lim yn = v and for each n—>oo 
positive integer n there is a sequence of points un^ ^ u with 

lim un k = u, lim f(un<k, yn) = f(u, Vn), k—too K-+OO 
then there is the limit 

, I™ f(x,y) = a(u,v). 

P roof. If a sequence of points (wn, zn), wn u, zn ^ v for n > 1, converges 
to (u, v) then, by Theorem 1, there exists the limit 
(2) lim f(wn,zn) = a(u,v). 

n—*oo 

By the hypothesis there is the limit b(u, v) € TZ of the section fu at a point 
v. We will prove that b(u, v) = a(u, v). For this purpose fix a real £ > 0. By 
(2) there is a real 6 > 0 such that 

£ 

\f(x,y)-a(u,v)\<- for (x,y) € K((u,v),S) with x / u and y^v, 
o 

where 
K({u,v),5) = {(x,y) : |(s,y) - (u,t;)| < 5}. 

Since lim^ f(u, yn) = b(u, v), there is a positive integer j such that 

\yj-v\ < ^ and \f(u,yj)-b(u,v)\ < 

By the hypothesis there is a positive integer i with 
6 £ 

\uj,i - ul < 2 ^ I f f a j ' V j ) - /(«»l/i)l < 3" 
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Consequently, 
|b(u,v) - a(u,v)| < \b(u,v) - f(u,yj)\ + \f(u,yj) - f(ujti,yj)\+ 

+1 f(uj,ii Vj) ~ v ) l < | + | + | = £-

Since e > 0 was arbitrary chosen we end up with a(u, v) = b(u, v). 
If a sequence of points zn ^ v converges to v, we have 

lim f(u,zn) = b(u,v) = a(u,v), n—too 
and the proof is completed. 

As an immediate consequence we obtain: 
COROLLARY 2. Conserve all hypotheses from Theorem 2 on the function 
f : TZ2 —> TZ and on the point (it, v) £ V?. If there is a sequence of points 
yn^v such that lim yn = v and sections fVn are continuous at u forn > 1, 

n—>oo 
then there is the limit 

lim f(x,y) = a(u,v). 

Continuum Hypothesis (or Martin's Axiom) implies that there is a set 
A C V? which cuts each closed set of positive plane Lebesgue measure and 
such that for every straight line I the intersection I fl A contains at most two 
points ([4]). Then sections fx and fy, x, y 6 TZ, of the function 

f(x,y) = 1 for ( x , y ) e A and f(x,y) = 0 for (x,y)eK2\A 
have the finite limits at all points, but / has not the limit at any point. 

REMARK 1. Let / : TZ2 —• TZ be a function and let (u, v) e 1Z2 be a point. 
Assume that there is the limit 

lim f(x, y) = a(u, v)e1Z 

and that there is a sequence of points (xn , yn) ^ (u, v) such that 
lim (xn,yn) = (u,v) and lim f(xn,yn) = f(u,v). n—>oo Ti—>oo 

Then the function / is continuous at (u, v). 
Proo f . The proof is evident. It suffices to observe that 

lim f(xn,yn) = a(u,v) = f(u,v). n—>oo 

The continuity of sections fx and fy, x, y G TZ, of a function / : TZ2 —> TZ 
does not imply the existence of the double limit of / at each point (x,y). 

However if sections fx of a function / : TZ2 —> TZ belong to some special 
subfamily of continuous functions and sections fy have the limit at each 
point then / has also the double limit at every point (x, y). 
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For this we will say that a family A of continuous real functions of one 
real variable has the property (* ) if there are: a positive integer n, functions 
/ii/2, •••,/n € A and points xi,x2, •. • ,xn 6 7Z such that each function 
f € A is a combination 

f = ^2aifi 311(1 det{fi(xj)]ij<n ^ 0, 
i<n 

where det denotes the determinant of a matrix. 

The following families have the property (*): 

1. the family of polynomials of degree < k, where fi(x) = xl, i = 

0,1,.. . , fc — 1; 
2. the family of trygonometric polynomials of degree < k, i.e. the family 

of functions 
k 

f ( x ) - T + HKcos(nx) + bnsin(nx)), 
Z n=l 

where 

fn{x) = cos(za:), « = 0,1,...,A: and /2i-i(x) = sin(ii), ¿ = 1,2,...,/:. 

3. generally the families of orthonormal polynomials of degree < k. 

THEOREM 3. Let A be a family of continuous functions having the property 

(*) and let f : K2 —> 7Z be a function. If sections fy G A and if sections 

fx have the finite limit at each point ofJZ (are continuous), then f has the 

finite double limit at each point (is continuous). 

Proo f . Since the family A has the property (*), there are a positive integer 
n, a family of functions / i , . . . , fn € A and points xi,..., xn 6 1Z such that 
each function g 6 A is the combination 

g = " £ a i f i and det{fi (xj) } i t j<n ± 0. 
i<n 

For ( i , y) € TZ2 we have 

f{xiy) — fy(x) — ^2ai{y)fi(x)-
i<n 

Consequently, for j <n and y € TZ we obtain 

(3) f{xh y) = Y^ ai(y)fi(xj)-
i<n 

Since det[/j(xj)] ^ 0, the system (3) has unique solution 

. . _ det Ai 
U i [ y ) ~ det[/j(xj)]' 
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where the matrix Ai is formed from the matrix [/¿(xj)] by the replacement 
of ii,l-column by the column [f{xj, y)]. Sections y fXi(y), i = 1,2,... ,n, 
have finite limits (are continuous) at each point, as well as functions y —> 
^¿(y), i <n. Consequently, if 

l im (uk,Vk) = (x,y) ^ (uk,vk) for k > 1, 
k—>oo 

then 
l im f(uk,vk) = y~](fi(x) l im ai(vk)). fc—• OO fc—»OO i<n 

If sections fx are continuous then we obtain the continuity of / . This com-
pletes the proof. 

Now let D C K2 (or D C TV) be a nonempty open set and let / : D —> H 
be a function. 

It is well known that the set C( / ) of all continuity points of / is an 
G^-set ([3]). We will prove that the set 

L(f) = {(x, y) € D : there is a finite limit lim f(u, u)} 

is also an G^-set. For this we introduce the following operation: 
If A C D then let 

l(A) = {(x,y)eD: 3 K((x,y),r) \ {(x,y)} C int(A)}. 
r> 0 

Evidently for each set A the set 1(A) is open. 
REMARK 2. For arbitrary function / : £ )—• TZ the set L(f) is of Gs type. 
P roo f . For n = 1,2,... and k = 0,-1,1,-2,2,... let 

Ak,n = |(a:,y) e D : ^ ^ < f(x,y) < ^St}-

Observe that OO OO 
£ ( / ) = PI U ' ( A n ) , 

n=l fc=—oo 
and the proof is completed. 
REMARK 3. If the set D \ L(f) is countable then the set D \ C(f) is also 
countable. 
P r o o f . If the function / is not continuous at a point (x,y) then there 
are four rationals r(x, y), s(x, y),t(x, y), z(x, y) such that r(x, y) < s(x, y) < 
f(x, y) < t(x, y) < z(x, y) and for each open neighbourhood U of (x, y) there 
is a point (u,v) 6 U with f(u,v) < r(x,y) or f(u,v) > z(x,y). Enumerate 
all systems of four rationals in a sequence 
(4) ( n , s i , t i , zi),(rn, sn, tn, zn),... 
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such that 
Sn, tn, Zn) ^ ('"mj tmi zm) for ^ 

and for n > 1 put 

= {(œ, y) eD\ C ( f ) : (r(x, y), s(®, y), i(x, y), z(x, y)) = (rn , s„, i n , z„)}. 
If the set D \ C(f) is uncountable then there is a positive integer k such 
that the set Ak is also uncountable. Consequently, the sets 

AknL(f) 

and 

Bk = {(z, y) € Ak (~l L(f ) : (x, y) is a condensation point of Afc} 
are also uncountable. Fix a point (u, v) 6 Bk- Then (u,v) G L(f). On the 
other hand (u, v) £ Ak, so in every neighbourhood U of (u,v) there are 
a point (a, b) 6 Ak H U with Sk < f(a, b) < tk and (a, b) / (u, u) and a 
point ( c , d ) 6 U with f(c,d) €1Z \ [r*fc,Zfc]. So (u, v) is not in £ ( / ) and this 
contradiction completes the proof. 
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