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SOLUTION APPROXIMATION
OF A SYSTEM OF INTEGRAL EQUATIONS BY A
UNIFORMLY CONVERGENT POLYNOMIALS SEQUENCE

Abstract. In this paper we approximate the solution (f1, fa,. .., fn) of the following

system of integral equations
n m Pijk=+ijik
) fil»)= Z Z (aijkfj(bijkz + cijk) + ok S i (t)dt) + gi(z),
=1 k=1 0
i=1,2,...,n, £ € Q= [-b,b],

by a uniformly convergent polynomials sequence, where g; : @ — R are given continuous
functions, aijk, bijk, Cijk, @ijk, Bijk, vijk € R are given constants satisfying the following
conditions

n m
Zzlgja%(n(laijkl +blagkl) <1, [brl <1, Bl < 1,
i=1 k=1
leijk| s |
max — <}, max ———— <b.
1<i,j<n,1<k<m 1 — |byj| 1<i,j<n, 1<k<m 1 — |ﬁ,.j,c|

1. Introduction
We consider the following system
n m Xijr(z)
L) £@) =2 Y (cnmfilSun@) +a | fB)dt) +g(2),
t=12,...,n,and z € Q C R, where 2 is a bounded or unbounded in-
terval. The given functions g; : 2 — R, Sijk, Xijx : @ — § are continuous,
aijk, aijk € R are given constants, f; are unknown functions.

Key words and phrases: Banach fixed point theorem, Maclaurin expansion, Uniformly
convergent polynomials sequence.
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In [1], the system (1.1) is studied with @ = [-bb], m = n = 2«
ijk = 0, Sijx(z) binomials of first degree. The solution is approximated by
a uniformly convergent recurrent sequence, and it is stable with respect to
the functions g;. In [2-4] the existence and uniqueness of solution of the
functional equation

(1.2) f(z) =a(z, f(S(x))),
in the functional space BC[a, b] have been studied. In [5], we have studied
a special case of system (1.1) with a ;j+ = 0. By using the Banach fixed
point theorem, we have obtained existence, uniqueness and also stability of
the solution of system (1.1) with respect to the functions g;. In the case
Sijk(z) being binomials of first degree g € C™(Q; R™),and 2 = [—b, ] or Q2
an unbounded interval of R we have obtained a Maclaurin expansion of the
solution of system (1.1) until the order r. Furthermore, if g; are polynomials
of degree r, then the solution of system (1.1) is also a polynomial of degree r.
In this paper, by using the Banach fixed point theorem, we obtain exis-
tence, uniqueness and stability of the solution of system (1.1) with respect to
the functions g;, where Q = [a, b] or § is unbounded interval of R. In the case
of S;jk(x), Xijk(z) being the functions of first degree and g € C"(§); R™), we
obtain a Maclaurin expansion up to r of the solution of system (1.1). Note
that, if there exists one o;;x # 0 and g;(z) are polynomials of degree r, then
the solution of system (1.1) is not certainly a sequence of polynomials yet
(see remark 6). Finally, if g; are continuous functions, the solution of system
(1.1) is approximated by a uniformly convergent polynomials sequence. The
results obtained here relatively generalize the ones in [1-6].

2. The theorems on existence, uniqueness and stability of solution
With Q = [a, b], we denote by X = C(Q; R™) the Banach space of func-
tions f : {2 — R™ continuous on {2 with respect to the norm

(2.1) Ifllx = sup [|f ()],
z€S)

where
I£@I =1, fF=(fu,far--r fa) € X.
i=1

When ©Q C R is an unbounded interval, we denote by X = Cy(2; R™)
the Banach space of functions f :  — R™ continuous, bounded on Q with
respect to the norm (2.1).

We write the system (1.1) in the form of an operational equation in X .
as follows

(2.2) F=Tf=Af+Jf+g,
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where

f = (flafZa"‘)fn)v Tf: ((Tf)l’(Tf)Zaa(Tf)n))
with
(2.3) (Tf)uﬂ—(Af)()+(Jf)()+gd$%

m

(Af)i(z) = ZZ aijk f3(Sijk(Z)),

Xijr(z)

(Jf)i(z) = §:2:Uk | fwd,i=12,...,nzeq.

0
We make the following assumptions
(Hl) gc€ Xa
(H2) Sijk, Xijk : 8 — §, are continuous,
(Hs) aijk, @ik € R satisfy the condition

m

ZZ max (lasgk| + b loel) <

Then we have the following

THEOREM 1. Let (H;)—-(H3) hold. Then there exists a unique function f =
(f1, f2y-- -, fn) € X such that f = T'f. Moreover, f is stable with respect to
g in X.

Proof. It is evident that 7' : X — X. Considering f, fE X, we easily verify,
by (Hs), that

(2.4) ITf - TFlx <ollf - flix.

Then, using Banach fixed point theorem, we have the existence of a unique

f € X such that f =Tf.

Consider f, f € X being two solutions of (2.2) corresponding to g and
g € X, respectively. By the analogous evaluation, we have

Hf—Nx<——4w gllx-

Hence, f is stable with respect to g.

REMARK 1. Theorem 1 gives a consecutive approximate algorithm

(2.5) fO =71 p=12... fOeX.
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Then the sequence {f(*)} converges in X to the solution f of (2.2) and
we have the error estimation

26) ¥ = fllx < ITFO - Vx>

REMARK 2. Let S;jx, Xijx be the binomials of first degree

(2.7)  Sijk(z) = bijkz + ciji, Xiji(z) = Bijez + yijr and Q = [-b,b].

Suppose that the real numbers b;;k, c;jk, Bijk, Vijx satisfy the conditions
() Ibije| <1, |Bijel <1, 4,5=1,...,n, k=1,...,m

|cijik] |ijk|
— 28 <p, ———— <}
(i) 1<;,J<n 1<k<m 1 — |bijik| lsi,jgrlz?f(sksm 1— Bkl —

Then (H2) holds.

Then we have the following

vr=12,...

(Ha)

THEOREM 2. Suppose that Q = [—b,b], the real numbers aijk, bijk, Cijk,
Qijk, Bijk, Vijke sotisfy (Hy), (Hs) and Sijx(x) are of the form (2.7). Then,
for each g € X, there exists a unique function f € X being the solution of
system

(2'8) f,(l‘ =

J

m Bukx'*"yl]k
> (aijkfj(bijk$+cijk)+aijk | fj(t)dt) +9:(z),
1k=1 0
i=1,2,...,n, and z € Q= [-b,b].

n

Moreover, this solution is stable with respect to g = (91,...,9n) in X.

REMARK 3. (i) The result in [1] is a special case of Theorem 2 with m =
n =2 and o, = 0.

(ii) Theorem 2 is still true for & = R and in this case the terms b,
Cijk, Pijk, Yijk Need not satisfy the assumption (H3).

3. Maclaurin expansion of the solution

Now, we consider 2 = [—b, b] and the real numbers Qijky bijk, Cijk, Qijk,
Bijk, Yijk as in Theorem 2.

Let f € C1(2; R™) be the unique solution of system (2.8) corresponding
to g € C1(Q; R™). Differentiating two members of (2.8), we obtain

m Bijrex+vijk
Z(aijkbijkf,’-(bijka:+cijk)+az‘jkﬁijk { f;"(t)dt)

1k=1 0

(3.1)  filz)=

J

n m
+ Zzaijkﬂijkfj(o) +g:(.’lf), i=12,...,n, andz€ Q= [_b) b])
i=lk=1

n
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where f{(—b) and f!(b) mean the forward derivative at —b and the backward
derivative at b of f;, respectively. Put

(32) F[O] = (FIIO], ey F,,[lol) = f, af;,)c = a,;jkbijk, QSL = a,-jkﬂ,-jk.

From (Hj(i)) and (H3), we have

(3.3) o) = ; kz:l 1<J<n (

By Theorem 2, there exists a unique function FIl = (FI[I],...,FB]) €
C(Q2; R™), being the solution of the system

ey
1,_7k

)§a<1,

(3.4) Fm Z Z (aijkbiij_,'-[I] (bijkx + ciji)
7=1k=1

BijkT+Yijk n

+aijk/8ijk S [1] (t)dt) + z Z az]kﬂkaF O) +9; ("B),

0 j=1k=1
=1,2,...,n, and z €= [-bb).

Moreover, from the uniqueness, this solution is also derivative f’

(Fls- o) f1) of fyie., Fl = f.
Similarly, let f € C"(2; R™) be the solution of system (2.8) correspond-

ing to g € C"(; R™). Differentiating r times two members of (2.8), we
obtain

(3.5) f(r) (z) = Z Z (a"»kal]kf (bije + cijk)

j=1k=1
Bijkx+vije n m .
taule | f0®d)+ 3N w00 + 9 @),
0 j=1k=1

t=1,2,...,n, and z€Q=[-bb]

From (Hj, (7)) and (Hs), we have
(36) o™ =3 "% max (Jeseble| +blawmbi|) <o <1.

<j<n
i=1 k=1 SIS

Therefore, the following system
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37) F(z)= ZZ(a”kbukF bijk + Ciji)

j=1k=1
ﬂt]kz"")'lgk n m
r r r—1 r
roafy | FP®d)+ DY aunBuFl T 0) + 60 (@),
0 j=1k=1

i=1,2,...,n, and z € Q=][-b,b], with FIr-1 = s(r-1),

has a unique solution FI"l = (F[r] . [r]) € C(Q; R™), equal to the deriva-
tive f(r) = (fl(r),. (")) of the solutlon f.

Therefore, we have the following theorem.

THEOREM 3. Let g € C™(; R™). Then there exist f € C"(Q; R*) and FI"l €
C(2; R™) being the unique solutions of systems (2.8) and (3.7), respectively.
Furthermore, FU'] is the r -order derivative of f.

REMARK 4. In the case of ! = R, we suppose additionally that the real
numbers a;;x, bijk, aijk, Bijr satisfy the condition

(38) 0<s<r Z Z 1<J< lazgkszkl +b lawk:@z]kl)

Then, if
(39) geCI(LRY) ={geCo(;RY) :¢',g",...,4 € C\(Q; R™)},

the conclusion of Theorem 3 is still true, where the functional spaces
C(Q; R*) and C™(§2; R™) appearing in Theorem 3 are replaced by Cy(R; R™)
and C}(R; R™), respectively. The proof of this result is the same as that of
Theorem 3.

Now we return to the same case of Q = [—b,b]. Suppose that f €
C(Q; R™) is the unique solution of (2.8) corresponding to g € C?(Q2; R™).
For each r = 1,2,...,q, we have FI"l as in Theorem 3. Then, from the
Maclaurin formula we have

T

q—1 ,(7)
310 £ =3 e+ s f@- gm0
‘0

|
r=0 r (q

i=12,...,n, and z€Q=[-b,b.
On the other hand, we have
(3.11) Fil=f r=01,2,...,4q
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From (3.10), (3.11) we have

q—1 [r) T
(312) filz)=)_ i ir,(o)xr + (q_l ol {(@ -ty F9 @)at,
r=0 ’ ]

Inversely, suppose that a function f= (fl, ey ]7,1) € C(Q; R™) is given
by the formula

x

q—1 [r]
F;(0) " 1 S(_,B - t)q—IFi[q} (t)dt,
o :

(3.13) fi(x)=§) m R P

i=1,2,...,n, and z€Q=[-b,b.

Then, from (3.11), (3.13) we have

_ g—1 (r) x
610 Fio) =Y I Bar s = [ -0 00 = £,

1=1,2,...,n, and z € Q=[-bb|

r=0

Hence, f is a solution of (2.8).
Therefore, we have the following theorem.

THEOREM 4. Let g € C9(Q; R™). Then the solution f € C¥(; R™) of sys-
tems (2.8) is represented by (3.12), where FI"l € C(; R™) is the unique so-
lution of system (3.7). Inversely, every function fe C1(Q2; R™) represented
by (3.13) is a solution of (2.8).

REMARK 5. We consider the case of ! = R and the real numbers a;;, bijk,
@ijk, Bijk satisfy the condition (3.8). If g € C{(R; R"), the conclusion of
Theorem 4 is still true, where the functional spaces C(Q2; R*) and C4(2; R™)
appearing in Theorem 4 are replaced by C(R; R™) and C{(R; R"™), respec-
tively.

Returning to the case of Q = [—b, b] we have the following corollary.

COROLLARY 5. If a;jx = 0 and g1,...,9n are polynomials of degree not
greater than r — 1, then the solution f of system (2.8) corresponding to
a;ji = 0 is also asequence of such polynomials.

Proof. We have
(3.15) ¢N(z)=0,i=1,2,...,n, z €[-b.
Then F"l = 0 is the unique solution of system (3.7). Applying (3.12) with
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q =7, we have

=1 p[s]
(3.16) fi(z) = 2(:) E s|(0) 2, i=12,...,n, € Q=[-bb)

5=
REMARK 6. Corollary 5 is not true if there exists at least one oj;x # 0.
Indeed, consider the system (2.8) corresponding to = [-1.1], m = n = 2,
k=1, (a12,b12, c12) = (1/8,1/2,1/2), (aij, bij, ci5) = (0,0,0) V(4,3) # (1,2);
(@11, B11,m1) = (1/4,1,0), (a2, P22,722) = (1/2,1,0), (o), Bijy%ij) =
(0,0,0) V(i,7) # (1,2),(2,1) as follows

fi(z) = fz(m+1

)+ 7 | fit)dt + g1(2),
0

] -

(3.17)

Mlp—a

f2(z) | fo(t)dt + g2(z), = €[-1,1]

0

with g1(z) = 1, go(z) = z. The exact solution of Eq.(3.17) is fi(z) = %(e +
3)(3“”/4 + %e”"x, fo(z) = 2e¢%/2 — 2,

4. Solution approximation by a uniformly convergent polynomials

In this part, we consider the system (2.8) with = [—b, b] and the real
numbers a;jk, bijk, Cijk, ijk, Bijk, Vijk 8s in Theorem 2. Let f € C(Q2; R™) be
the unique solution of system (2.8) corresponding to g € C(2; R®). We shall
approximate the solution f by a uniformly convergent recurrent sequence
consisting of the polynominals.

First, by the Weierstrass theorem, each function g; is approximated by
a sequence of polynomials Pi[‘ﬂ converging uniformly to g; when the degree
q — +oo. Hence, Pl = (P14, .. Ply converges in C(Q; R™) to g when
q — +00. We consider the sequence {f9} defined as follows

O =o,
flad = Afld 4 gfle-1l 4 pld g=12,...

We note that Jfla=1 4+ Pldl js polynomial of degree not greater than gq.
Corollary 5, solution f19 of (4.1) is also a sequence of such polynomials.

(4.1)

Therefore, we have the following theorem.
THEOREM 6. We have lim | 4 flix =0.
g—+oo

oo . I
Furthermore, if the series 3 a~3||PUl — g||x is convergent then we have

. . j=1
the error estimation 1
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42) 1Y~ fllx
< (I91x + (1 = 14 S a P ~ gllx)as, g=1,2,...
j=1
where o = || J||(1 = |A])~! < L.
Proof. From (2.2), (4.1), we have

43) fH-f=AFW-H+IGEN )+ Pl g, g=1,2,...
On the other hand, by (Hs), we have the following estimates

n
<Yy e, bl

i=1 k=
(4.4) n m
||J115b;2_;;g]_ s,

1Al + 1T <o <1.
It follows from (4.3), (4.4), that

45) 159 = fllx < JANIF = Fllx + 1T = fllx + P9 - glix.

or

(4.6) Eq<aFg 1+4+64,q=12,...,Eo = |flx,
where
(4.7) E, = |9 - fllx,
(4.8) 8g=(L— [l )" IP¥ —gllx — 0, as g — +oo,
(4.9) a=(1-[4) VI <1
From (4.6), we obtain
q 3
(4.10) 0<E,<Epa?+) 6077, q¢=1,2,...
j=1

We only have to prove that: lix+r_1 E,=0.
gq—+o00
Let € > 0. By (4.8), there exists a natural number go such that

(4.11) 0 <d; £ (1-a)e, for all g > go.
We have
q
(4.12) 0<) b0t = Za o9 4 Z 8,097
J=1 J=qo+1
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g0 q
<af Zdja'j + (1 - a)ea? Z a™4, for all ¢ > qo.
Jj=1 j=go0+1
By (4.11), the second sum in the right-hand side of (4.12) is estimated as
follows: .
(4.13) (1-a)eal Z a™ = (1-a)eala" "1 x
j=gqo+1

1 - a—(9—90)

1—at

=¢(1-a? %) <e¢, for all ¢ > go.
Hence, it follows from (4.12)-(4.13), that

q0
(4.14) 0<E; < (Eo + Zdja"j)aq + ¢, for all g > qo.
7j=1

Let ¢ — 400, we obtain from (4.14), that 0 < li141_1 E, < ¢, for all
q—+oo

€>0. Hence lim E;=0.
g—+00

Finally, we deduce easily the inequality (4.2) from (4.10) and the proof
of Theorem 6 is complete.
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