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SOLUTION APPROXIMATION 
OF A SYSTEM OF INTEGRAL EQUATIONS BY A 

UNIFORMLY CONVERGENT POLYNOMIALS SEQUENCE 

Abstract. In this paper we approximate the solution (/i, /2, • • •, fn) of the following 
system of integral equations 

n m 

(*) /»(*) = + + aijk \ fj(t)dtj + gi(x), 

j=1 k=1 0 

i = 1,2, . . . ,n, X e n = [-6,6], 

by a uniformly convergent polynomials sequence, where gi : Q —> R are given continuous 
functions, o,ijk,f,ijktcijktaijktPijkt'iijk € R are given constants satisfying the following 
conditions 

n m 

E E i < x n ( ' a i j f c l + fcl«y*l) < < x> lAjfcl < 

kijfcl [7ijfc| 
max fi r — 6, max ——•.——r < 6. 

l < i , j < n , l < f c < m 1 - \bijk\ 1 <i,j<n, 1 <k<m \ - \pijk\ 

1. Introduction 
We consider the following system 

n m Xijk(x) 

( 1 . 1 ) fi(x) = (aijkfj(Sijk(x)) + <*ijk \ fj(t)dt) + gi(x), 

j=1 fc=1 0 

i = 1,2,... , n, and a: e £1 C R, where ft is a bounded or unbounded in-
terval. The given functions gi : fl —> R, Sijk, Xijk : f i —> fi are continuous, 
o>ijk, otijk € R are given constants, fi are unknown functions. 
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In [1], the system (1.1) is studied with O = [—6,6], m = n = 2, a 
ijk = 0, Sijk(x) binomials of first degree. The solution is approximated by 
a uniformly convergent recurrent sequence, and it is stable with respect to 
the functions gi. In [2-4] the existence and uniqueness of solution of the 
functional equation 

( 1 . 2 ) f(x) = a(x,f(S(x))), 

in the functional space BC[a,b] have been studied. In [5], we have studied 
a special case of system (1.1) with a ijk = 0. By using the Banach fixed 
point theorem, we have obtained existence, uniqueness and also stability of 
the solution of system (1.1) with respect to the functions In the case 
Sijk{x) being binomials of first degree g 6 Cr(f2; i?n),and fI = [—6,6] or Q 

an unbounded interval of R we have obtained a Maclaurin expansion of the 
solution of system (1.1) until the order r. Furthermore, if gi are polynomials 
of degree r, then the solution of system (1.1) is also a polynomial of degree r. 

In this paper, by using the Banach fixed point theorem, we obtain exis-
tence, uniqueness and stability of the solution of system (1.1) with respect to 
the functions g¿, where fi = [a, 6] or f i is unbounded interval of R. In the case 
of Sijic(x),Xijk(x) being the functions of first degree and g € Cr(f2; Rn), we 
obtain a Maclaurin expansion up to r of the solution of system (1.1). Note 
that, if there exists one otijk 0 and gz(x) are polynomials of degree r, then 
the solution of system (1.1) is not certainly a sequence of polynomials yet 
(see remark 6). Finally, if <7* are continuous functions, the solution of system 
(1.1) is approximated by a uniformly convergent polynomials sequence. The 
results obtained here relatively generalize the ones in [1-6]. 

2. The theorems on existence, uniqueness and stability of solution 
With fi = [a, 6], we denote by X = C(f2; Rn) the Banach space of func-

tions / : ii — R n continuous on fl with respect to the norm 

(2-1) ll/llx = SUP ll/(®)ll. 
x€ii 

where 

ll/(*)ll = E l / i ( * ) l . f = (h,f2,...,fn)ex. 

i= 1 

When f i C R is an unbounded interval, we denote by X — Ct(il; Rn) 
the Banach space of functions / : il —> Rn continuous, bounded on fi with 
respect to the norm (2.1). 

We write the system (1.1) in the form of an operational equation in X . 
as follows 

(2.2) f = Tf = Af + Jf + g, 
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where 

/ = (fi, /2, • • •, /„) , Tf = ( (T/) i , (77)2 , . . . , (T / ) n ) , 

with 

(2.3) (T/)i(x) = (AfUx) + (Jf)i(x) + 9i(x), 
N TO 

(Af)i(x) = ^ a i j k f j ( S i j k ( ^ 
j=l fc=i 
n m Xijk(x) 

{Jf)i{x) = Y J Y . a ^ S fj(t)dt,i = l,2,...,n,x€Q. 
j=1fc=l o 

We make the following assumptions 

(Hi) g € X, 
(#2) Sijk,Xijk : i) —> i), are continuous, 
(H3) aijk, dijk € R satisfy the condition 

n m 
CTEEVV max (|ayfc| + b |ay f c | ) < 1. 

' l<j<n i= 1 fc=l 
Then we have the following 

T H E O R E M 1. Let (H\)-(Hz) hold. Then there exists a unique function f = 
(/i) /2) • • • i fn) € X such that f = T / . Moreover, f is stable with respect to 
g in X. 

P r o o f. It is evident that T : X —> X. Considering / , / € X, we easily verify, 
by (# 3 ) , that 

(2-4) \\Tf-Tf\\x<a\\f-f\\x. 

Then, using Banach fixed point theorem, we have the existence of a unique 
/ G X such that / = T f . 

Consider f , f € X being two solutions of (2.2) corresponding to g and 
g € X, respectively. By the analogous evaluation, we have 

Wf-fWxZj^Wg-gWx. 

Hence, / is stable with respect to g. 

R E M A R K 1 . Theorem 1 gives a consecutive approximate algorithm 

(2.5) f(u)=Tf(u-1/ = 1 ,2 , . . . , € X. 
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Then the sequence { / c o n v e r g e s in X to the solution / of (2.2) and 
we have the error estimation 

(2.6) | | / H - / | U < | | r / ( 0 ) - / ( ° ) | | X T ^ - , f = 1,2 , . . . 

REMARK 2. Let S ^ , Xijk be the binomials of first degree 

(2.7) Sijk(x) = bijkx + Cijk,Xijk(x) = fiijkX + jijk and ft = [-6,6]. 

Suppose that the real numbers bijk,Cijk, fiijk,lijk satisfy the conditions 

{h'2) ^ '6 i i f c ' < 15 ' j 0 y f c ' < = ' ' ' ' n ' k = ' ' ' ' m ' 
(ii) m a x < b, max i

 l 7^ fc | , < 6. 
l<i,j<n,l<k<m 1 - \bijk\ l<i,j<n,l<k<m 1 - \(3ijk\ 

Then (H2) holds. 

Then we have the following 

THEOREM 2. Suppose that Q = [—6,6], the real numbers aijk, bijk, Cijk, 
(*ijk, Pijk, lijk satisfy (#2), (#3) and Sijk{x) are of the form (2.7). Then, 
for each g € X, there exists a unique function f 6 X being the solution of 
system 

n TO 0ijkX+7ijk 
(2.8) fi(x) = (cLijkfjfajkX+cijk)+aijk \ fj(t)dt)+gi(x), 

j=1fc=i 0 
« = 1,2, . . . , n , and x € Q — [—b, 6]. 

Moreover, this solution is stable with respect to g = (<?i,... ,gn) in X. 

REMARK 3. (i) The result in [1] is a special case of Theorem 2 with m = 
n = 2 and onjk = 0. 

(ii) Theorem 2 is still true for fi = R and in this case the terms bijk, 
Cijk, Pijk, lijk need not satisfy the assumption {H'^j. 

3. Maclaurin expansion of the solution 
Now, we consider ii = [—6,6] and the real numbers a^k, b^k, c^k, a^k, 

Pijk, Hjk as in Theorem 2. 
Let / € C1(f2; Rn) be the unique solution of system (2.8) corresponding 

to g G C1(f2; Rn). Differentiating two members of (2.8), we obtain 
n m PijkX+lijk 

(3.1) fl(x) = ^ ^ (aijkbijkf'j(bijkX+Cijk)+atijk(3ijk \ fj(t)dt) 
j=1fc=i 0 

n m 
+ aijkPijkfj(0) + g'i(x), i = 1 ,2 , . . . , n, and x e ii = [-6,6], 

j=1 fc=i 
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where //(—b) and /¡(b) mean the forward derivative at —b and the backward 
derivative at b of /¿, respectively. Put 

(3.2) Ft°l = ( i f 1 , . . . , F®) = f, ag> = aijkbijk, = aijk(3ijk. 

Prom (H^i)) and (Hz), we have 
n m 

(3.3) - Z Z (l-ffi | + i- < - < 1, 
¿=1 fc=l - J ~ 

By Theorem 2, there exists a unique function FW = ( i f 1 , . . . , i f 1 ) € 
C(il; i2n), being the solution of the system 

n m. 
(3.4) i f ] (®) = £ E (a i j f c6 i j f c if1 (6ijfcx + cyfc) 

i=i fc=i 
PijkX+lijk n m 

0 j=l fc=l 
i = 1,2,... ,n, and x € Cl = [—6,6]. 

Moreover, from the uniqueness, this solution is also derivative / ' = 
( f o f f,i.e,FW = f'. 

Similarly, let / € C r(i);i?n) be the solution of system (2.8) correspond-
ing to g € Cr(Q; Rn). Differentiating r times two members of (2.8), we 
obtain 

n m 

(3.5) ft\x) = {^jkf^r\bijkx + cijk) 
j=1 fc=l 
PijkX+lijk n m 

0 3-1 fc=l 
i = 1,2,. . . , n, and x G Cl = [—6,6]. 

From (H'2, (i)) and (H3), we have 
n m 

(3.6) = E E (l°iifc&«fcl + b K k K j k I) < o- < 1-
1=1 fc=l - 3 - n 

Therefore, the following system 
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n 7Ti 

( 3 . 7 ) I F 1 (x) = J 2 T , (bijkx + cijk) 

j=1 k=1 

PijkX+lijk Ti 771 

+ a i j k f i j k \ Flr](t)dt) + £ £ <xnkftjkF[rl\0) + g?\x,), 

0 ¿=1 fc=l 

z = 1 , 2 , . . . , n, and x € Cl = [-b, b], with Flp _ 1] = /<r_1>, 

has a unique solution F^ = . . . , i*lr') £ C(Cl] Rn), equal to the deriva-
tive / M = (fir\ ..., fir]) of the solution / . 

Therefore, we have the following theorem. 

T H E O R E M 3 . Let g e C r(i); Rn). Then there exist f e Rn) and F ^ € 

C(Q\Rn) being the unique solutions of systems ( 2 . 8 ) and ( 3 . 7 ) , respectively. 

Furthermore, F[r] is the r -order derivative of f . 

R E M A R K 4. In the case of fI = R, we suppose additionally that the real 
numbers aijk,bijk,aijk, 0ijk satisfy the condition 

n m 

( 3 . 8 ) (\aijkbsijk | + & < 1 . 

Then, if 
(3.9) g € C£(il; Rn) = {g 6 C6(ii;i?n) : 5", • • •,ff(r) e fl»)}, 

the conclusion of Theorem 3 is still true, where the functional spaces 
C(Q; Rn) and Cr(Q; Rn) appearing in Theorem 3 are replaced by Cb(R; Rn) 
and C£(R; Rn), respectively. The proof of this result is the same as that of 
Theorem 3. 

Now we return to the same case of fi = [—6, b}. Suppose that / € 
Cq(Q.;Rn) is the unique solution of (2.8) corresponding to g € C9(ii;i?n). 
For each r = 1 ,2 , . . . , <7, we have F[r] as in Theorem 3. Then, from the 
Maclaurin formula we have 

(3.10) / , ( * ) = £ + A j !<* " 0 , - 1 / i W ( t ) A l 

r=0 ' ^ 0 

i = 1 , 2 , . . . , n, and x e ii = [—6,6]. 

On the other hand, we have 

(3.11) F[r]=f(r), r = 0 , 1 , 2 , . . . , ? . 
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Prom (3.10), (3.11) we have 

(3.12) / , ( * ) = £ + j - L - \(x - t y - ' F ^ m , 

i = 1 , 2 , . . . , n, and x € fl = [—6,6]. 

Inversely, suppose that a function / = (/ i , • • •, fn) € C(f2; Rn) is given 
by the formula 

( 3 . 1 3 ) ji(x) = £ + T - ^ N J S O * - t y - ' ^ m , 
r = 0 ' ^ 0 

i = 1 ,2 , . . . and x 6 ii = [—6,6]. 

Then, from (3.11), (3.13) we have 

(3.14) U x ) = £ ¿ M * ' + J(x - = /«(x), 
r = 0 ' ^ ' ' 0 

i = 1 , 2 , . . . , n, and x € fi = [—6,6]. 

Hence, / is a solution of (2.8). 

Therefore, we have the following theorem. 
THEOREM 4 . Let g € Cq(n-,Rn). Then the solution f € Cq(n-,Rn) of sys-
tems (2.8) is represented by (3.12), where € C(Q,]Rn) is the unique so-
lution of system (3.7). Inversely, every function f € Cq(£l]Rn) represented 
by (3.13) is a solution of (2.8). 

REMARK 5 . We consider the case of fi = R and the real numbers A ^ , fe^, 
ctijk, fiijk satisfy the condition (3.8). If g € C£(R;Rn), the conclusion of 
Theorem 4 is still true, where the functional spaces C(Q; Rn) and C9(fi; Rn) 
appearing in Theorem 4 are replaced by Cb(R; Rn) and C£(R] Rn), respec-
tively. 

Returning to the case of Q = [—6,6] we have the following corollary. 

COROLLARY 5. If otijk = 0 and gi,---,gn are polynomials of degree not 
greater than r — 1, then the solution f of system (2.8) corresponding to 
Oiijk = 0 is also a"sequence of such polynomials. 

P r o o f . We have 

(3.15) gjr^(x) = 0,i = 1 , 2 , . . . , n, s e [ - M ] . 

Then F ^ = 0 is the unique solution of system (3.7). Applying (3.12) with 
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q = r, we have 

REMARK 6. Corollary 5 is not true if there exists at least one ayfc ^ 0. 
Indeed, consider the system (2.8) corresponding to fi = [—1.1], m = n = 2, 
k= 1, (012.612.C12) = (1/8,1/2,1/2), (oy.&y.cy) = (0,0,0) V(i, i) + (1,2); 
(an.1011,711) = (1/4,1,0), (a22 , £22,722) = (1/2,1,0), (ay, Aj ,7 i j ) = 
(0,0,0) V(i, i) # (1,2), (2,1) as follows 

with 51 (x) = 1,520*0 = a;- The exact solution of Eq.(3.17) is fi(x) = | ( e + 
3)ex/4 + tfce1/4®, /2(x) = 2ex/2 - 2. 

4. Solution approximation by a uniformly convergent polynomials 
In this part, we consider the system (2.8) with ii = [—6,6] and the real 

numbers a^k, bijk, (Hjk, <*ijk, Pijk, Jijk as in Theorem 2. Let / 6 C(i2; i?n) be 
the unique solution of system (2.8) corresponding to g € C(ii; Rn). We shall 
approximate the solution / by a uniformly convergent recurrent sequence 
consisting of the polynominals. 

First, by the Weierstrass theorem, each function gi is approximated by 
a sequence of polynomials Pj9 ' converging uniformly to gi when the degree 
q +oo. Hence, pM = ( P j ? 1 , . . . , PÌq]) converges in C(Q;Rn) to g when 

Corollary 5, solution of (4.1) is also a sequence of such polynomials. 

Therefore, we have the following theorem. 

(3.17) 

o 

THEOREM 6. We have lim ||/191 - / | | x = 0 . 
q—>+oo 

oo 

Furthermore, if the series a J ||pbl — is convergent then we have 
the error estimation 
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(4-2) ||/M - f\\x 
oo 

< ( l l / i u + ( 1 - M i l ) - 1 - g = 1 , 2 , . . . 

i = l 

w/tere a = || J||(l - \\A\l)-1 < 1. 

P r o o f . From (2.2), (4.1), we have 

(4.3) / M - / = - /) + J i / I « - 1 ' - / ) + P M - g = l , 2 , . . . 

On the other hand, by (H3), we have the following estimates 

' 1' l<j<n 
t=l k=1 

^ l l J l l < ^ X ] m a x | a y f c | , 

¿=1 fc=i ~3-n 

P | | + | | J | | < < 7 < 1 . 

It follows from (4.3), (4.4), that 

(4-5) ||/M - f \ \ x < ||A|| ||/ W - / | U + II J|| \\f[q~1] " f\\x + ||P[9] - g\\x-

or 

(4.6) Eg < aEq._! + 9 = 1,2,..., E0 = \\f\\x , 

where 

(4-7) £ , = | | / [ 9 ] - / | | x , 

(4.8) Sq = ( 1 - ||A|| T 1 ||PW - 5 ||x 0, as 9 +oo, 

(4.9) a = ( l - P | | ) - 1 | | J | | < 1 . 

From (4.6), we obtain 

9 

(4.10) 0 < Eq < E 0 a q + Y 2 5 j a V ~ i > 9 = 1 , 2 , . . . 

i = i 

We only have to prove that: lim E q = 0. 
9-»+oo 

Let e > 0. B y (4.8), there exists a natural number 90 such that 

(4.11) 0 < 5q < (1 - a)e, for all q > q0. 

We have 
9 90 9 

(4.12) 0 < Y ^ t j a q ~ j = Y L 5 i a 9 ~ i + J 2 6 i a q ~ j 

J = 1 J = 1 J=90 + 1 
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90 9 

< aq ^ ^ + (1 — a)eaq ^ a - - 7 , for all q > qo. 
j=1 ¿ = 9 0 + 1 

B y (4.11), the second sum in the right-hand side of (4.12) is est imated as 
follows: 

(4.13) (1 - a ) e a q a ~ 3 = (1 - a j e a ^ o - » - 1 x _ 
j = 9 o + l 

= £ (1 - aq~qo) < e, for all q > q0. 

Hence, it follows from (4.12)-(4 .13) , that 
90 

(4.14) 0 < Eq < (e0 + ¿j<x~j)aq + e, for all q > q0. 
j=l 

Let q —» + 0 0 , we obtain from (4.14), that 0 < lim Eq < s, for all 
q—>+oo 

e > 0. Hence lim E0 = 0. 
q—*+<x> 

Finally, we deduce easily the inequality (4.2) from (4.10) and the proof 
of Theorem 6 is complete. 
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