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ON SOME FREE GROUPS, GENERATED BY MATRICES 

Abstract . The interest to free groups generated by 2 x 2 matrices 

1 A 
0 1 

CA = 
1 0 
A 1 

is known since 1947 when Sanov proved that for A = 2 the group G\ = gp{A\, C\) is a 
free group [22]. For |A| > 2 the proof of this fact can be found in [3], The aim of this paper 
is to show that if A is outside of four unit circles |A ± 1| > 1 and |A ± > 1 then also G\ 
is a free group. 

Let 
' 1 A " , B = 

1 2 " ' 1 0 ' ' 1 A " , B = 
1 2 " 

, Ca = 
' 1 0 ' 

0 1 0 1 , Ca = A l 
There are known papers concerning the parameter A, for which gp(B, C\) 
is not a free (nonabelian) group ([23], [2], [7]); e.g: for A = y, I € Z \ {0}, 
k < 6 [10] and [17] independently, k = 6,7 [10] and [14] independently, k=8 
[11], [14], k=9 [14] and k=10 [12]; for A a root of unit [19], [5], [9]. 

In [4], [16], [8] and [13] are described new A's which make gp(B, C\) free. 
Some areas for complex A were found by means of computer for gp(B, C\) 
not to have a free subgroup [1]. However for A transcendental the group 
gp(A\, C\) itself is free [6]. It is clear that gp(A\, C\) always contains a free 
subgroup generated by A\, Cjj for big enough k [22], [3], The group gp(B, C\) 
also contains a free subgroup, since it is conjugate to gp(A\,C\) [4]. 

The aim of this paper is to show that if A is outside of four unit circles 
| A ± 1| > 1 and |A ± z| > 1 then G\ is a free group. This result adds some 
additional areas outside the four unit circles to the result of Brenner for 
|A| > 2 [3], 

Let C* = CUoo be an extended complex plane. It is known [20] that ho-
mographic functions f ( z ) — f f i j , a, 6, c, d e C ; ad—cb^ 0; z 6 C*, which 
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map C* —> <C* form a group under superposition fi(z) o ¡^{z) = /2(/i(z))-
We denote this group by H. It is known that the group H is isomorphic to 
the group PSL(2,C), which implies that there exists an epimorphism 

(p : SL(2, C) —• H, <p: 
a b 
c d 

az + c 
bz + d 

- 1 0 
0 - 1 

a and <p : G\ 

If denote with Kertp equal to the center of SL(2, C), generated by 

a := z + A, 7 := then y maps A\ 7, C\ 
gp(y, a). To show that G\ is a free group it is enough to prove that gp(a, 7) 
is a free group. 

We introduce a transformation /? := Then one can see that 7 = ¡3~1a¡3. 
We shall prove that gp(a, ¡3) = (a) * (¡3). So we get 
(1) gp(a, 7) = gp(a, f3~la(3) C (a) * (J3), 
and hence by [18] 4.1 problem 10, gp(a, 7) is a free group equal to (a) * {7). 
To prove that gp(a, ¡3) — (a) * (/?) we have to check (in view of /32 = id) 
that none of the following products is the identity: 

a) akl(3ak2...ak°(3, 
b) aki(3aki...ak°, 
c) f3aklf3ak2...ak°, 
d) (3aklf3ak2...ak°(3. 

Since elements of the form b), c), d) are conjugate to elements of the form 
a), we should check only that 
(2) w := aklPak2...ak°/3^id. 
The proof is based on the Lemma of Macbeath [15, pages 167-168]. The idea 
is the following: we denote by Qi the open unit circle \z\ < 1 and by CI2 - the 
outside of it, that is \z\ > 1. Our word (2) is a sequence of transformations. 
If w = id then Q^w = fii . We show that it is imposible if 
(3) |A± 1| > 1 and | A ± i | > l , 
that is if A is outside of four circles 

J m ( z ) 
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We note that if A satisfies (3) then |A| > \/2. 

Lemma 1. iîia± 1 /3 is a circle with center s' where |s'| = p^zry and radius 

r = w=I-
Proof, fiia is the unit circle with center s = A, obtained by translation of 
fîi for the vector A. 

The image ft i a/3 is by [21, page 84], also a circle with center s' which 
is not an image of s. Let I and V be the lines defined by vectors A and A 
respectively. Let c, d define the intersection points of I and iîia: 

Note that |c| = |A| + 1, |d| = |A| — 1. Let c' and d' be the images of c, d, 
then the center s' of ilia/3 can be found as s' = + d'). We have 

¿ - 1 ; - 1 + A - 1 A 
|c|2C (|A| + 1 ) 2 V |A| J (|A| + 1)|A| A' 

1 T 
~ (|A| - 1)|A| 

Then the center is s' = ¿ j (p^pi + p ^ ) • A = p ^ • A and |a'| = p ^ L . 
The radius is: 

W a n = - C| = - p ^ ) |A| = 

For the circle the proof is similar. • 
COROLLARY 1. Since |s'| > |r| the circle flia^P does not contain (0,0) and 
hence is not equal to iii. 

In the next Lemma we consider the circles Cliafia^1. To find their cen-
tres, we write a complex number u + iv as [u, i>]. 
Lemma 2. Let A = [a, 6]. The radius of the circles Q,\a(ia±l is equal to jAp_1 

and their centers are s ,̂ s'_1: 
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(4) 
4 = 

s_ 1 = 

| A | 

|A|2 

|A| 
|A|2 

L _ [_o(|A|2 _ 2 ) f _6|A|2] . 

P r o o f . The circles i i ia / Jc^ 1 are obtained from Vt\a(3 by translation for ±A, 
so the radius does not change and their centers are 

s i = s ' + A = W ^ T [ a ' ~ b ] + [ a ' b ] = I a F ~ T [ a | A | 2 ' 6 ( | A | 2 " 2 ) ] ' 

= s ' " A = j î p k - h = p q r r i [ - ° ( I A I 2 - 2)- ~ b \ x \ 2 } • • 

Lemma 3. The inclusion Q,\a±lf3ak(3 C iîi , ke Z \ {0} , is strict. 

P r o o f . To get the inclusion it is enough to show that the circles f2ia±1/3a f c 

and fii are disjoint. Because of symmetry, we consider only £l\a(3ak and 
start with k = ±1 . 

The open circles are disjoint if distance between theirs centres is greater 
or equal to a sum of their radia, so we have to check that 1 > r(fii) + 
r(f i la/tor") , which is equivalent to 

(5) |s'± 1|2> ( K Q ^ + r ^ ! ^ 1 ) ) 2 . 

We calculate now 

(6) 

(7) 

|s'i|2 = 

5 - l l = 

q2|A|4 b2(|A|2 - 2)2 _ [A|6 + 4b2(l — |A|2) 
+ „ , „ .xo - (|A|2-1)2 

|A|6 + 4a 2( l — |A|2) 

(|A|2_1)2 (|A|2-1)2 

a2(|A|2-2)^ + 62|A|4 

(|A|2-1)2 (|A|2-1)2 (|A|2-1)2 * 

By Lemma 2, r ( i î ia /3a ± 1 ) = |Ap_1, so the right side of (5) is (1 + |Ap_1 ) 2 = 
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(|A|"-i)a' s'i is equivalent to 

M |A|6 + 4fr2(l — |A|2) |A|4 

W (|A| 2-1) 2 - ( | A | 2 - 1 ) 2 ' 
This gives |A|6 - |A|4 + 4b2(l - |A|2) > 0, which is (|A|2 - 1)(|A|4 - 4b2) > 0. 
Since |A| > \/2, (8) is equivalent to |A|4 - 4b2 > 0. Because |A|2 = a2 + b2, 
we have |A|4 - 4b2 = (a2 + b2)2 - 4b2 = (a2 + b2 + 26)(a2 + b2 - 2b) = 
(a2 + (6 + l ) 2 - l ) (a 2 + (6 - l ) 2 - 1) = (|A + i\2 - 1)(|A - t|2 - 1). So (5) is 
equivalent to 

(|A + i | 2 - l ) ( | A - i | 2 - l ) > 0 

and hence holds under assumption (3). 
Similarly, Is!^!2 > (r(iii) + r(fiia/3a))2 is equivalent to |A + 1| > 1 and 

|A - 1| > 1, so we get i7ia{3a± l n fii = <j) and hence i i ia /?a ± 1 C fii. 

Because the circles flia/3a and i ) ia/3a _ 1 are disjoint with fii and ííia/3 is 
not, then their centers satisfies |s'| < j and |s'| < I s ' ^ . Prom the picture 
above the angles os'^s' and os'js' are actue and hence |s'fc| > Is'J for /c > 1 
and \s'k\ > Is^il for k < —1. It follows that for every k 6 Z, \k\ > 1 circles 
flia¡3ak are disjoint from fli, and hence we have strict inclusion: 

fiio:/3afc/3 C fii, keZ\{0}. 

Similarly, we get Qia~1f3ak(3 c ííi •. 

T h e o r e m 1. Let a := z + A, p : = |A ± 1| > 1 and |A ± i\ > 1. Then 

gp(a,(3) = (a)*(P). 

P r o o f . As we have shown above it is enough to prove that a nontrivial 
transformation w — akl(3ak2...ak°P is not the identity, that is iiitu ^ fli. 
The word w can be written as a product of subwords akl/3, > 1, 
a : t l/3afc2/3 and (possibly at the end) o^1/?. 

Let Wi G {akl(3, a±1/3ak2(3^, € Z \ {0} , |fci| > 1. Then either w = 
wiW2---ws or w = w\w2--.waaizll3. We prove that in each case fliw ^ Qi. 

Since by (3), |A| > \/2, then for |fc| > 1 we have |fcA| > 2. Then a k = 
z + kX translates f)i strictly into Í22 and the inclusion fl\ak c ÍÍ2 implies 
that Cliak@ c i 2 i . By Lemma 3, fiia±1/?afc/? C is also strict. So we have 
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for each Wi 
(9) Vt\W\W2Wz...ws C QiW2W3...Ws C Q\w3. . .w s C ... C f i i -

If w = wiw2--.wsa±1 (3, then by (9) and Corollary 1, fliw c fiia^fl is not 
equal to fii, which finishes the proof. 
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