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FUZZY SET THEORY APPLIED TO INCLINE ALGEBRAS

Abstract. The fuzzification of k-ideals (also r-ideals) of inclines is considered, and
then we prove the notion of fuzzy ideal and fuzzy k-ideal coincide, and we investigate
some properties on fuzzy r-ideals. Using level subsets of an incline with respect to a fuzzy
subset A of inclines, we construct the fuzzy r-ideal containing A.

1. Introduction

In the 1800’s mathematicians discovered that propositional logic could
be represented by a new structure called Boolean algebra in which 040 = 0,
140=0+1=1but 1+1 = 1, where 1 is true and O is false. This
representation can be extended from propositions like p and (q or r) to the
more intricate logic of binary relations by taking matrices over the Boolean
algebra. In the 1960’s this was extended to a kind of multivalued logic called
fuzzy sets. Boolean algebra and the theory of fuzzy sets are two examples of
a general structure called incline, which is a type of ordered algebraic struc-
ture introduced by Cao and studied in detail by Cao, Kim and Roush [2] in
their book, Incline Algebra and Applications. Inclines are a generalization of
a Boolean algebra or fuzzy algebra consisting of a semiring satisfying addi-
tive idempotence and the incline axiom zy+z = z, zy+y = y. The ideals in
a ring or semigroup form an incline, as do the topologizing filters in a ring.
Inclines can be used to represent automata and other mathematical systems,
in optimization theory, to study inequalities for nonnegative matrices and
matrices of polynomials [5]. Incline theory is based on semiring theory and
lattice theory. Inclines and fuzzy theory in inclines were studied by some
authors (see [1, 3, 4]). In this paper, we discuss the fuzzification of k-ideals
(also r-ideals) of incline algebras. We prove the notion of fuzzy ideal and
fuzzy k-ideal coincide, and we investigate some properties on fuzzy r-ideals.
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Using an r-ideal, we establish a new r-ideal, and then we consider its fuzzi-
fication. Concerning homomorphism of inclines, we study the homomorphic
image/preimage of fuzzy r-ideals. Using level subsets of a given fuzzy subset
A of inclines, we construct the fuzzy r-ideal containing A.

2. Preliminaries

By an incline (incline algebra) we shall mean a set K endowed with two
associative binary operations called addition and multiplication (denoted by
“+” and “”, respectively) satisfying the following conditions:

e addition is commutative and idempotent: z+y=y+zandz+z ==z
for all z,y € K.
¢ multiplication distributes over addition from the right and left:
(z+y) - z=z-2z+y-zandz-(y+2)=z-y+z-zforz,y,z € K.

e the incline property holds: z+z-y =z and y+z-y =y forallz,y € K.
For the sake of convenience the multiplication “.” will be denoted by jux-
taposition, and let X = (K, +, - ) denote an incline unless otherwise specified.
Note that any incline is partially ordered by the relation z < y if and only if
z+y=uyforall z,y € K. A subincline of K is a nonempty subset M of K
which is closed under addition and multiplication. A subincline M of X is
called an ideal of K if whenever £ € M and y < = then y € M. A subincline
M of K is called a k-ideal of K if z+y € M and y € M implies z € M.
An element 0 in K is called the left (resp. right) zero elementif z + 0 =z
and Oz = 0 (resp. z0 = 0) for all z € K. An incline containing a left (or
right) zero will be denoted by Ko. Obviously 0 < z for every z € K, which
means that 0 belongs to any ideal of Ky. Hence in Ky the intersection of
ideals (k-ideals) is an ideal (k-ideal). The set-theoretic union of two ideals
(subinclines) is not an ideal (subincline), in general. But there are inclines
in which the union of any ideals is an ideal. As an example we can con-
sider the incline Ko = (I,+,-), where I = [0,1], z + y = max{z,y} and
zy = min{z, y}.

A mapping f : K — £ of inclines is called a homomorphism if f(z+y) =
f(z) + f(y) and f(zy) = f(z)f(y) for all z,y € K. Let f be a mapping
from a set K to a set L and let A and B be fuzzy subsetes of K and L,
respectively. Then f(A), the image of A under f, is a fuzzy subset of L
defined by

up A(e), if f7H(y)#0, vy €L
F(A)@) :={ze?c(-)?(y) (), 1 f7W) A0, Vy €

otherwise.
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The preimage of B under £, denoted by f~1(B), is a fuzzy subset of K given
by
F7Y(B)(x) = B(f(z)), Vz € K.

3. Fuzzy ideals

Denote by IX the set of all fuzzy subsets of K, that is, of maps from K
into (I, A, V) where I = [0,1], z A y = min{z, y} and = V y = max{z, y} for
every z,y € I.

DEFINITION 3.1. A fuzzy subset A € IX is called a fuzzy subincline of K if

it satisfies
Al +y) A Alzy) > A®) A A(y), Va,y € K.

A fuzzy subincline A € I* is called a fuzzy ideal of K if it is order reversing,
that is, A(z) > A(y) in I whenever z < y in K.
LEMMA 3.2 (Theorem 3.4 in [3]). A fuzzy subset A € I* is a fuzzy subin-
cline/ideal of K if and only if the level subset
Ai={ze K |A(z)>t}, tel
is a subincline/ideal of K when it is nonempty.
We first consider the fuzzification of k-ideals in incline algebras.

DEFINITION 3.3. A fuzzy subincline A € I* is called a fuzzy k-ideal of K if
it satisfies
A(z) > A(z +y) AN Aly), Vz,y€ K.

THEOREM 3.4. Let A € IX be a subincline of K. Then A is a fuzzy ideal of

K if and only if A is a fuzzy k-ideal of K.

Proof. Let A be a fuzzy ideal of K. Let z,y € K and z + y = 2. Then
z=zt+y=(z+z)t+y=z+(z+y)=z+z2

and so z < z. Since A is a fuzzy ideal, it follows that A(z) > A(z) = A(z+y)
so that A(z) > A(z+y) A A(y). Conversely, assume that A is a fuzzy k-ideal
of KX and let =,y € K be such that z < y. Then z + y = y, and thus
A(z) 2 A(z + y) AN A(y) = A(y). Hence A is a fuzzy ideal of K. =

LEMMA 3.5 (Proposition 2.1 in [1]). Let M be a subincline of K. Then M
s an ideal of K if and only if M is a k-ideal of K.

COROLLARY 3.6. A fuzzy subset A € I is a fuzzy k-ideal of K if and only
if the level subset

Ari={ze K |Az)>t}, tel
is a k-ideal of K when it is nonempty.

Proof. It follows from Lemmas 3.2 and 3.5, and Theorem 3.4. u
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DEFINITION 3.7. An ideal M of K is called a left (resp. right) r-ideal of K
if KM C M (resp. MK C M), where KM = {za | z € K, a € M} and
MK = {az|a€e M, z € K}.

DEFINITION 3.8. A fuzzy ideal A of K is called a fuzzy left (resp. right)
r-ideal of K if it satisfies

(3.1) A(zy) > A(y) (resp. A(zy) > A(z)), Vz,y € K.
ExaMPLE 3.9. The ring (Zs, +, ) has 4 ideals as follows:

(0), (1), (2), (3).

Define addition and multiplication on K := {{0), (1), (2), (3)} as follows:
+ [0 (1) (2) 3) 0 1) 2) 3
(0)[(0) (1) (2) (3) (0)(0) (0) (0) (0)
(L (1) (1) (D) (1))(0) (1) (2) (3)
(2)|(2) (1) () (1) {2)[(0) (2) (2) (0)
(33 (1) (1) 3) (3)|(0) (3) (0) (3)

Then (K,+,-) is an incline algebra. Define a fuzzy subset A € I* by
A((0)) = A((2)) > A((1)) = A((3)). By routine calculations, we know that
A is a fuzzy left/right r-ideal of K.

THEOREM 3.10. A fuzzy subset A € IX is a fuzzy left (resp. right) r-ideal
of K if and only if the level subset

Ay={ze K |A(z)>2t}, tel
is a left (resp. right) r-ideal of K when it is nonempty.
We call A; the level left (resp. right) r-ideal of K with respect to A.

Proof. Assume that A is a fuzzy left r-ideal of K. Then, by Lemma 3.2,
A; (#0)isanideal of K forallt € I. Let z € K and a € Ay fort € I. It
follows from (3.1) that A(za) > A(a) >t so that xa € A;. Hence A, t € 1,
is a left r-ideal of K. Conversely, suppose that A; (# 0) is a left r-ideal
of K for all t € I. Then A is a fuzzy ideal of K by Lemma 3.2. If there
are u,v € K such that A(uv) < A(v), then A(uv) < tp < A(v) by taking
to = %(A(uv) +A('u)). Hence v € Ay, but uv ¢ Ay, which contradicts that
Ay, is a left r-ideal of K. Hence A(zy) > A(y) for all z,y € K, and so A is
a fuzzy left r-ideal of K. The right case is induced similarly. =

THEOREM 3.11. Let M be any left (resp. right) r-ideal of K. Then there
ezists a fuzzy left (resp. right) r-ideal A of K such that Ay = M for some
tel
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Proof. Let A be a fuzzy subset of K defined by
A(m):{teI\{O} ifxeM,
0 otherwise.
Obviously A; = M. For a given s € I, we have
Ao(=K) if s=0,
Ay =S A(=M) if0<sg
0 ift<sg

t
L,

and so A, is a left (resp. right) r-ideal of K. Using Theorem 3.10, we know
that A is a fuzzy left (resp. right) r-ideal of K. =

THEOREM 3.12. Assume that K has the left zero element 0. For every subset
M of K, let A € IX be defined by

A(z) = {

where s >t in I. Then A is a fuzzy right r-ideal of K.

s if z satisfies a(az) =0, Va € M,
t otherwise,

Proof. Let z,y € K. If both z and y satisfy a(az) = 0 and a(ay) = 0 for
all a € M, then

a(a(z + ) = a(az + ay) = a(az) + a(ay) = 0
and
a(a(zy)) = a((az)y) = (a(az))y = 0y = 0.
It follows that A(z + y) A A(zy) = s = A(z) A A(y). If = (or y) does not
satisfy the identity a(az) = 0 (or a(ay) = 0), then clearly
Az + ) A Aley) > t = Az) A AGy).
Hence A is a fuzzy subincline of K. Let z,y € K be such that z < y. If y
satisfies the identity a(ay) = 0 for all a € M, then
0 = a(ay) = a(a(z + y)) = a(az + ay)
= a(az) + a(ay) = a(az) + 0 = a(ax).
Hence A(z) = A(y). If y does not satisfy the identity a(ay) = 0, then
A(y) = t < A(z). Hence A is a fuzzy ideal of K. For any z,y € K, if z
satisfies the identity a(az) = 0 for all a € M, then
a(a(zy)) = a((az)y) = a(az))y = 0y = 0.

Hence A(zy) = s = A(z). Otherwise, it is clear that A(zy) > t = A(z).
Therefore A is a fuzzy right r-ideal of K. »
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THEOREM 3.13. Let M be an r-ideal, that is, both a left and a right r-ideal
of K. Then

M*={ze€ K|z+a€ M for some a € M}
is an r-ideal of K.
Proof. Let z,y € M*. Then = + a,y + b € M for some a,b € M. Now

(z+y)+(a+d)=z+a+y+be M,

(z+a)(y+b) =zy+zb+ay+abe M.
Hence z + y,zy € M*, that is, M* is a subincline of K. Let z,y € K be
such that + € M* and y < z. Then 2 +a € M for some a € M and
y+z = z. It follows that y+x+a € M so that y € M*. Now let u € K and
z € M*. Then £ +a € M for some a € M, and so uz +ua =u(z+a) € M.

Since ua € M, it follows that uz € M*, that is, KM* C M*. Similarly,
M*K C M*. Therefore M* is an r-ideal of K. u

COROLLARY 3.14. For an r-ideal M of K, the fuzzy subset A € I* defined
by

A(z) s if z satisfies x + a € M for some a € M,
z) =
t otherwise

for all s,t € T with s >t is a fuzzy r-ideal of K.
Proof. The proof is straightforward. m

THEOREM 3.15. Every homomorphic preimage of a fuzzy r-ideal is a fuzzy
r-ideal. '

Proof. Let f : K — £ be a homomorphism of inclines and let B be a fuzzy
r-ideal of L. For every z,y € K, we have

fYB)(z +y) A f7H(B)(zy) = B(f(z +y)) A B(f(zy))
= B(f(z) + f(¥)) A B(f() f(y))
> B(f(x)) A B(f(y))
= fH(B)(=) A f7Y(B)(y).
Hence f~!(B) is a fuzzy subincline of K. Let z,y € K be such that z < y.

Then &+ = y, and so f(y) = f(z+y) = £(z) + f(y), that is, f(z) < £(y).
Since B is a fuzzy ideal of £, it follows that

F7H(B)(z) = B(f(2)) = B(f(v)) = f~(B)(y)-

Hence f~!(B) is order reversing. Finally, for any z,y € K we get

FH(B)(zy) = B(f(zy)) = B(f(z)f(v)) > B(f()) = £ 1(B)(v).
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Similarly, f~Y(B)(zy) > f~}(B)(z). Therefore f~1(B) is a fuzzy r-ideal of
K. =

LEMMA 3.16. Let f : K — L be a one-one and onto homomorphism of
inclines. If M is a left (resp. right) r-ideal of K, then f(M) is a left (resp.
right) T-ideal of L.

Proof. Let z,y € f(M). Then there exist a,b € M such that f(a) = = and
f(b) = y. It follows that

z+y = f(a)+f(b) = f(a+b) € f(M) and zy = f(a)f(b) = f(ab) € f(M).
Hence f(M) is a subincline of £. Let z,y € L be such that z < y and

y € f(M). Then there exist a € K and b € M such that f(a) = = and
f(b) = y. Since z < y, it follows that

fO)=y=x+y=f(a)+ f(b)=fla+b)
so that a + b = b, that is, a < b. Since b € M, we have a € M and so
z = f(a) € f(M). Thus f(M) is an ideal of L. Finally, let z € f(M) and
y € L. Then f(u) = z for some u € M, and f(v) = y for some v € K. Hence

zy = f(u)f(v) = f(w) € f(M) and yz = f(v)f(u) = f(vu) € f(M).
Therefore f(M) is a left (resp. right) r-ideal of £. =
LEMMA 3.17. Let f be a mapping from K into L. If A is a fuzzy subset of
K, then
flA)e= [ flAs), VEeIop=1T\{0}.

s€(0,t)

Proof. Let t € I'\ {0}. For y = f(z) € L, assume that y € f(A):. Then

t<f(A)) = f(Af(2))= sup A(2).
z€f~1(f(2))
Hence for every s € [0,t), there exists =g € f~!(y) such that A(zo) >
t — s, that is, o € A;—s. Thus y = f(zo) € f(At—s), and therefore y €
Nsefo,r) f(At-s). Conversely, let y € Nyepoz) f(At-s)- Then y € f(As—s) for
all s € [0,t), which implies that there exists o € A;—s such that f(zg¢) = y.
It follows that A(zo) >t — s and so zg € f~1(y) so that

f(A)(y) = sup A(z) > sup {t—s}=t.
zef~Hy) s€[0,t)

Hence y € f(A):, and the proof is complete. =

THEOREM 3.18. Let f : K — L be a one-to-one and onto homomorphism of
inclines. If A is a fuzzy left (resp. right) r-ideal of IC, then f(A) is a fuzzy
left (resp. right) r-ideal of L.
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Proof. In view of Theorem 3.10, it is sufficient to show that f(A); (# 0)
is a left (resp. right) r-ideal of L for all ¢t € I. Note that f(A)o = L, and if
t € Ip then f(A)¢ = Nyepo,r) f(At—s) by Lemma 3.17. Since f(A;—s) is a left
(resp. right) r-ideal of £ by Lemma 3.16, it follows that f(A); is a left (resp.
right) r-ideal of £. This completes the proof. m

THEOREM 3.19. Let A be a fuzzy subset of K. Then a fuzzy subset A* of K
defined by

A*(z) =sup{te I |z € (A:)}, Vz €K

is the least fuzzy r-ideal of K that contains A, where (A;) means the least
r-ideal of K containing A;.

For any s € Im(A*), let s, = s — % for any n € N. Let z € A%. Then
A*(z) > s, which implies that

1
sup{teIIxe(At)}>s>s—;=sn, Vn € N.

Hence there exists ¢ € {t € I | z € (A;)} such that ¢ > s,. Thus A C A,,
and so z € (A,) C (As,) for all n € N. Consequently = € (),cn(As,). On the
other hand, if z € N,en{(4s,), then s, € {t € I | ¢ € (A;)} for any n € N,
Therefore

s~ =sa<supftel |z (A)} = 4'(a), YnEN.

Since n is arbitrary, it follows that s < A*(z) so that = € A}. Hence A} =
Mnen(As, ), which is an r-ideal of K. Using Theorem 3.10, we know that
A* is a fuzzy r-ideal of K. We now prove that A* contains A. For any
z€ K,letse {tel|ze A} Then z € A, and so z € (4,). Thus
s € {t € I|z € (As)}, which implies that

{tel|lzeA}C{tel]|ze (Ay}.
It follows that
A(z) =sup{te I |z € A} <sup{t€ |z € (A:)} = A*(z),

which shows that A* contains A. Finally let B be a fuzzy r-ideal of K
containing A. Let z € K. If A*(z) = 0, then clearly A*(z) < B(z). Assume
that A*(z) = s # 0. Then ¢ € A} = (,cn(4s,), that is, z € (A,,) for all
n € N. It follows that

B(z);A(z)}sn=s—%, Vn €N

so that B(z) > s = A*(z) since n is arbitrary. This shows that A* C B. The
proof is complete. m
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4. Normal fuzzy ideals

DEFINITION 4.1. A fuzzy subset A € IX is called normal if there exists
z € K such that A(z) = 1. The set of all normal fuzzy left r-ideals of K is
denoted by N (K).

If A € I is a normal fuzzy ideal (left or right fuzzy r-ideal) then
A(0) = 1, and hence A € I*0 is normal if and only if A(0) = 1.

PROPOSITION 4.2. Let A € IX° be a fuzzy left (right) r-ideal. Them At
where At (z) = A(z) +1— A(0) for all z € K, is a normal fuzzy left (right)
r-ideal of Ko and A C A*.

Proof. It is a simple verification of axioms. =

COROLLARY 4.3. Let A and A% be as in Proposition 4.2. Then:
a) Att = At
b) A*(zx) =0 implies A(z) =0,
c) A is normal if and only if AT = A.
The following two lemmas are obvious.
LEMMA 4.4. Let A be a fuzzy left r-ideal of Ko. Then
Ka={z € K|A(z) = A(0)}
is a left r-ideal of Ky.

LEMMA 4.5. If A,B € I are fuzzy left r-ideals such that A C B and
A(0) = B(0), then K4 = Kp.

Also it is not difficult to see that the following two propositions are true.

PROPOSITION 4.6. If for a fuzzy left r-ideal A € IX0 there exists a fuzzy left
r-ideal B € I®° such that B* C A, then a is normal.

PROPOSITION 4.7. Let A € I*° be a fuzzy left r-ideal of Ko and let
f : [0,A(0)] — I be an increasing function. Then f o A is a fuzzy left
r-ideal of Ko. Moreover, if f(t) >t for all t € [0, A(0)], then AC fo A.

The above proposition gives a method of construction new fuzzy left r-
ideals from old. Namely, if A is a fuzzy left r-ideal of X, then A? defined by
At(z) = (A(z))*, where t € (0,1), is a new fuzzy left r-ideal of K. Obviously
A € N(Ky) for every t € (0,1) and A € N(Ko).

PROPOSITION 4.8. A mazimal element of (N (Ko),C) is constant or takes
only two values: 0 and 1.

Proof. Let A € N(Kp) be maximal and non-constant. Then A(zp) # 1 for
some z¢ € K. We claim that A(zg) = 0.
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It is easy to see that a fuzzy set D defined by

D(z) = 5(A(®) + A(a))
is a fuzzy left r-ideal of K. By Proposition 4.2
D*(z) = D(z) + 1 — D(0)
is a normal fuzzy left r-ideal of Ko, i.e. Dt € N(Kp). Moreover

DH(z) = %(A(rc) + Alzo)) +1- %(A(O) + Alzo) = %(A(a:) +1)

for all z € K. Thus A C D and D*(z¢) # A(zo) if A(zo) > 0. So, A is
not maximal in M(Ky), which is a contradiction. Hence A takes only two
values: 0and 1. =

Lemma 4.4 shows that a maximal element M of N'(Kp) is a characteristic
function of some left r-ideal of K. Namely, if M is not constant then it is a
characteristic function of Kjs. In the other case it is a characteristic function
of K.
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