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A NOTE ON CONGRUENCE UNIFORMITY 
FOR SINGLE ALGEBRAS 

Abstract . It is proved that though for varieties congruence uniformity implies con-
gruence regularity this is not the case with infinite algebras. 

DEFINITION 1. Let A = (A, F) be an algebra. 
A is called congruence uniform if a,b € A and 0 € Con*4 imply |[a]0| = 
\m-
A is called congruence regular if a € A, 0 , $ 6 Con.4 and [a]0 = [a]í> imply 

A is called congruence permutable ifQ o $ = $ o 8 for all 0,3» e Con.4. 
A is called congruence distributive if (6 V $ ) n í' = ( 0 n í) V ( $ n for 
all 0, \I> € Con^t. 

A class of algebras is called congruence uniform, congruence regular, 
congruence permutable or congruence distributive, respectively, if each of 
its members has the corresponding property. 

It is well-known (see [4]) that congruence uniform varieties cannot be 
characterized by a Maltsev type condition. In contrast to this, conditions of 
such type characterizing congruence regularity were presented by B. Csá-
kány [2], G. Grátzer [3] and R. Wille [5] (see also [1]). 

In [4] the following was proved: 

PROPOSITION 1. Congruence uniform varieties are congruence regular. 

Unfortunately, the proof of Proposition 1 is based on the fact that factor 
algebras of algebras belonging to a congruence uniform variety are congru-
ence uniform. This does not carry over to algebras not belonging to such a 
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variety. Hence the question arises if Proposition 1 remains valid for single 
algebras. 

T H E O R E M 1. Finite congruence uniform algebras are congruence regular. 

Proo f . Let A — (A, F) be a finite congruence uniform algebra, a £ A and 
©, $ € ConA. and assume [a]© = [a]$. Let ^ denote the least congruence 
on A having the class [a]©. Then, evidently, \I> C ©,$ . Thus every class of 
í ' is a subset of a class of © and a subset of a class of Since all classes 
of ©, ^ are finite and of the same cardinality (equal to |[a]©|), it follows 
© = ^ = $ proving congruence regularity of A. • 

The following example shows that there exists a finite congruence reg-
ular, congruence permutable, congruence distributive and subdirectly irre-
ducible unary algebra of finite type which is not congruence uniform. Here 
and in the following, for every set M let ujm denote the smallest equivalence 
relation { (x, x) \ x € M} on M. 

E X A M P L E 1. If A = {a,b,c,d,e}, B := {a,b,c}, C := {d,e}, f,g : A —> A 

are defined by f(a) = g(e) b, f(b) := c, f(c) - g{d) := a, f(d) = 

g(b) = g(c) := e and /(e) = g(a) := d and A := (A,f,g) then Con.4 = 
{¡¿A, £ 2 UC 2 , A2}, (Con«4, C) is a chain and A is finite, congruence regular, 

congruence permutable, congruence distributive, subdirectly irreducible and 

of finite type, but not congruence uniform since |B| = 3 / 2 = \C\. 

For infinite algebras the following can be proved: 

T H E O R E M 2. For every infinite cardinal k there exists a congruence uniform 

and subdirectly irreducible unary algebra of cardinality k having k fundamen-

tal operations which is not congruence regular. 

Proo f . Let A\,A2,As be pairwise disjoint sets of cardinality k, put A :— 

Ai U A% U A3, for every a,b € A define /a¡, : A —> A by fab(a) b and 
fab{%) '•= x otherwise, for i = 1,2,3 let /¿ be an injective mapping from 
A to Au put A := (A, {fab I (a, b) G A\ U A¡ U A¡} U {/1, /2, / 3 } ) and let 
© G Con.4 \ {uja}, j € {1, 2,3} and (c, d) € AThen there exists (e, /) € © 
with e / / and therefore 

C = f f j { e ) M Á e ) ) @ f f j ( e ) M Á f ) ) 

= /;(/) = f m Á W ) ) ®ffj(e)Afj(e)) = d 

showing (c, d) € © and hence A f lM^ lMg C ©. Therefore Con.4 = {u>a, A\U 
Al U A%, A\ U (A2 U A3)2, Al U (Ai U A3)2, A2 U (Ai U A2 )2, A 2 } . Hence A is 
congruence uniform, but not congruence regular. Since ConA. has just one 
atom, namely A2 U A2 U A2, A is subdirectly irreducible. Finally, A is unary 
and has k fundamental operations. • 
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