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INVARIANT APPROXIMATIONS,
NONCOMMUTING MAPS AND
STRONGLY M-STARSHAPED METRIC SPACES

Abstract. In this paper, we obtain some results on invariant approximations in
strongly M-starshaped metric spaces, which extend some known results.

1. Introduction and preliminaries
Let M be a subset of a metric space X = (X,d) and I = [0, 1]. Then X is
said to be (1) M-starshaped [1] if there exists a mapping W : X x M xI — X
satisfying
d(flI, W(y, q, A)) < Ad(l‘,y) + (1 - )\)d(.’L‘, q)
for all z,y € X, g € M and all X € I; (2) strongly M-starshaped [1] if it is
M-starshaped and satisfies the following property

d(W(z,q,2),W(y,q,})) < Ad(z,y)

forall z,y € X, ¢ € M and all X € I; (3) (strongly) convex if it is (strongly)
X-starshaped; (4) starshaped if it is {g}-starshaped for some ¢ € X. We
must mention that convex and starshaped metric spaces were originally
defined by Takahashi [14] in 1970. It is clear that any normed space X is a
strongly convex metric space with W given by W(z,q,A) = Az + (1 — A)q
for all z,q € X and all A € I. However, the converse is not true, in general
(see, e.g., Takahashi [14]). A subset D of a M-starshaped metric space X is
called g-starshaped if there exists ¢ € D{| M such that W(z,q,A) € D for
all z € D and all A € I. For more details of the above notions, we refer to
Al-Thagafi [1], Beg, Shahzad and Iqbal [3], Naz [6, 7] and Takahashi [14].
Let § and T be self-mappings of X and D C X. Then T is called (5)
S-nonexpansive on D if d(Tz,Ty) < d(Sz,Sy) for all z,y € D; (6) S-
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contraction on D if there exists k € [0,1) such that d(Tz, Ty) < kd(Sz, Sy)
for all z,y € D. The mappings S and T are said to be (7) commuting
on D if STz = TSz for all x € D; (8) R-weakly commuting [8] on D if
there exists R > 0 such that d(T'Sz,STz) < Rd(Tz,Sz) for all z € D.
Suppose now that D is g-starshaped with ¢ € F(S) (| M and is both T- and
S-invariant. Then T and S are called R-subweakly commuting [11] on D if
there exists R > 0 such that d(T'Sz,STz) < Rd(Sz, [Tz,q]) for all z € D,
where [T'z,q] = {W(Tz,q,)) : A € I} and d(y,C) = inf{d(y, 2) : y € C} for
C C X. We note that every commuting map is R-subweakly commuting for
all R > 0. But the converse may not hold in general (see, e.g., Shahzad [11]).
The mapping S is said to be affine on D if S(W(z,q,)) = W(Sz, Sq, \)
for all z € D and all A € I. We represent by F(S) (resp. F(T)) the set of
all fixed points of S (resp. T'). Let C C X and & € X. Then Po(&) = {z €
C :d(z,&) = d(Z,C)} is called the set of best C-approximants to £.

The following is an example of a pair of R-subweakly commuting map-
pings on a strongly M-starshaped metric space which is not commuting,.

Let X be the set of all nonexpansive self-mappings of I = [0, 1]. Then X
is a metric space with the metric d given by d(A, B) = sup{|Az — Bz| :
z € I}, where A,B € X. Let W : X x X x I — X be defined by
W(A,B,\)(z) = Az + (1 — A\)Bz for all z,A € I. It is not difficult to
show that X is a strongly M-starshaped metric space (with M = X). De-
fine T, S by T(A)(z) = §A%(z) and S(A)(z) = 3A(z) forallz € I. Then T
and S are R-subweakly commuting but not commuting.

In 1969, Brosowski [4] proved that if T' is nonexpansive with & € F(T'),
T(C) c C and P¢(%) is nonempty, compact and convex, then Po(£) (| F(T)
# (. Subsequently, Singh [13] noted that Brosowski’s result remains valid if
Pc(z) is only g-starshaped. Afterwards, Sahab, Khan and Sessa [9] general-
ized the result of Singh for a pair of commuting mappings. Their result was
further extended by Al-Thagafi [2] in 1996. Shahzad [10-12] was the first who
introduced noncommuting maps to this subject and obtained several results
regarding invariant approximations for a pair of such maps. In this paper,
we first establish a common fixed point theorem for R-subweakly commut-
ing mappings in strongly M-starshaped metric spaces and then, using it, we
obtain some results on invariant approximations. Our results extend some
known results.

We shall make use of the following lemmas in the sequel.

LEMMA 1.1 [12] Let D be a closed subset of a metric space X, and let S
and T be R-weakly commuting self-mappings of D such that T(D) C S(D).
Suppose T is S-contraction. If cl(T(D)) is complete and T is continuous.
Then F(S)( F(T) is singleton.
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LEMMA 1.2 [1]. Let X be an M -starshaped metric space, C C X and & € X.
Then Po(2) Cc 9CN)C.

2. Main results

THEOREM 2.1. Let D be a closed subset of a strongly M -starshaped metric
space X, and let S and T be R-subweakly commuting self-mappings of D
such that T(D) C S(D). Suppose D is q-starshaped with ¢ € F(S)\M,
c(T(D)) is compact, S is affine, and T is continuous and S-nonezpansive.

Then F(S)NF(T) # 0.
Proof. Let {A,} be a sequence with 0 < A, < 1 such that A, — 1 as
n — o0o. For each n, define T,, by

Tox=W(Tz,q, ).

Since T is a self-mapping of D, D is g-starshaped, S is affine, and T'(D) C
S(D) it follows that S(D) is g-starshaped and each T, is a self-mappings
of D such that T,(D) C S(D). Again, since S is affine and S and T are
R-subweakly commuting, we have
d(T,Sz,ST,z) = dW(TSz,q, \n), S(W(Tz, q,\n))

=d(W(TSz,q,\n), W(STz,q,\))

< \d(TSz,STx)

< M Rd(Sz,[Tz,q))

< MRA(T,z, Sx)
for all x € D. This shows that T,, and S are A, R-weakly commuting for
each n.

Furthermore,
d(TnZI), Tny) = d(W(Tma 49, ’\n)a W(Tya q, /\n))

< And(Tz, Ty)

< A\, d(Sz, Sy)
for all z,y € D. Since cl(T(D)) is compact, it follows that, for each n,
cl(T,(D)) is compact. An application of Lemma 1.1 yields that F/(S)"F(T5)
= {z,} for some z,, € D. This means that z, =Sz, =T,z,=W (Tz,, q, A\n).
Since cl(T'(D)) is compact, we can find a subsequence {T'z, } (say) of {Tz,}
with Tz,, —» y asm — oo and so {z,} = {W(Tz,,q, Am)} converges to y.
Since y = limy, 00 Tm = liMyn 00 TZm = im0 SZim, by the continuity
of T, we have y € F(T). Since T(D) C S(D), there exits z € D such that
y =Ty =Sz Now

ATz, T2z) < d(STm, Sz) = d(Tm,S2) = d(Tm, y)-
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This implies that Ty = T'z. Consequently y = Ty = Tz = Sz. Also,
d(Ty,Sy) = d(T'Sz,STz)
< Rd(Sz,[Tz,q])
< Rd(Sz,W(Tz,q,\))
< R[Ad(Sz,Tz) + (1 — A)d(Sz,q)]
for all A € I, which gives that Ty = Sy. Hence F(S) (N F(T) # 0.
REMARK 2.2. Theorem 2.1 contains as special cases Theorem 3 of Beg,

Shahzad and Igbal [3], Theorem 2.2 of Al-Thagafi [2], Theorem 4 of Habiniak
[5], and Lemma 2.2 of Shahzad [11].

Let
D&*(8) = Po(#)( | G& (),
where
GE5(2) = {z € C: d(Sz,2) < (2R + 1)d(&, C)}.
The following theorems show the validity of Theorems 2.3 and 2.4 of
Shahzad [12] for strongly M-starshaped metric spaces.

THEOREM 2.3. Let X be a strongly M -starshaped metric space, and let S and
T be self-mappings of X such that & € F(S)(F(T). Suppose C C X is such
that T(OC(\C) C C and g € F(S)(\ M. Suppose T and S are R-subweakly
commuting on Dg's(:i) , T is S-nonezpansive on Dg’s(:f:) U{&}, and S is
affine on Dg’s(:f:). If DCR’S(:%) is closed and gq-starshaped, cl(T(Dg’s(:?:))) is
compact, S (Dg’s(:i:)) = Dg’s(:i) , and T is continuous, then

Po(2)[(F(S)[\F(T) #6.

Proof. Letz€ Dg’s(:i:). Then, by Lemma 2.2, z€ 8C (| C. Since T(8C (N C)
C C, it follows that Tz € C. Since Sz € Pc(£) and T is S-nonexpansive on
D&®(2)U{#}, we have
d(Tz, ) = d(Tz,TZ)

< d(Sz,S%)

= d(Sz, £)

= d(%,C).
This shows that Tz € Pc(£). The R-subweak commutativity of T and S
gives that

d(STz, %) = d(STz,T3) < Rd(Tz, Sz) + d(S2z, S2) < (2R + 1)d(%,C).
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This implies that Tz € Gg’s(:%). Therefore, Tz € Dg’s(:i:) and so T(Dg's (2))
C Dg’s(:%) = S(Dg's(:i)). Hence, by Theorem 2.1, Ps(£) (" F(S)N F(T)
0.

THEOREM 2.4. Let X be a strongly M -starshaped metric space, and let T
and S be self-mappings of X such that £ € F(S)(\F(T). Suppose C C
X is such that T(OC(\C) C S(C) C C and q € F(S)(\M. Suppose T
and S are R-subweakly commuting on Dg’s(i:), T is S-nonezpansive on
Dg’s(:%) U{£}, and S is affine on Dg’s(:?:). If Dg’s(:i:) is closed and g-
starshaped, cl(T(D25(2))) is compact, S(C)\D&®(2) c S(DE®())
Dg’s(:?:), and T is continuous, then Po(2) N F(S)NF(T) # 0.

Proof. Let z € Dg’s(a‘:). Then, as in the proof of Theorem 2.3, Tz €
D&®(#) and so T(D&5(2)) ¢ D25(2). By Lemma 1.2, z € 8C(C. This
implies that T(D2%(2)) ¢ T(8CNC) C S(C). Thus there exists y € C
such that Tz = Sy. Since Sy = Tz € Pc(Z), we have y € Dg’s(:i). Also,
T(DR®(2)) c S(DE*(2)) c Po(2). Therefore,

T(DE* (%)) c S(C)(\D&* () c S(D&*(2)) ¢ DES(%).
Hence, by Theorem 2.1, Po(2) N F(S)N F(T) # 0.

REMARK 2.5. We observe that S(Pc(Z)) C Pco(&) implies Po(Z) C Gg’s(a‘:)
and so D&®(%) = Pg(#). Thus Theorems 2.3 and 2.4 also hold when

Dg’s(i:) = P¢(&). Our Theorem 2.3 extends Theorem 6 of Beg, Shahzad
and Igbal [3]. It also contains the results of Brosowski [4], Sahab, Khan and
Sessa [9] and Singh [13], which we have mentioned in the introduction.
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