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ON CERTAIN SUBCLASS OF ANALYTIC FUNCTIONS
WITH COMPLEX ORDER

Abstract. We introduce a subclass, namely Sg (A, B,n) of functions defined by using
Hadamard product (D™ f * s4)(z) of the differential operator D™ f(z) = z+ 2:;2 k"agz*
and sa(z) = -(]:TZZ(T:J (n € No={0,1,2,...} and 0 < & < 1). The aim of the present

paper is to determine sharp coefficient estimates and maximization theorem concerning
the coefficients. Further, we give a sufficient condition in terms of coefficients for functions
belonging to the class S2, (A, B,n).

1. Introduction
Let A; denote the class of functions

(1.1) f(z) = z+2akzk
. k=2

which are analytic in the unit disc U = {z : |z| < 1}. And let S denote
the subclass of A; consisting of analytic and univalent functions in the unit
disc U. We use 2 to denote the class of bounded analytic functions w in U
which satisfy the conditions w(0) = 0 and |w(z)| < 1 for z € U.

A function f € A, is said to be starlike of order « if and only if

/)
1.2 Red———=r>a (z€U

(-2 §© =€t

for some (0 < a < 1). We denote the class of all starlike functions of order
a by S*(a).

Now, the function

z

(13) Sa(Z) = m

is well-known extremal function for the class S*(a) (see [2], [24] and [25]).
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Setting
[Tpes(p — 209)

14 ky=—""—"7——— >
(14) clark) = LT (k2 2)
8o can be written in the form:

oo}
(1.5) sa(2) =2+ ) c(a, k)z*.
k=2
Then we note that c(a, k) is a decreasing function in « and satisfies
oo (a<i)
kl_l_'n:o cay,k)=<K1 (a= %)

Let (f * g)(z) be the convolution or Hadamard product of two functions
f and g, that is, if f given by (1.1) and g is given by

(1.6) 9(z)=z+ i brz*.
k=2
Then
(1.7) (f*g)(2) =2+ ) axbi2*.
k=2

For a function f € S, we define

(1.8) D%f(2) = f(2),

(1.9) D'f(z) = Df(2) = zf'(2),

and

(1.10) D™f(z) = D(D"'f(z)) (neN={12,...}).

The differential operator D™ was introduced by Salagean [26].
We denote by S5 (A, B,n) the class of functions f in A;, that satisfy the

condition
1 n 1+ Az
(111) 1+ g[ﬂz(D f * Sa(Z)) - 1] =< m, z € U,

where < denotes subordination, b # 0 is any complex number, A and B
are arbitrary fixed numbers, -1 < B < A< 1,n € Ny = NU {0}, and
0 € a < 1, where, for convenience,

2(D™f x s4(2))
(D™ f * sa(2))

(1.12) Q(D"f % sa(2)) =



Certain subclass of analytic functions 829

By definition of subordination, the above condition is equivalent to

_ 14 Aw(z)

1 n
(1.13) 1+ —E[QZ(D f*sa(2)-1]= 1T Bulo)’ w

€.

It is easy see that the above condition is equivalent to
Q.(D™f * s4(2)) — 1
B[Q,(D™f % s4(2)) — 1] — (A — B)b

We note that, by specializing the parameters b, A, B,n and «a, we obtain
the following subclasses studied by various authors:

(1) S5(A, B,0) = S(A, B) (Aouf, Darwish and Attiya [6]),

(2) S}(4, B,0) = S*(A, B) Janowski [12]), S; (4, B,1)=C(A, B) (Mazur
[17], Silverman and Silvia [27]), S}% (A, B,0) = S°(A, B) (Sohi and Singh
[29)), 52‘7(1, —1,0) = §*(7) (0 < v < 1) (Robertson [24]), 52"7(1, -1,1) =
C(v) (0 £ v < 1) (Robertson [24] and Pinchuk {23]), and S%_"(l, -1,n) =
S™(7y) (Salagean [26]).

3) sg"’°°“e’“(1,-1,0) = SMy) (Il < %, 0 < v < 1) (Libera

[16]), 5§77 (1,-1,1) = CA(3) (N < §, 0 < v < 1) (Chichra [3)),
S;"’(l,l -26,0) = S*(v,0) (0 <y <1, 0 <p<1) Juneja and Mogra
[13)), 5}77(1,1-28,1) = C(1, 8) (Aouf [5]), 5|~ 2"1,1-26,0) =
S*v,B) (1A} < 3,0<v<1,0< B < 1) (Mogra and Ahuja [18]) and
SPTM R TN(1,1-26,1) = A B) (N < §, 07 < L0< B <)
(Ahuja [1]).

(4) S%(l, —1,0) = S(1 — b) (Nasr and Aouf [19]), S%(l,——l,l) = C(b)
(Wiatrowski [31] and Nasr and Aouf [20]), S;(l, 1-23,0)=S(1-b,8) and
S';(l, 1-28,1)=C(1-b,p8) (0 < B <1) (Aouf, Owa and Obradovic [7]).

(5) Sg(l, 47 — 1,0) = F(b,M) and 53(1, 7 —11)=G0bM)(M > 1)
(Nasr and Aouf [21], [22]), S§™ AT, L~ 1,00 = Py and
s;os*e“*(1,,‘—14. - 1,1) = Gam (N < Z, M > 1) (Kulshrestha [15]),

i _ —ix
(1,4 —1,0) = Far(A,7) and s(; Meesde™ R L~ 1,1) =
Gu\7) (M <3 0<y<l, M> %) (Aouf [3,4]), S;(l,% -1,0) =

. . 1-7)cosde ™ M2 _m24m 1-m
F(1,M)(M > ) (Singh and Singh {28}) and S(é ") (MW—'"—,IW—:O)

(1.14)

<1l (z€eU).

S(él —v) cos Ae™



830 M. K. Aouf, B. A. Al-amri

=S (1A 1-m <M <m, A\ < § and 0 < v < 1) Jakubowski [9, 10
and 11} and Stankiewicz and Waniurski [30].

We further, observe that, by the special choices of b, A, B,n and o our
class S8 (A, B, n) gives rise to the following new subclasses of A;:

(1) SEM(1,-1,n) = Su(y,n) = {f € A1 : Re (D" % s4(2)) > 7,
0<y<1,z€eU},

(2) SE=Mcosre™ (] ] n)=SA(y,n)={f € A; : Ree™* (D" f % sa(2))
> ycos A, || < g,O <v<1,zeU},

(D™ f x 54(2)) — 1‘
LD frsale)) £1| <P

(3) SL(8,~B,m) = ST 5 = { fed:

0<ﬁ§LzeU}

(4) Sa™"(B,~B,n) = Sg 5(7)

_ _ Q(D™f xs4(2))—1
= {fe A o D frsa@)) £ 1-07

0<,3S1,ZGU},

‘<ﬂ, 0<vy<1,

(5) 827 (4, B,n) = SA(4, B, n)

) | QD" # 5a(2)) ~ 1]
= {f € A;r: BerQ, (D™ f * s4(z)) — (Acos A + iBsin \) <b
Il < % z€ U},
(6) S((ll—'y) cos /\G-“ (/B’ _,Ba n) = Sé,ﬁ(’)’, n)
_ . Qz(an * sa(z)) -1 f.
(e o T e <P <

0<y<1, 0<pB<1, zGU},

i

(7) S{-Meesde™ (11— 28,n) = S¥P(y,n)

Q. (D™ f % s4(2)) — 1

= {fEA]_:

28[Q, (D" f * sq(2))—14+(1—7) cos Ae= A —[Q, (D" f * s4(2))—1]

<1,|A|<§, 0<y<1,0<pB<1, zeU},
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(8) Sb(1,1—28,n) = Sa(1 —b,B,n)

B . Q(D"f x54(2)) — 1
= {f € A 2,3[Qz(an *Sq(2)) — 1+ b] - [Qz(an * 54(2)) — I]l <b

0<ﬂ$1,z€U},

©) S (1, % _ l,n) = Fu(b, M, n)

={f€A1: QZ(D f*sZ(Z))+b_1 _M’ <M, M>%7 ZEU}a
(10) SZOS)‘e_ﬂ (1, % - l,n) = F)\ M,a(n)
i n o
= {f€A1 | €29:(D" f * 5a(2)) — isin A _Ml M
Cos A
m 1
|/\|<§,M>-2-,Z€U},
(11) Sc(xl_ﬂcos'\e_u (1,i - 1,n> = Fup.a(N, 7, 1)
M
2 n . P
=qf€A: €782 (D"f * sa(z)) —ycosA zsm,\_M <M
(1 —7)cosA

I/\|<%,M>%,057<1,zeU}.

2. Coefficient estimates

THEOREM 1. Let the function f defined by (1.1) be in the class S8 (A, B, n),
zeU.

1. If(A—B)?p)2 >2B(A—-B)(k—1)Re{b} + (1 - BH)(k—-1)%, k> 1,
let

ve| (A= BYjop
= |2B(A-B)(k— 1) Ref{b} + (1 - B2)(k—1)2]
Then
Y e T []i¢4-Bp-(p-2)B]
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forj=2,3,...,N+2; and

N+3

; H |(A-B)b—(p—2)B|, j> N+2.

(N + 1Y - 1)j™c(a, 5)

(2:2) ol <

9. If (A — B)2[b|2 < 2B(A — B)(k — 1) Re{b} + (1 — B?)(k — 1)2, then
(A - B)|b|
(.7 - l)jnc(O‘,j)’

The bounds in (2.1) and (2.3) are sharp for all admissible A, B,b # 0 com-
plex, n € Ny, and for each j.

(2.3) jaj] < for j > 2.

Proof. Since f € S(4, B,n), (1.13) gives
z(D"f * sa(2))’

(D7 5a(2) 2D % sa(2))
~{@-mp- B[ T - oo wea

Now (2.4) may be written as

(2.4) ~1

(2.5) i(k — (e, k)k arz*
k=2

— {(A — B)bz + i[(A — B)b— B(k — 1)|c(a, k)k"akzk}w(z),
k=2

which is equivalent to

Z(k—l)c(a k)kMagzF + Z di 2"

k—1+1

- {(A ~ B)bz + Z[(A — B)b— B(k — 1)]c(a, k)k"akzk}w(z),

k=2

where Y7o .., dizF converges in U. Then, since |w(z)| < 1,

=j+1

(2.6) lZ(k—l c(a, k)k"agz* + Z diz \
k=j+1
j-1
< |(A — B)bz + Z[(A — B)b— B(k — 1)]c(a, k)k™ay2*|.
k=2
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Writing z = re®, r < 1, squaring both sides of (2.6), and then integrat-
ing, we get

J

Z __1)2 c(a k )2k2n|a |2 2k Z Idk|2 2k

k=2 k=j+1
j-1
<(A-BYp*r? + Y (A-B)b— B(k—1)|* - (c(a, k))*k*"|ax [*r®*.
k=2

Let r — 1, then on some simplification, we obtain

2.7) (G- 1)2(c(@,5))%5%"a;|* < (A— BY*bf
j=1

+ ) {l(A- B - Bk —1)[* — (k— 1)*}(c(o, k) k™ ar?, 5> 2.

k=2
Now there may be following two cases:
1. Let (A — B)?|b]2 > 2B(A — B)(k — 1) Re{b} + (1 — B%)(k — 1)%.
Suppose that j < N + 2; then for j = 2, (2.7) gives
(A—B)lb|
2n¢(a, 2)

which gives (2.1) for j = 2. We establish (2.1) for j < N + 2, from (2.7), by
mathematical induction.

Suppose (2.1) is valid for j = 2,3, ...,k — 1. Then it follows from (2.7)
(G = D?(c(e 5))%5" |asl? < (A~ B)2|b|2

+ Z{ [[(4-B)b~ Bk - 1) - (k- 1)?]

= T[a- 2o 25t

p=2

laz| <

- TTET [1it4- B - 287
p=2

Thus, we get

1
=~ (- DYre(a, 4)

HI(A B)b - (p - 2)B,

laj| <

which completes the proof of (2.1).
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Next, we suppose j > N + 2. Then (2.7) gives

(G — D*(c(, 5))%5%*"|a;|?
N+2
< (A-B)*b+ Z {I(A—B)b— B(k — 1)]* = (k — 1)*}k*"(c(e, k))?|ak|®

k=2

j-1
+ Y A{l(A-B)b— Bk —1)* = (k — 1)}k (c(a, k))?|ar|?

k=N+43
N+2
< (A=B)*bI*+ ) _{|(A= B)b— B(k - 1)]* = (k — 1)}(c(a, k))*k*"[as .
k=2
On substituting upper estimates for ag, as, . . ., an 42 obtained above, and

simplifying we obtain (2.2).
2. Let (A — B)?|b|?2 < 2B(A — B)(k — 1)Re{b} + (1 — B?)(k — 1)?, then
it follows from (2.7)

(G = D*(c(e,5))%5" as|* < (A= B, (5 22)

which proves (2.3).
The bounds in (2.1) are sharp for the function given by

2(1+ Bz)*7*, B#0
z exp(Abz), B=0.

The bounds in (2.3) are sharp for the functions given by

(2.8) D™ f xs4(2) = {

(A—B)b
2(1+4 BzF-1)BFD, B #0

2.9 D" fi. x so(2) = -
29) (2) {zexp(ﬁ‘—’,’ci_f—l-)i), B=0.
3. Maximization of |a3 — pa3|

We shall need in our discussion the following lemma.
LEMMA 1 [14]. Let w(z) = 3 po.; ckz® € Q if p is any complez number, then
(3.1) ez — .u'cfl < max{1, |ul},
Jor any complez p. Equality in (8.1) may be attained with the functions
w(z) = 2% and w(z) = z for |u| <1 and |u| > 1, respectively.
THEOREM 2. If a function f defined by (1.1) is in the class S5 (A, B,n), and
if p is any complex number, then
(A— B)b|

2
. —_ <
(3.2) las — pag| < 2.3%¢(a, 3)

max{1, |d|},
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where
(33) d=—[(A- B)b— B] + 22X 3ulA—B)b

227 (e(a, 2))?

The result is sharp.
Proof. Since f € S8(A, B,n), we have

2(D™ fxs,(2)) -1
(34)  w(z)= Scumon
(A-B)}b—-B [H}} psele) 1]
1
T (A-B)

22"(c(a, 2))%[(4 - B)b — B]
- (A—B)b agz2+...}.

Now compare the coeffecients of z and 22 on both sides of (3.4), we thus
obtain

{2”c(a, 2oz + 2.3"¢(e, 3)asz?

_ 2"¢(e,2)ay
(3.5) C1 = (A - B)b
and
__ 1 n 22" (c(a, 2))*[(A — B)b— B ,
(36) Cy = (—/1———3)5 [23 c(a, 3)0.3 - (A — B)b as|.
Consequently, we have
_ (A= B)bcy
3.7) 2= 2nc(a, 2)
and

_ (A= B)bcy + (A — B)b[(A — B)b— B]c?
B 2.37c(a, 3) '
Using (3.1), (3.7) and (3.8), we readily obtain (3.2).

Finally, the assertion of Theorem 2 is sharp in view of the fact that the
assertion of Lemma 1 is sharp.

(38) asg

4. A sufficient condition for a function to be in S%(A, B,n)

THEOREM 3. Let the function f defined by (1.1) and let

41) Y {(k—1)+|(A-B)b— B(k - 1)l}e(e, k)k"|ax| < (A~ B)Jb)
k=2

holds, then f belongs to the class S8(A, B,n).
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Proof. Suppose that the inequality (4.1) holds. Then we have for z € U,
|2(D" f * $a(2))" — D™ f % sa(2))]
— |Blz(D"f * sa(2))" = (D" f % 5a(2))] — (A — B)b(D" f * sa(2))]

oo

= | > "k — 1)c(e, k)k a2*

k=2

IB Z(k— De(a, k)k™ar2® — (A - B)b[z+z c(a, k)k akzk”
k=2 k=2

< Z —1)e(a k)k"lakl'r

k=2

- {(A —~ B)[blr 3" [(A - B)b - B(k — 1)|c(a, k)k"|ax I'rk}

k=2

= > {(k=1)+|(A - B)b— B(k — 1)|}c(, k)k"|ak|r* — (A ~ B)|b|r.
k=2

Letting » — 17, then we have
|2(D™f * sa(2))" = (D™ f * sa(2))| -
|B[z(D"f % sa(2))' = (D" f * sa(2))] = (A = B)b(D" f * sa(2))|

<> {(k—-1)+|(A— B)b— B(k — 1)|}e(a, k)k"|ax| — (A — B)|b|
k=2
<0, by (4.1).
Hence it follows that
' Q(D™f % 54(2)) =1
B[Q.(D*f * sa(2))—1] - (A - B)b

<1l (zeU).

Letting
Q(D™f xs4(2)) — 1
B[Q, (D™ f * s4(2)) — 1] = (A — B)b’
w(0) = 0, w(z) is analytic in |2| < 1 and |w(z)| < 1. Hence we have f
belongs to the class S8 (A, B,n).
The result is sharp for the following function
" (A—-B)b 3
D& = 2~ Ty T @ BB - B - DR R
Acknowledgements. The authors would like to thank the referee of
the paper for his helpful suggestions.

w(z) =




(1]
2
3l
(4]
(5]
(6]
(7
(8]
(9
[10]
{11]
12}
[13]
14]
(15}

[16]
[17]

(18]
(19]
(20}
(21]
22]

(23]

Certain subclass of analytic functions 837
References

O. P. Ahuja, Certain generalizations of the Robertson functions, Yokohama Math.
J. 31 (1983), 5-11.

O. P. Ahuja and H. Silverman, Convolutions of prestarlike functions, Internat.
J. Math. Math. Sci. 6 (1983), 59-68.

M. K. Aouf, Bounded p-valent Robertson functions of order ¢, Indian J. Pure Appl.
Math. 16 (1985), 775-790.

M. K. Aouf, Bounded spiral-like functions, with fized second coefficient, Internat.
J. Math. Math. Sci 12 (1989), no. 1, 113-118.

M. K. Aouf, On certain subclass of conver functions, Demonstratio Math. 28
(1995), no. 3, 611-618.

M. K. Aouf, H. E. Darwish and A. A. Attiya, On certain class of analytic
functions with complex order, Math. Sci. Res. Hot-Line 3 (1999), no. 5, 33-45.

M. K. Aouf, S. Owa and M. Obradovié, Certain classes of analytic functions of
complex order and type beta, Rend. Mat. 11 (1991), 691-714.

P. N. Chichra, Regular functions f(z) for which zf'(z) is a-spiral-like, Proc.
Amer. Math. Soc. 49 (1975), 151-160.

Z.J. Jakubowski, On coefficients of starlike functions of some classes, Bull. Acad.
Polon. Sci. 19 (1971), no. 9, 811-815.

Z. J. Jakubowski, On coefficients of starlike functions of some classes, Ann.
Polon. Math. 26 (1972), 305-313.

Z.J. Jakubowski, On the properties of an integral operator, Bull. Austral. Math.
Soc. 32 (1985), 55-68.

W. Janowski, Some eztremal problems for certain families of analytic functions,
Ann Polon. Math. 28 (1973), 297-326.

O. P. Juneja and M. L. Mogra, On starlike functions of order a and type 3, Rev.
Roum. Math. Pures Appl. 23 (1978), 751-765.

F. R. Keogh and E. P. Merkes, A coefficient inequality for certain classes of
analytic functions, Proc. Amer. Math. Soc. 20 (1969), 8-12.

P. K. Kulshrestha, Bounded Robertson functions, Rend. Mat. 7 (1976), no. 9,
137-150.

R. J. Libera, Univalent a-spiral functions, Canad. J. Math. 19 (1967), 449-456.
R. Mazur, On a subclass of convez functions, Zeszyty Nauk. Politech. Lodz. Mat.
353 (1981), 15-19.

M. L. Mogra and O. P. Ahuja, On spiral-like functions of order a and type 8,
Yokohama Math. J. 29 (1987), 154~-156.

M. A. Nasr and M. K. Aouf, On convexr functions of complex order, Mansoura
Sci. Bull. 9 (1982), 565-582.

M. A. Nasrand M. K. Aouf, Bounded convez functions of complez order, Mansoura
Univ. Bull. 10 (1983), 513-527.

M. A. Nasr and M. K. Aouf, Bounded starlike functions of complez order, Proc.
Indian Acad. Sci. (Math. Sci.) 92 (1983), 97-102.

M. A. Nasr and M. K. Aouf, Starlike function of complex order, J. Natur. Sci.
Math. 25 (1985), 1-12.

B. Pinchuk, On starlike and convez functions of order a, Duke Math. J. 35 (1968),
721-734.



838

(24]

[25]
[26]

[27)
28]
[29]
[30)

31]

M. K. Aouf, B. A. Al-amri

M. S. Robertson, On the theory of univalent functions, Ann. Math. 37(1936),
374-408.

St. Ruscheweyh, Convolutions in Geometric Function Theory, 1982, p. 48.

G. S. Salagean, Subclasses of univalent functions, Lecture Notes in Math. (Sprin-
ger—Verlag) 1013 (1983), 362-372.

H. Silverman and E. M. Silvia, Subclasses of starlike functions subordinate to
convez functions, Canad J. Math. 37 (1985), 48-61.

R. Singh and V. Singh, On a class of bounded sterlike functions, Indian J. Pure
and Appl. Math. 5 (1974), 733-745.

N.S.Sohiand L. P. Singh, A class of bounded starlike functions of complex order,
Indian J. Math. 33 (1991), no. 1, 29-35.

J. Stankiewicz and J. Waniurski, Some classes of functions subordinate to
linear transformation and their applications, Ann. UMCS 28 (1974), no. 9, 85-94.
P. Wiatrowski, The coefficients of a certain family of holomorphic functions,
Zeszyty Nauk. Univ. Lodz. Nauk. Mat. Przyrod. Ser. II, Zeszyt (39) Math. (1971),
75-85.

KINGDOM OF SAUDI ARABIA
P. O. BOX 19043

JEDDAH 21435

E-mail agreel2@hotmail.com

Received December 11, 2001.



