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ON CERTAIN SUBCLASS OF ANALYTIC FUNCTIONS 
WITH COMPLEX ORDER 

Abstract . We introduce a subclass, namely Sa(A, B, n) of functions defined by using 
Hadamard product (Dn f * sa)(z) of the differential operator Dnf(z) = z + 
and sa(z) = — — ^ ( l - a ) ( n € = { 0 , 1 , 2 , . . . } and 0 < a < 1). The aim of the present 

paper is to determine sharp coefficient estimates and maximization theorem concerning 
the coefficients. Further, we give a sufficient condition in terms of coefficients for functions 
belonging to the class 

1. Introduction 
Let Ai denote the class of functions 

oo 

(1.1) f(z) = z + J2^kZk 

k=2 

which are analytic in the unit disc U — {z : \z\ < 1}. And let S denote 
the subclass of Ai consisting of analytic and univalent functions in the unit 
disc U. We use ft to denote the class of bounded analytic functions w in U 
which satisfy the conditions w(0) = 0 and < 1 for z € U. 

A function / € Ai is said to be starlike of order a if and only if 

(1 .2) R e | ^ j > a ( Z £ U ) 

for some a(0 < a < 1). We denote the class of all starlike functions of order 
a by S*(a). 

Now, the function 

W = (1 - Z ) 2 ( l - « ) 

is well-known extremal function for the class S*(a) (see [2], [24] and [25]). 
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Setting 

(1.4, ( ^ > 2 ) , 

sa can be written in the form: 
oo 

(1.5) 8a(z) = z+ Y^c(a,k)zk. 
fc=2 

Then we note that c(a, k) is a decreasing function in a and satisfies 

oo ( a < ± ) 
lim c(a, k) = < k—* oo 

1 (a = I ) 
[ 0 ( a > I ) . 

Let ( / * g)(z) be the convolution or Hadamard product of two functions 
/ and g, that is, if / given by (1.1) and g is given by 

oo 

(1.6) g(z) = z + J2hzk. 
k=i 

Then 
oo 

(1.7) ( f * g ) ( z ) = z + J2a k bkZ k . 
fc=2 

For a function / € 5, we define 

(1.8) D°f(z) = f(z), 
(1.9) Dlf{z) = Df(z) = z / ' (z) , 
and 
(1.10) Dnf(z) = D(Dn~1f(z)) (n 6 AT = {1 ,2 , . . . } ) . 

The differential operator D n was introduced by Salagean [26]. 
We denote by <S£(.A, B, n) the class of functions / in A\, that satisfy the 

condition 

(1.11) 1 + \[nz(Dnf * sa(z)) - 1 H z G u, 

where -< denotes subordination, b ^ 0 is any complex number, A and B 
are arbitrary fixed numbers, —l<B<A<l,neNo = N\J {0}, and 
0 < a < 1, where, for convenience, 

z(Dnf*sa(z))' 
(1.12) nz(Dnf*sa(z)) = 

( . D » f * s a ( z ) ) ' 
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B y definit ion of subordinat ion, t h e above condi t ion is equivalent t o 

( 1 . 1 3 ) 1 + l[nz(Dnf * s a ( z ) ) - 1 ] = l l s Z t y w e n -

(1.14) 

It is easy see tha t t h e above condit ion is equivalent t o 

Slz(Dnf*sa(z))- 1 
<1 (zeU). 

B[Slz(Dnf * sa(z)) - 1] - (A - B)b 

We note that , by special iz ing t h e parameters b, A, B, n and a, we obta in 
the fol lowing subclasses s tudied by various authors: 

(1) S*(A,B,0) = Sa(A, B) (Aouf , Darwish and A t t i y a [6]), 

(2 ) S{(A,B,0) = S*(A,B) J a n o w s k i [12]), S\ (A,B,1) = C(A,B) ( M a z u r 

[17], S i lverman and Si lv ia [27]), S\(A,B,0) = Sb(A,B) (Sohi and Singh 

[29]), S i " 7 ( l , - 1 , 0 ) = S * ( 7 ) (0 < 7 < 1) (Robertson [24]), S l ~ 7 ( 1, - 1 , 1 ) = 

C ( t ) (0 < 7 < 1) (Robert son [24] and Pinchuk [23]), and S l ~ 7 ( l , - l , n ) = 

S n ( 7 ) (Salagean [26]). 5 

(3) 5 (
i

1 - 7 ) o o , A e " 1 A ( l , - l , 0 ) = S a ( 7 ) (|A| < f , 0 < 7 < 1) (Libera 

[16]), 5 i 1 _ 7 ^ e o 8 ' X e ~ i X ( l , —1,1) = C A ( 7 ) (|A| < f , 0 < 7 < 1) (Chichra [8]), 

^ " ' ' ' ( l , 1 - 2/3,0) = S*(j,/3) (0 < 7 < 1, 0 < ¡3 < 1) Juneja and Mogra 

[13]), 1 , 1 - 2/3,1) = C ( 7 , (3) (Aouf [5]), (1, 1 - 2/3,0) = 

5 a ( 7 , / 3 ) (|A| < § , 0 < 7 < 1, 0 < /S < 1) (Mogra and Ahuja [18]) and 

5 ( i - 7 ) c o s A e - ^ ( M _ 2 / M ) = c A ( 7 ) / 3 ) ( | a | < o < 7 < 1 , 0 < /? < 1) 

(Ahuja [1]). 

(4) S j ( 1 , - 1 , 0 ) = S( 1 - b) (Nasr and Aouf [19]), 5 ^ ( 1 , - 1 , 1 ) = C(b) 

(Wiatrowski [31] and Nasr and Aouf [20]), S\ ( 1 , 1 - 2/3,0) = 5 ( 1 - 6, /3) and 

S\ ( 1 , 1 - 2/3,1) = C( 1 - b, /3) (0 < /3 < 1) (Aouf , O w a and Obradovic [7]). 

(5) S > ( 1 , £ - 1 , 0 ) - F(b,M) and 5 | ( 1 , £ - 1 , 1 ) = G ( 6 , M ) ( M > ±) 

(Nasr and Aouf [21], [22]), & - 1 , 0 ) = FKM and 

SCRXE~IX{ - 1 , 1 ) = GKM (|A| < f , M > | ) (Kulshrestha [15]), 
j S a - 7 ) c o s A e - i > ( 1 ) ^ _ l j 0 ) = F m ( a > 7 ) a n d 5 ( l - 7 ) c o s A e - ( 1 ^ _ ^ = 

GM(a,7) (|A| < § , 0 < 7 < 1, M > i ) (Aouf [3,4]), S\(L,± - 1 , 0 ) = 

F ( 1 , M ) ( M > ± ) (S ingh and Singh [28]) and s M c o s , l = p 
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= S m , M ^ A) (1 - m < Af < m, |A| < § and 0 < 7 < 1) Jakubowski [9, 10 
and 11] and Stankiewicz and Waniurski [30]. 

We further, observe that, by the special choices of b, A, B, n and a our 
class S^(A,B,n) gives rise to the following new subclasses of Ai: 
(1) Si^U, —1, n) = Sa(7,n) = { f e A 1 : Redz(Dnf * sa(z)) > 7 , 

0 < 7 < 1 , z 6 C / } , 

(2) S ^ cos Ae '(1, -1, n) = 7 , n ) = { f e A 1 : R e e i X n z ( D n f * sa(z)) 
7T 

> 7 cos A, |A| < - , 0 < 7 < l,z € U}, 
z 

(3 )S1
a((3,-(3,n) = Sl/}=l[feA1: 

o < /? < i , z e f / j , 

= { / e : 

nz(Dnf*sa(z))- i 

i l z(£>"/*sQ(z)) + l - 2 7 
< 0 < 7 < 1, 

0 < / ? < l , z € f / 

(5)5; cos Ae" 

/ € Ai : 
e i A [ i i , ( D n / * s a ( z ) ) - l ] 

BeiXQz (Dnf * sQ (z)) - (A cos A + sin A) 

(6) = 5 ^ ( 7 , n ) 
nz{Dnf*sa(z))~ 1 

< 1 , 

/ 6 A I : nz(Dnf * s a(z)) - 1 + 2 ( 1 - 7 ) COS Ae-iA 

0 < 7 < 1, 0 < ¡3 < 1, z € C/j, 

(7) 5 a-7)co .Ae-" ( 1 | J _ 2 / 3 t n ) = 

= t f e A l . nz(Dnf*sa(z))~ 1 

7T 

< 0 , |A| < 

2/?[«,(£>»/ * s a ( z ) ) - l + ( l - 7 ) cos Ae-iA] — [fi^(Dn f * a«(z) ) - l ] 

< 1 , | A | < ^ , 0 < 7 < 1, 0 < / 3 < l , 
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( 8 ) ^ ( l , l - 2 / 3 , n ) = S Q ( l - 6 , / 3 , n ) 

-{ f e A i : 
nz(Dnf*Sa(z))-1 

2/3[nz(D"f * sa(z)) - 1 + 6] - [ f i 2 ( £ > n / * - 1] 
< 1 , 

/ e A i : -M < M, M > 

( 1 0 ) s r » ' - " ( 1, J L - 1, n ) = f \ , „ , „ ( » ) 

/ € i 4 i : 
eiXnz(Dnf * sa(z)) - ¿sin A 

cos A 
- M < M, 

| A | < - , M > 

(11 ) 4 1 - 7 ) o o - A e - > ^ ^ - l , n ) = F M , a ( A , 7 , n ) 

/ € ; 4 i : 
eiXClz(Dnf * s Q (z)) ~ 7 cos A — zsin A 

( 1 — 7) cos A 
- M < M, 

| A | < | , M > | , 0 < 7 < 1 , z e C / | . 

2 . C o e f f i c i e n t e s t i m a t e s 

THEOREM 1. Let the function f defined by ( 1 .1 ) be in the class B, n), 
zeU. 

1. If ( A - B ) 2 | 6 | 2 > 2 B ( A - B)(k - 1) Re{6} + ( 1 - B2)(k - l ) 2 , k > 1 , 
let 

(A-B)2\b\2 

N = 
_2B(A — B)(k — 1) Re{6} + ( 1 - B2){k - l)2. 

Then 

p—z 
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for j = 2,3, . ..,JV + 2; and 

. N+3 

<2-2> w £ i w - i ^ j ) n i > p—z 

2. If (A - B)2\b\2 < 2 B ( A - B){k - 1) Re{b} + (1 - B2)(k - l)2 , then 

The bounds in (2.1) and (2.3) are sharp for ail admissible A, B,b ^ 0 com-
plex, n G No, and for each j. 

P r o o f . Since / € S^(A,B,n), (1.13) gives 

Now (2.4) may be written as 

oo 
(2.5) ~ 1)c(a> k)knakzk 

k—2 oo 
= {(A - B)bz + ~ B)h ~ B(k ~ ^M«. k)knakzk}w(z), 

k=1 which is equivalent to 3 oo 
Y^(k-l)c(a,k)knakzk+ d*zk 

k=2 k=j+1 
3-1 

= {(il - B)bz + - B)b - B(k - ^M«» k)knakzk}w(z), 
k=2 where X ^ j + i dkzk converges in U. Then, since \w(z)\ < 1, 

j oo 
(2.6) \Y^(k-l)c(a,k)knakzk+ dkzk 

k=2 k=j+1 
I j _ 1 

<\(A- B)bz + - B)b - B(k - l)]c(a, k)knakzh 

k=2 
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Writing z = re%e, r < 1, squaring both sides of (2.6), and then integrat-
ing, we get 

J2(k-l)2(c(a,k))2k2n\ak\2r2k + £ \dk\2r ,2k 

k=2 fc=7+l 
3-1 

< (A - B)2\b\2r2 + ~ B)b - B{k - 1)|2 • (c(a, fc))2fc2n|afc|Vfc. 
k=2 

Let r —» 1, then on some simplification, we obtain 

(2.7) ( j - l ) 2 ( c ( a , j))2j2n\aj\2 < ( A - B)2\b\2 

3-1 
+ - B)6 - B(k - 1)\2 - (k - 1 ) 2 } ( c (a , fc))2fc2n|afe|2, j > 2. 

fc=2 

Now there may be following two cases: 
1. Let (A - jB)2|6|2 > 2B(A - B)(k - 1) Re{6} + (1 - B2){k - l ) 2 . 
Suppose that j < N + 2; then for j = 2, (2.7) gives 

|fl21 " 2nc(a,2) 

which gives (2.1) for j = 2. We establish (2.1) for j < N + 2, from (2.7), by 
mathematical induction. 

Suppose (2.1) is valid for j = 2 , 3 , . . . , k - 1. Then it follows from (2.7) 

( j - l ) 2 ( c ( a , j ) ) 2 j 2 " K | 2 < ( ^ - B ) 2 | 6 | 2 

3-1 

+ J2l[\(A-B)b-B(k-l)\2-(k-l)2} 
k=2 ^ 

( 0 " - 2 ) 0 2 " 
f[\(A-B)b-(p-2)B\2. 

Thus, we get 

M ^ 77 
1 

(j - 1 )\jnc(a,j) 
f[\(A-B)b-(p-2)B\, 
p=2 

which completes the proof of (2.1). 
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Next, we suppose j > N + 2. Then (2.7) gives 

(j-l)2(c(a,j))2j2n\aj\2 

N+2 
< (A - B)2\b\2 + ]T {\(A - B)b - B(k -1)|2-(k- 1 )2}k2n(c(a, k))2\ak\2 

k=2 
j-1 

+ £ {\(A-B)b-B(k-l)\2-(k-l)2}k2n(c(a,k))2\ak\2 

k=N+3 
N+2 

< ( A - 5 ) 2 | 6 | 2 + £ {|(A - 5 )6 - fi(fc - 1)|2 - (k - l)2}(c(a, k))2k2n\ak\2. 
k=2 

On substituting upper estimates for 02,03, . . . , oat+2 obtained above, and 
simplifying we obtain (2.2). 

2. Let (A - B)2\b\2 < 2 B ( A - B){k - 1) Re{6} + (1 - B2)(k - l ) 2 , then 
it follows from (2.7) 

( j - l)2(c(a,j))2j2n\aj\2 <(A- B)2\b\2, ( j > 2) 

which proves (2.3). 
The bounds in (2.1) are sharp for the function given by 

(2.8) D « f * s a ( z ) = i z ( 1 + B z ^ > 
\zexp(Abz), B = 0. 

The bounds in (2.3) are sharp for the functions given by 

(2.9) Dnfk * sa(z) = 
L. i (A-B)b 

* « p ( w ) . B = °-

3. Maximization of |a3 — | 
We shall need in our discussion the following lemma. 

LEMMA 1 [14]. Let w(z) = X)fcLi °kzk € ii if H is any complex number, then 

(3.1) |c2 - /xcf| < max{l, |/x|}, 

for any complex fi. Equality in (3.1) may be attained with the functions 
w(z) = z2 and w(z) = z for |/x| < 1 and > 1, respectively. 

THEOREM 2. If a function f defined by (1.1) is in the class S^(A,B,n), and 
if ¡1 is any complex number, then 

(3.2) |o3 - /xa21 < max{l, |d|}, 
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where 

(3.3) d = -[(A-B)b-B} + 
2.3nc(a,3)/j(A- B)b 

22 n (c (a, 2))2 

The result is sharp. 

Proo f . Since / € S^(A,B,n), we have 

(3.4) w(z) = 

z(Dnf* 
(Dnf* - 1 

(A - B)b - B 
z(D»f*sa(z))> _ , 
(D"f*sa(z)) 1 

= ( A l B ) b { 2 n c ( a ' 2 ) a * z + 2-3nc(a,3)a3z2 

22 n (c (a, 2))2[(i4 — B)b — B) 2 2 , 
a2z -f-

(A - B)b 

Now compare the coeffecients of 2 and z2 on both sides of (3.4), we thus 
obtain 

(3.5) 

and 

( 3 6 ) C 2 = ( T T 5 ) 6 

Consequently, we have 

Cl = 
2nc(a,2)a2 

(A - B)b 

2.3" c(a, 3)03 - f ^ m ^ - B S ^ 
(A - B)b 

(3.7) 

and 

(3.8) 

° 2 = 
(A - B)bc 1 

a3 = 

2nc(a,2) 

(A - B)6C2 + (A - B)b[(A - B)b - B]c\ 

2.3»c(a,3) 

Using (3.1), (3.7) and (3.8), we readily obtain (3.2). 
Finally, the assertion of Theorem 2 is sharp in view of the fact that the 

assertion of Lemma 1 is sharp. 

4. A sufficient condition for a function to be in S^(A,B,n) 

THEOREM 3. Let the function f defined by (1.1) and let 
00 

(4.1) ^ { ( f c - 1) + I (A - B)b - B(k - l)|}c(<*, k)kn\ak\ <(A- B)|6| 
k=2 

holds, then f belongs to the class B, n). 
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P r o o f . Suppose that the inequality (4.1) holds. Then we have for z eU, 
\z(Dnf*sa(z))'-Dnf*sa(z)) | 

- | B[z(Dnf * sa(z))' - (Dnf * sa(z))] - {A- B)b(Dnf * sQ(z))| 

= | ^ ( k - l)c(a, k)knakzk 

k=2 
oo 

- |B J2(k - !)c(a. k)knakzk - (A - B)b\z + c(<*> k)knakzk 

fc=2 fc=2 
oo 

< £(A:-:L)c(a,fc)fcn |a fc |r fc 

fc=2 
oo 

- { (4 - B)|6|r ^ - B)6 - B(fc - l)|c(a, fc)fc"|afc|rfc} 
fc=2 

= £ {(fc - 1) + | (A - B)6 - - l)|}c(a, k)kn\ak\rk - ( A - B)\b\r. 
k=2 

Letting r —> 1 , then we have 

\z(Dnf*sa(z))'-(Dnf*sa(z))\-
\B[z(Dnf * sa(z))' - (Dnf * aa(z))] - ( A - B)b(Dnf * sQ(z))| 

< J2i(k - 1) + P - - -B(fc - l)|}c(a, k)kn\ak\ - ( A - B)\b\ 

< 0, by (4.1). 
fc=2 

Hence it follows that 
nz(Dnf*sQ(z))-i 

Letting 
B[Slz(Dnf * sa(z)) - 1] - - B)b 

ilz(Dnf * sa(z)) - 1 

< i ( z e e / ) . 

w(z) = 
* sa(z)) - 1] - (A - B)b' 

w(0) = 0, tu(-z) is analytic in \z\ < 1 and |w(z)| < 1. Hence we have / 
belongs to the class S^(A,B,n). 

The result is sharp for the following function 
(A - B)b Dnf(z) = z- -zk. 

{(k - 1) + \(A - B)b - B(k - l)|}fcnc(a, k) 
Acknowledgements. The authors would like to thank the referee of 
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