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ASYMPTOTIC FORMULAS FOR UNIFIED
ELLIPTIC-TYPE INTEGRALS

Abstract. The object of this article is to present a unification and generalisation of
certain families of elliptic-type integrals which were studied in a number of earlier works
on the subject due to their importance for possible applications in certain problems arising
in radiation physics and nuclear technology. The results obtained are of general character
and include the investigations carried out by several authors including Srivastava and
Siddiqi, Kalla and Tuan, Al-Zamel et al and Saxena et al.

1. Introduction and preliminaries
The integral

k4
(1.1) Q; = (1 — k2 cos0) ~7*/2dg

0
where 7 =0,1,2,...; 0 <k <1 is called the Epstein-Hubbell integral (1.1)
has been studied by many workers during the last three decades due to
its importance in certain problems arising in radiation physics and nuclear
technology [see, eg. 8,15,19]. The integral of the type (1.1) play an important
role in the application of a Legendre polynomial expansion method [4] to
some problems associated with computation of radiation field of axis from
a uniform circular disc radiating according to an arbitrary law [8].

A new and straightforward method is recently given by Saxena and Kalla
[17] for evaluating integral (1.1) and its various generalizations, which makes
use of certain properties of a definite integral and Gauss hypergeometric
function.

We now describe the various generalizations of (1.1) studied earlier by a
number of authors, notably by Kalla [9,10], Kalla, Conde and Hubbell [12],
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Kalla and Al-Saqabi [11], Siddigi [19], Srivastava and Siddiqi [20], Kalla and
Tuan [14], Al-Zamel et al [3] and Saxena et al [17].

The integral

1§ cos?>~1(8/2) sin?"~22=1(9/2)d6

1.2 =

0
where 0 < k < 1, Re(y) > Re(a) > 0, Re(n) > —1/2, which is a general-
ization of (1.1) was discussed by Kalla et al [11,13] and Glasser and Kalla
[7).

An interesting generalization of the elliptic-type integral (1.1) follows
from

7§ cos®™(8) sin®" (6)dé

(1.3) Bulk,m,v) = 0 (1 — k2 cos§)u+1/2"

where 0 < k < 1;, m € No, p € C; Re(u) > —1/2, was introduced by
Al-Saqabi [2].
Siddiqi [19] studied yet another generalization of (1.1) in the form

7§ explasin®(6/2)]dd

. xy ’k = )
(1.4) (o k) (1 — k2 cos §)v+1/2

0

where 0 <k <1, a,v € R.
An interesting unification and extension of the families of elliptic-type
integrals (1.1) to (1.4) was given by Siddiqi and Srivastava [20] in the form

T oc2a—1 . 261 .2 -
(a,8) g cos**>™*(6/2)sin"" " (8/2)(1 — psin®(6/2))""db
(15) A(,\ )(pa k) - (S) (1 — k2 COSO)“+1/2 ?
where 0 <k < 1, Re(a) > 0, Re(8) > 0; A, p € C, |p| < 1.

Kalla and Tuan [14] extended (1.5) by means of the following integral
and derived its asymptotic expansion

(16) X 8.k)

¢ cos?=1(6/2)sin®*~1(6/2)[1 + § cos?(6/2)] (1 — psin?(8/2)]~ "d0
(1 — k2 cos G)n+1/2

Ot N

where 0 < k < 1, Re(a) > 0, Re(B) > 0; A, p,y € C, either |p|.|6] < 1 or
p(or §) € C whenever A = —m(or v = —m), m € Np.

Al-Zamel et al [3] discussed a generalized family of elliptic-type integrals
in the form
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1.7 2Py =20P) (k... kn)

™ (Y13--11m)
= S cos?*1(9/2) sin?*~1(9/2) H(l - kf- cos )™ 46,
0 j=1

(18) =]~ "B(ay ) FE)

=1

2k? 2k2
X (ﬂv’Yh"'a’Yﬂ ) a+,3a k%—l,”"k,,zl—1>’
where Re(a) > 0, Re(8) > 0, |kjl < 1,7v; € C, j =1,...,n; FS)(.) is the
Lauricella hypergeometric function of n variables [16, p. 163].
In a recent paper Saxena et al {17] introduced yet another unification
and extension of (1.6) in the form

(1.9) ngf)--,a,._z;d,p)(Pl’ ey Pn—2,0 1 k) = Sc082°'1(0/2) sin??=1(9/2)
0
n—2 ‘
x TL11 = pssin?(6/2)*3[1 + 6 cos?(8/2)] (1 — ¥ cos ) ~1/2ds,
j=1

where 0 < k < 1, Re(a) > 0, Re(8) >0 ; 0;(j = 1,...,n—2). v,u € C;
s 2k2 '
ma.x{lpjl,|m|,l—,——k =1 } <1

For n = 3, (1.9) reduces to (1.6).

In this article, we will study the following new generalized family of the
elliptic-type integrals in the following general form, which includes, both the
generalisations given by (1.8) and (1.9).

(1.10) Qle:h) 1'1,...,7".)(p1’ ey Pmy O3 ALy ey An)

(0'1 1o s OmyYy

= 7§ cos?*1(9/2) sin??~1(9/2)
0

X H[l — p;5in%(6/2)]7% (1 + & cos(8/2)] H[l - )\? cos§]~"7d@,
Jj=1 j=1
. 22
where min(Re(a), Re(8))>0; |A;| < 1; 03,7, 7; € C; max{|pil, |X§'-'3T|’ Iﬁl}
<l(E=1,...,m;j=1,...,n).
For oy = ... = 05, = 0, (1.10) reduces to (1.8). On the other hand, if

weset ;. = ... =71, = 0, (1.10) yields the family of elliptic-type integrals
introduced by Saxena et al [17].
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2. Relations with other families of elliptic-type integrals

On comparing (1.10) with the definitions (1.2), (1.3), (1.4), (1.5) and
(1.6), we find that the following relationships hold:

(o7—a)
21 OGTi1/20..0) P11 Pms 0,K,0,...,0)

m n-1 n—1
= /2000 ,0,0k,0,...,0) = Ry(k,a,7),
1 m n—1
where 0 < k < 1; Re(7), Re(a) > 0; neC.
(v+1/2,0+41/2) .
(2.2) Q(lizm,o,l./..,o,o;;¢+1/2,0,...,0)(2’ PLs-- s Pm; 6K, 0, ..., 0)
m-—1 n—1 n~—1
_ ow+1/2,v41/2) .  o—2v
= QM) en.0)(2:0, .1,0, 0;k,0, .. 2 0) = 272 B, (k, m, v),
n-—1 m— n—
where 0 < k < 1; m € Ny, p € C; Re(v) > —1.
2.3) lim {Q{/21/2) 0,0,...,0,8;k,0,...,0)} = \.(p, k),
(2.3) om. (0',0,...,0,0,/.1,+1/2,0,...,0)(p/ , - = )} u(p, k)
m-—1 n-1

where 0<k<1l,0and peC.

(2.8) .
(2.4) Q(,\,o,...,0,0;,4+1/2,o,...,0)(P’ p2;- -+ pm; 03,0, ..., 0)

m—1 n—1 n—1
o[ . — _( By .
=00 ety20,..0/( 0, 0,8 k,0,...,0) = X35 (p; k),
net m-—1 n—1
where 0 < k < 1; Re(a) > 0, Re(8) > 0; A\, pe€C;lp| < 1.
Yﬁ) .
(2.5) Q(g\zo,,,o . 120'“0(p,pg,...,pm,ts,k,O,...,O)
( »y b ’71M+ / ] ) ) T
m-—1 n—-1
— qlaB) . — Y@.B) .
- Q(Ara2v"-107111'7;”""'1/210""10) (p’ \_O, iy '_/’ 0’ 5, k, \_O’ ,. : ._,_/0) - A(Ay"hﬂ') (p, 6, k),
m—1 n-1

n—1

where 0 < k < 1, Re(a) > 0, Re(B) >; A\, pu,y € C; either |p|, |6] < 1 or
p(or &) € C whenever A = —m (or vy = —m); m € Np.
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3. Explicit representation and asymptotic expansion
From (1.10), it follows that

(31) QE:;B) P 11-’1)(/)1, <y Pm, (5; Al, ceey An)

- +a [[a-

=1

x itﬁ‘l(l —t)>! H(1 _ pit) =7 (1 - ILHt) - ﬁ [1 g ]_Tjdt.

0 j=1 j=1

On employing the formula [16, p. 163]

IPIRCLGEL I

1
= Sua‘l(l —u)’7 N1 —uzy)) P L (1 - uz,) Prdy,
0

'aﬂn;'y;mly""mn]

where Re(y) >Re(a) > 0, (3.1) becomes
3.3) QP ( 8\ An)
* (Ul dm,'y;-rl’”.,rn) pl""’pm, y Ny ey \n

= B(o, )1+ 8" [ (1-29)7"

i=1
(m+4n+1) . .
x Fp By01, e Omy Ty Tnj @+ G;

5§ 2x2 222
p? ’pm)1+6 A2 1"“,A%-1 b

where F(m+"+1)() is the Lauricella function of (m + n + 1) variables,
min(Re(a), (Re(B)) > 0, |\;] < 15 04,7,7; € C, ma.x{lplll 7 | |1+6|} <1
(t=1,...,m;j=1,...,n).

It is interesting to observe that for o1 = ... = 6, = 0, (3.1) reduces to
the result given recently by Al-Zamel et al [4]. On the other hand, if we set
nn=p+1/2,\y =k, o =... =1, =0, (3.1) yeilds the result given by
Saxena et al [18].

We will now derive the asymptotic expansion of the generalized elliptic
type integral (1.10) as A2 — 1. Expressing the Lauricella hypergeometric

function F(m+"+1)( ) in terms of Gauss hypergeometric function, we obtain
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(34) Fl()m+n+1) [ﬂa Oly+30my Ty ooy Ty 0+ :3, P1y---Pny

5§ 2x 222
1+6’/\2— 1 X -1

[ o]

-y, e H(anr,H(mwm

Tl,...,rm+n=0 (a + ﬁ)rl+...+1‘m+n j=1

]Tm+1+j

<11 [ "f} (k] " H [(A”—zn

(rm+1)! (Tm+1+g)!

2/\2
XZFI(ﬂ+rl+---+rm+na7n;a+,3+7'1+ +rm+mA2 )

If B — 7, is not an integer, then by an appeal to the analytic continuation
formula for the Gauss hypergeometric function [1, p. 559, equation 15.3.7],
namely

L(c)l'(b—a)
L®)L(c—a)
I'(c)T(a —b)
[(a)l'(c—b)

(3.5) 2Fi(a,b;c;2) = (—2)"%Fi(a,1—c+a;1-b+a:1/z),
(=2) b Fy(b,1 ~c+ b1 —a+b;1/z2),
where | arg(—z)| < 7; we find that

2/\2
(36) 2F1 (.B+rl+---+rm+n77n;a+ﬂ+7'1+ rm+n,ﬁ)

_Tla+pf+rm+...4+rm)(m—-B—r1—... = Tmin)
- INCINGCY

(1_)\2) B+ri+.. +Tmin
o
A2 -1
X oFy (,3+r1+...+rm+n,1—a;1—'rn+ﬂ+'r1+...+rm+n;_—'2‘)‘2 )
. n
_ Dla+B8+ri+...+rmpn)T(B=Tn+r14+...+ Tmin) [(1_/\%)]1.‘
FB+rm+...+rmin)T(a+B=Tn+7r1+ ...+ Tmin) 222

X 2F1(Tn,1+‘rn—a—,6—r1—...—rm+n;

22 -1
1+Tn—,3-—r1—...—rm+n;.'2‘T%),
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T (7)) () 2X2
(a + ﬂ)rl+..'+rm+n [(A% _ 1)] 1"1+...+1‘m+n
1+8- Tn)r1+---+rm+n 2)2
)\ -1
xoF} (ﬁ+r1+...+rm+n,1—a;1+ﬂ—Tn+r1+...+rm+n, 2)\2 ) ,
- — A2\
LB (a+B—m) | 2X3

(a+ ﬂ)7‘1+--.+rm+n (B— Un)r1+...+rm+,.
(B)ri+..Armpn (@ + B = Ta)ry+o 4 rmin

><2F1<Tn,1+'rn—a—ﬂ—'r1—

<~ Tm+4n,
A2 -1
l+7m—-B—-m _--~_7‘m+n;W)'
If we combine (3.4) and (3.7), (3.3) then yields the result

(3.9) QE:;?)."UMMTIWT")(pl, e Py AL, e, An)

DD — A (1~ 371+ 67 T (139~

N I(m)

(IB)TI"I- FTm+4n
> (L+ 8= T)rit.trmin

Tl y"'m+n=0

,-Ij [(03)r;)(Vrmss H [(v)ma14] H [p (K2 —1)] (%)"'M+l
X pY:

r!.. .'rm+n!

n—

1ra2(a2—1)1"m+1+
IT [*E=]
J=1 ’

X
1l Pmgn!
2 -1
X2F1 ,B+r1+...+rm+n,1—a;1+ﬂ—Tn+r1+...rm+n;W +
n
n—1
D(a)+T(B—m)@N) ™1 +8)™ [T (1 -A)~™
Jj=1
M(a+B—1n)
o0 —
1+ m+n
z (.B Tn)r+ +r. +

a+f—T
Tl’-'-yrm+n=0( 4 n)r1+ Frmin

F(a+ﬁ_7'n)
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Tm+1 71 [ 92 ]"m+1+j

Aj—l

1
Jj=1

X Jijl[(/’j)rj @5 (Vs '“‘"‘ [(7)m+145] (ﬁg) j=1

il Trman!

XzFl(Tn,l —a—B+Th—T1— ...~ Tmin;
A2 -1
1—,3+7'n—7‘1 —...—Tm_*.n;—gv),
provided that 3 — v, is not an integer.
Now expressing both the hypergeometric functions occurring in the above

equation in terms of its equivalent series by means of the result 1, p. 557,

then after rearranging the series, we find the following interesting and useful
form of (3.8)

310)  Qf B Pm B, D)
n—1
= [(T(B)T(7n — B)/T(ra)12 (M)~ (1+ 8) 7 (1 = A2)P~ [T [(1 - A2)~™]
i=1
XF(m+"+1) [,3 . 1—a
D Y01y ey Omy Y3 Tlye ooy Tn—1, [s'N

) pm(A2 = 1)
1+ Tn,—2/\% ,...,————2/\% ,
A2 -1) MA-1 MM -1) (A2 -1)
2X2(14+6)" A2(N2—1)"""""A2(A2_, —-1)  2A2

n—1
+ [1‘ (@T(B = m)/T(a+ B — )2 ™ (M) 2™ (1+6) [TI - /\?)""]

=1

= (It+mm—a-— ﬁ)r('rn)r[()‘?z - 1)/2)‘%]r
*2, A+ 7n — Bu)e(r)!

r=0
Xan-Pn)[’B_Tn—T;Ul""70m77’T17"')Tn—l;a+ﬂ_Tn_r;pl""’pm’
5 22 222,
T35 0T "N, 1)

(3.9) may be regarded as the asymptotic series for
Q(a)ﬁ)

(Ulr"’am,'n

-rl,...,-r,.)(pl""’Pm’5;>‘1""”\n) as A2 1.

If, however, we take ,,_; = 0, = 0 and n = 1, then Flgm+"+1)(.) and
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Fl()m+")(.) occuring in (3.9) reduce respectively to F l()m)(.) and F gn—l)(.).
If we further take m = 3, then an)(.) and Fl()m_l)(.) respectively reduce
to Lauricella function of three variables Fg’ )() and Appell hypergeometric
function of two variables Fj(.) [6, p. 224, equation 5.7.1(6)] and consequently
we arrive at the result given by Kalla and Tuan [14, p. 51. equation 15].
Next we consider the expansion of
: 2

(311) 2F1 (ﬂ'*‘rl +---+rm+n’7'n;a+ﬁ+r1 +---+7'm+n;’)‘3A__1_11> )
appearing in (3.4), when its upper parameters differ by integers. The follow-
ing two cases arise:

(i) when 1, =8-v, v=0,1,2,...
and

(ii) when 7, = B+ v, v =0,1,2,...

In both the cases the results are derived by Al-Zamel et al [4, pages 21
and 23, equations (4.4), (4.6) and (4.7)]. By making use of the results of
Al-Zamel et al [4], the asymptotic expansion can be easily derived in the
above two cases. The result in the first case is given below. The second case
can be treated similarly.

When 1, = 8—-v; v=0,1,2,...; then by virtue of the result given by
Al-Zamel [3, p. 2, equation 4.4], we find that

(e.B) .
(3.12) Q(Ul,.--,O'm,‘r;Tl,...,Tn_l,ﬁ—l/)(pl’ ey pm, 6, Al, vy An)

=(1-0).(2X) (1= X3) (1 + )" ﬁ(l =)™
j=1

o TLO ] Mrms TL(ms1e3]
% Z j=1 j=1

Tly.. ~,rm+n=0

m g1 n—1 2 Tm4l4j
<TTes08 - v/ (55) " 11 [(A?/Ai) (i = i)]

T!, e 7Tm+n!

= (ﬂ)f‘+r1+...+rm+n(1 - a)f" r*
xr§0 (T*)! . (’f'* +v+rit... +Tm+n)! [(A‘?l - 1)/2A%] [en(2A?1) - en(l - A?‘l)

V(14v+r*+ri+. . A rmgn )+ Q4+r") =V (B+r*+r1+. A Tmgn) - Y (a—1"))

n—1 00 ﬁl[(aj)rj (Pj)r"](’Y)rmH

+@) P+ [IIa-2) Y F

j=1 Ty PTmtn=0

1l Tmgn!
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Tm41 n—1 2 ] Tm+1+d
L8 + I 22
1+46 el

J_

v+rit+ o+ Tmgn—1

. o 2 -1)/2021
X B—v)pe (V+r1+. . A Tmin—r"—1)!
rgo ( ) ( ' * ) (r*)!(a)r1+-..+rm+n+u—-r‘

n—1
= (1 =B +6)7"@3) (1 - X)) [Tia -]
j=1

o Z Z B)re+rit . trmpn(l = Q)re

(r )
1. y"'m+n—0r._0 )

jﬁl[(aj)rj](7)7m+1 jl;Il [(75)ma145] Jijllpj()\i - 1)/2)2]7[6/(1 + §)]"m+

X

(PN +v+ri+.. o+ ) (P!

n—1 9 Tm414j
I osen (55)

[(A2-1)/222]"" [fn(2)02)—n(1-A2)+ T (14r*)
V(1+v+r'+ri+4 ...+ "mpn) —V(a=7") =V (B+r*+r1+ ...+ Tmyn)]

n—-1 fore) v+rit.o o+ rmgpn—1
+@X2) P +o) T [TIa-2 II [(B —v)r]x
j=1 15 Tm4n=0 r*=0

(v+ri+... +rm+n—r*—1)!jl7jl[(dj)r,» (pi)" ](’Y)rm+17ﬁ1[(’fj)m+1+j] ()"

(Dri4.. Armpnty—r= (T*)I2! (rm+n)'

n—1
x []1222/(X2 = )remsi4s (A2 - 1)/222]"".
j=1
It is interesting to note that if we set o3 = ... = 0, = 0 in (3.12), we
arrive at the result given by Saxena et al [18]. On the other hand if we take
1 =...=T, =0, then (3.12) gives the result given by Al-Zamel et al 3].
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