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O N SOME M-HYPERIDENTITIES OF VARIETIES 

1. Introduction 
Let r : F —> N be a fixed type of algebras, where F is a set of fun-

damental operation symbols and N is the set of non-negative integers. 
For a term <p of type r let Var(ip) denote the set of all variables oc-
curring in (p. We denote by F(tp) the set of all fundamental operation 
symbols in tp. Writing <p(xio,..., Xim_1) instead of ip we shall mean that 
Var{tp) C {a; i o , . . . , X{rn_1}. Let denote the set of all terms of type r on 
variables xo> • • • >xjt,... (k < u>). 

DEFINITION 1 ([7], [4]). A mapping 77 : —> is called a hypersubsti-
tution of type r (or briefly: a hypersubstitution) if 77 satisfies the following 
conditions: 

[HI] to every term /(xo, • • •, xT(/)-i) where f € F we assign a term 
<pftr,(x0,..., xT(/)_i) of type r i.e. 

V(f(x0, • • • , XT(/)_1)) = <Pftr,(x0, . . • , XT(f)_x), 
[H2] T}(xk) = Xk for every variable x^ where 0 < k < u>, 
[H3] if / € F and <p0,...., ¥?t(/)_I € then 

v{f(<Po, • • •, Vr(/)-i)) = ^(^(^o), • • •, V(<Pr(f)-1))-
We denote the set of all hypersubstitutions of type r by Hyp(r). 
Let V be a variety of type r . We denote by Id(V) the set of all identities 

of type r satisfies in V. 

DEFINITION 2 ([4], [10]). An identity <pi = ipi of type r is a hyperidentity of 
a variety V if for every hypersubstitution 77 of type r the identity 77(^1) = 
77(^2) belongs to Id(V). 

In [7] and [2] it was observed that Hyp(r) = (Hyp(r ) , o, 77 )̂ is a monoid 
where 77̂  is the identity map and o denotes the superposition. Let M Hyp(r) 
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= (MHyp(T),o,r) id) be a submonoid of the monoid Hyp{r). Elements of 
MHyp(r) are called M-hypersubstitutions. 

D e f i n i t i o n 3 ([7], [2]). An identity <pi = ip2 of type r is called an M-
hyperidentity of V if for every 77 E MHyp(r) the identity 77(^1) = 77(^2) 
belongs to Id(V). 

We denote the set of all M-hyperidentities of a variety V by Hm(V)-
Obviously, Definition 3 is a generalization of the definition of a hyperidentity. 
Namely if MHyp(r) = Hyp(r) then we get the definition of a hyperidentity. 
So the set HJJYP(T) (V) is the set of all hyperidentities of a variety V and in 
the literature it is denoted by H(V). 

Let E be a set of identities of type r . By Mod(E) we denote the variety 
defined by the set E. Let T(r) be an equational theory of identities of type 
r and let VT{r) = Mod{T(r) n Id(V)). Since T(r) n Id(V) C Id(V), so the 
variety Vt(t) is called an extension of V. 

An identity </?i = <¿>2 of type r is called normal (see [3], [5]) if it is of the 
form x = x or ^(<^1) ^ 0 F(ip2)-

It is known that the set N(t) of all normal identities of type r is an 
equational theory. 

An identity <p\ = <¿>2 of type r is called regular (see [6]) if Var(<pi) = 
Var((p2). 

In [7] and [9] some M-hyperidentities of V^(T) and Vr(t) were considered. 
In this paper we study the extension VF* of a variety V (see [11]) and we 
characterize some M-hyperidentities of this extension. 

2. RN(Fi, i<2)-hypersubstitution 
Let r : F —* N be a fixed type of algebras. We consider the following 

condition: 

(1) Fi U F2 = F, Fx n F2 = 0 and r _ 1 ( ° ) C Fa. 

D e f i n i t i o n 4. Let Fi, F2 satisfy the condition (1). A hypersubstitution 77 of 
type r will be called an RN(Fi, ¿<2)-hypersubstitution if the following two 
conditions are satisfied: 

c l for every / € Fi we have F(r)(f(xo,..., xT(/)_i))) C F\ and 

Var(r)(f(x0,..., sT(/)-i))) = {^0, • • •, ®T(/)-1} 

or for every / € Fi we have 

c2 for every / e F2 we have F(r}(f(xo,..., a;r(^)_1))) n F2 ± 0. 
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We denote the set of all RN(F\, i<2)-hypersubstitutions of type r by 
RN(F1,F2)Hyp(r). 

The concept of RN(F\, i<2)-hypersubstitution is a generalization of the 
concept of a pre-hypersubstitution (see [1]). In fact, RN(®, F)Hyp(r) = 
PreHyp(r). If 0 0 r ( F ) then a RN(F, 0)-hypersubstitution is a reg-hyper-
substitution (see [7]) and RN(F,0)Hyp(T) = RegHyp(r). 

Let Fo C F. In [11] we define an Fo-regular identity and Fo-symmetrical 
identity. Namely: 

DEFINITION 5. An identity <pi = <¿>2 of type r is called Fo-regular if F(<pi) C 

F o , a n d F(<p2) C F o a n d Var(<pi) = Var(ip2). 

DEFINITION 6. An identity ip\ = <¿>2 of type R is called Fo-symmetrical if 
F(<p 1) n Fo # 0 and F(^ 2 ) n F0 ^ 0. 

Let F I ,F 2 satisfy the condition (1). We denote by Rfx the set of all 
F\-regular identities of type r and by Sp2 the set of all F2-symmetrical 
identities of type r . Then we have 

(2) (see [11]) the set Rp1 U Sp2 is an equational theory. 

L E M M A 1 . Let 77 € RN(Fi, F2)Hyp(r) and ip be a term of type R. Then 

L I if for every f e F(<p) we have F(ri(f(xo,..., £ t ( / ) _ i ) ) ) Q F i then 
F(v(<P)) Q Fl and Var(<p) = Var(ri(ip)), 

L2 if there exists g € F(ip) such that F(ri(g(xo,..., aV(g)-i))) H F2 ^ 0 then 
F(7 7 ( ¥ p) )nF 2 ^0 . 

P r o o f . (LI) is a consequence of (3i) from [7] and Lemma 4.1 from [8]. 
A proof of (L2) is by induction of the complexity of ¡p. If ip is the form 

9{xio) • • • 1 a;iT(/)_i) then 

F(g(xi0,...,xira)_1)) = { 5 } 

and 
F(ri{g{xi0,..., Xi ))) = F(v(g(x0, • • •, x t ( / ) - I ) ) ) 

then F(tj(<p)) DF2^0. 

Let <p = f(<po,..., f T { f ) ~ 1 ) and assume that the statement holds for 
<¿>0, • • • , V?T(/)-1-

If F ( T ? ( / ( X O , . . . , ® T ( / ) - I ) ) ) n F 2 ^ 0 then F(rj(<p)) n F 2 ^ 0 since 
F(rj(f (x0,...,xT{f)_,))) C F(ri(<p)) b y ( H 3 ) . If F ( V ( f ( x 0 , . . . , x t ( / ) - i ) ) ) C 
F\ then by the assumption of (L2) there exists i € {0, . . . ,T ( / ) — 1} such 
that g € F(ipi) and F(rj(g(xo,..., x r ^ _ i ) ) ) fl F 2 ^ 0. By the inductive as-
sumption F(r/(<pi)) n F 2 ^ 0. Since / € F I and r} € RN(Fh F2)Hyp(r) so 
F F A F O ) ) C F(j](<p)). Hence F(ri(<p)) D F 2 # 0. 
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By Lemma 1 we get 

COROLLARY 1. J/77 e RN(Fi, F2)Hyp(T) and [pi = <p2] G (RFl U SFi) then 
[vM = vM] € (RFlUSF2). 

In [8] the notion of a proper hypersubstitution was defined. 

DEFINITION 7. A hypersubstitution 77 of type R is called a proper hypersub-
stitution of a variety V of type r if for every identity tpi = tpi belonging to 
Id(V) the identity 77(̂ 1) = 77(̂ 2) belongs to Idly). 

Let P(V) denote the set of all proper hypersubstitutions of V. Obviously, 
P(V) = (P{V),o,r]id) is a submonoid of Hyp(r) (see [7]). 

THEOREM 1. If Fi and F2 satisfy (1) then 
P(Mod(RFl U SF2)) = RN(FuF2)Hyp(r). 

Proof . By Definition 7 and Corollary 1 we get RN(Fi,F2)Hyp(T) C 
P(Mod(RFl U Sp2)). To prove the converse inclusion assume that 77 G 
P(Mod(RFl U Sp2)) and 77 £ RN(Fi,F2)Hyp(T). Then we have three pos-
sibilities: 
p i there exist fi, f2 G Fi with F(r)(fi(x0,..., x t ( / i )_ 1))) n F 2 ^ 0 and 

F(t](f2(x0,xT(/2)_i))) C Fi; 

p2 there exists f E F\ with F(r](f(xo,. • •, xr(y)_1))) C Fi and 

Var(r](f(x0,..., ®T(/)-i))) {®o, • • •, ®T(/)-i}; 

p3 there exists / G F2 with F(rj(f(xo,..., zT(/)_i))) C Fi. 

If (pi) holds then [ / i (x , . . . ,x) = f2(x,..., x)] G i?Fi• But 

..., ®)) = i](f2(x,x))] £ U Sja,, 

so 77 0 P(Mod(RFl U SF2)). 

Let / satisfy (p2) and for some i G {0, . . . , r ( f ) — 1} let 

Xi & Var{r){f{xQ,..., xT(/)_0)). 

Hence r ( f ) > 2. 

If i = 0 then /(y, x , . . . , x) = f(x, y , . . . , y) G and 

Var(T](f(y, x , . . . , x))) = {x}, Var(r](f(x, y,..., y))) = {y}. 

If i = T(/) - 1 then f(x, . . . , x, y) = f(y,..., y, x) G RFl and 

Var(r)(f(x,..., x, y))) = {x}, Var(r](f(y,..., y, x))) = {y}. 
If 0 < i < r ( / ) — 1 then / ( x , . . . , x , y , x , . . . , x ) = / (y , . . . ,y ,x ,y , . . . ,y) G 

i?f\ and 
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Var(r](f(x,..., x, y, x,..., x))) = {x}, 

Var(r](f(y,..., y, x, y,..., y))) = {y}. 

So 77 g P(Mod(RFl U SFi)). 

If / satisfies (p3) then [f(x,..., x) = f(y,..., y)] G 5F2 and 

Var(r](f(x,...,x))) = { x } , 

We have also F(r](f(x,...,x))) C Fi , and F(r?( / (y , . . . ,y) ) ) C Fi . So 
fo(/(x,... , x ) ) = rj(f(y,..., y))] 0 i 2 F l U 5 F a . Hence 77 £ P(Mod(RFlUSF2)). 

It was proved in [9] that 

RESULT 1. If V is a variety of type r then 

( 1 M ) HM(VT{r)) C T(r)nHM(V) and 

(2M) if MHyp(r) C P(Mod(T(r))) then Hm{Vt{t)) = r(r) 

By Theorem 1 and Result 1 we get 

COROLLARY 2. If V is a variety of type r then HRN^pltF^ ( V g ) = (R F l U SF2) n HRN(FuF2)(v)-

One says - that two hypersubstitutions rj\ and 772 are V-equivalent (see 
[8]) if for every feF we have [rn(f(x0, . . . , ®T(/)-i)) = %(/(®o, • • •, ®r(/)-i))] 
G Id(V). 

It was proved in [9] that 

RESULT 2. Let V be a variety of type r. If for every T) G Hyp(r) there exists 
77* G MHyp(r) such that 77 and 77* are V-equivalent then Hm(V) = H(V). 

We say that a term <p(xo,..., x m _ i ) different from a variable is idempo-
tent in V if [y>(x,. . . , x) = x\ G Id(V). 

THEOREM 2. Let V be a variety of type r. If there exists an idempotent term 
<p in V such that F(<p) D F 2 ^ 0 then HRN(FUF2)(V) = H{V). 

P r o o f . By Result 2 it is enough to show that for every 77 G Hyp{r) there 
exists 77* G RN(Fi, F2)Hyp(r) such that the hypersubstitutions 77 and 77* are 
V-equivalent. If 77 G RN(Fi,F2)Hyp(r) then it is enough to take 77 = 77*. Let 
77 £ RN(Fh F2)Hyp(T). Then for some i G { 0 , . . . , r ( / ) - 1} the variable x{ 

belongs to Var(T](f(x0,XT(/)_ J))) and F ( T J ( / ( ® O , s r ( / ) - i ) ) ) n F 2 = 0. 
Put 
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T) * ( / ( x 0 , . . . , a : T ( / ) _ i ) ) = 

' 0, • • •, x0),xi,..., ® T ( / ) - l ) i f * = 0 

a n d F ( r ? ( / ( x 0 , . . . , x T ( / ) - i ) ) ) n F 2 = 0 

f f , v ( x 0 , • • • ' x»-l> ^(^J • • • > Z»)» • • • > x r { f ) - l ) 
< if 0 < * < r ( / ) - 1 and F ( V ( f { x 0 , . . . , x t ( / ) - i ) ) ) n F 2 = 0 

<Pf,T)(X0. • • • > XT{f)-1, <P(XT(f)-1, • • • , 2 V ( / ) - l ) ) 
if » = r ( / ) - 1 a n d F f a ( / ( a : o , . . . , x t ( / ) _ i ) ) ) D F 2 = 0 

_ »7(/(xo, • • • , ® t ( / ) - 0 ) ^ F(v(f(xo, • • •, ®r(/)—i))) n F 2 ± 0. 

T h u s 77 a n d 77* a r e V - e q u i v a l e n t a n d if € RN(F\,F2)Hyp(r). 
B y C o r o l l a r y 2 a n d T h e o r e m 2 w e g e t 

COROLLARY 3. If V is a variety of type T and if there exists an idempotent 
term in V and F(<p) n F 2 ^ 0 then HRN{Fup2)(V^) = (RFl USp2)n H(V). 

EXAMPLE 1. L e t F = { + , • / , 0 , 1 } w h e r e r ( + ) = r ( - ) = 2, r ( ' ) = 1, r ( 0 ) = 
r ( l ) = 0 a n d F i = { + , • } , F 2 = { ' , 0 , 1 } . T h e n f o r t h e v a r i e t y B o f B o o l e a n 

a l g e b r a s o f t y p e r w e h a v e H R N ( F l j F a ) 
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