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A COMMON FIXED POINT THEOREM
FOR COMPATIBLE MAPPINGS OF TYPE (B)
IN COMPLETE METRIC SPACES

Abstract. In the present note we give a common fixed point theorem. The theorem
extend the results of Popa [8] to the case of four self mappings which are compatible of
type (B) and satisfying a contractive relation.

1. Introduction

In [1] Jungck introduced the concept of compatible mappings which
generalizes that of weakly commuting mappings. The concept has been used
by several authors to prove common fixed point theorems and in the
study of periodic points (see e.g.[1], [2], [4]-(6], [8] and references therein).

Another type called compatible mappings of type (A) is defined in
[3]. Authors of [3] pointed out that under some conditions the two concepts
are equivalent and proved a common fixed point theorem for compatible
mappings of type (A) in complete metric spaces (see also [9]).

Recently, H. K. Pathak and M. S. Khan [7] introduced the new concept
of compatible mappings of type (B) as a generalization of compatible
mappings of type (A). The same authors remarked that under some con-
ditions, compatible mappings, compatible mappings of type (A) and com-
patible mappings of type (B) are equivalent. They derive some relations
between these mappings and prove a fixed point theorem of Gregus type for
compatible mappings of type (B) in Banach spaces.

The aim of this note is to consider the result of Popa [8] for compatible
mappings of type (B) in place of compatible mappings. For this consideration
we give the definitions of the three concepts of compatibility borrowed from
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(1], [3] and{7]. Throughout this paper, X denotes a metric space (X,d) with
the metric d.

DEFINITION 1.1. Let S and 7 be mappings from a metric space (X,d) into
itself. The mappings S and 7 are said to be compatible if

lim d(8Tz,,TSz,)=0
n—oo
whenever {z,} is a sequence in X such that lim, oo STy = limp 0 Tz, = ¢

for some t € X.

DEFINITION 1.2. Let S and 7 be mappings from a metric space (X,d) into
itself. The mappings S and 7 are said to be compatible of type (A) if

lim d(T8zn,8%2,) =0  lim d(8Tzn, T?z,) =0
n-——00 n-—oo
whenever {z,} is a sequence in X such that lim, oo Sz = limp—eo Tzp = ¢
for some t € X.
DEFINITION 1.3. Let § and 7 be mappings from a metric space (X,d) into
itself. The mappings S and 7 are said to be compatible of type (B) if
. 1r.. .
Jim d(TSzn, S%0) < 5 [lim d(TSza,Tt)+ lim d(Tt, T?z.)]
and
. 1. .
Jlim d(STen, T?en) < 5 [lim d(STza,St) + lim d(St,5%z)]
whenever {z,} is a sequence in X such that lim, ,oo Sz, = limp 00 Tz, =t
for some t € X.

Clearly, compatible mappings of type (A) are compatible mappings of
type (B). By example 2.4 (7] the implication is not reversible. The following
example shows that the notions of compatible mappings and compatible
mappings of type (A) (and consequently of type (B)) are different if the
continuity is dropped.

EXAMPLE 1.4. Let X = R4, be the set of positive real numbers, with
Euclidean metric |.|. Define S, Z:X — X as follows:

S(z) = 0 if x5l and I(z) = 0 ifzg1
1ifz>1 z if 2> 1.

Clearly, S, and Z are not continuous at t = 0. Let (z,) C X such that
zn 2 1 for every n and that limy, e z, = 1. Thus,

1
S(.’L‘n)=a—’1=t, I(:L'n)=1:n—)1=t
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and
ST(z.) = S(za) = ;1- 1, TS(zn) = z(xi) —04£1

n
SO

|SZ(z,) — ZS(zn)| — 1 # 0.
Then (S, Z) is not a compatible pair. Nevertheless
1
Tn

|SZ(zn) — IZ(z,)| = —0

and

IZS(zpn) — 8S(zn)| = |0 — 0] — 0.
Therefore, (S,Z) is a compatible pair of type (A), hence compatible of
type (B).

However Proposition 2.8 in [7] shows that Definitions 1.1, 1.2, and 1.3
are equivalent under some conditions and suitable examples (as seen in the
above example) are given in [7] and [3] to show that this is not true if S and
T are not continuous.

For our main theorem we need the following properties of compatible
mappings of type (B) found in [7]( cf. Proposition 2.9 and 2.10 therein):

PROPOSITION 1.1. Let S and T be compatible mappings of type (B) from a
metric space (X,d) into itself. If St = Tt for somet € X, then

STt=8=TH=TSt
PROPOSITION 1.2. Let S and T be compatible mappings of type (B) from a
metric space (X,d) into itself. Suppose that im,, o Sz, = lim, oo Tzp=t
for somet € X. Then
() limy 00T Tz, =8t if S is continuous at t.

() limp0oSSzp, =Tt if T is continuous at t.

2. A common fixed point theorem

Let R4 be the set of non negative real numbers and let ¢ : (’R+)5 - Ry
be a function satisfying the following conditions:

 is upper semicontinuous in each coordinate variable and non decreasing.
¢(t) = max {¢(0,t,0,0,1), ¢(¢,0,0,t,1), o(t, t,t,2t,0),(0,0,¢,¢,0)} £ ¢ for
any t 2 0.

Let Z, J, S and T be mappings from a metric space (X,d) into itself
such that

(2.1) S(X) € J(X) and T(X) C I(X),
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(2.2) d(Sz,Ty)<¢(d(Iz,Ty),d(Iz,Sz),d(Ty, Ty), d(Iz, Ty),d(Ty,Sz))
for all z,y in X.

Then, by the assumption (2.1), since S(X) C J(X), for an arbitrary z¢ €
X there exists a point z; € X such that Szo= Jz;. Since T(X) C I(X),
for this point z; we can choose a point z9 in X such that Tz; = Tz,.
Continuing in this way, one can construct a sequence (y,) in X such that
(2.3) Yon = JTon+1 = SZon and yony1 = Ixonq2 = T Tonq1
for every n =0,1,2,....

For our main result we need the following Lemmas:
LEMMA 2.1. ([10]). For any t 2 0,¢(t) S t if and only if lim,_,00 ¢™(t) = 0
where @™ denotes the n-times repeated composition of ¢ with itself.

LEMMA 2.2. LetZ, J, S and T be mappings from a metric space (X,d) into
itself satisfying (2.1) and (2.2). Then lim, o0 d(Yn, Ynt1) = 0, where (yn)
is the sequence constructed in X and described by (2.3).

Proof. By (2.2) and (2.3), we have the estimation
d(Yon, Y2n+1) = d(Sz2n, TTon41)
< (d(Zz2n, Tron+1), d(Txon, St2n), d(TT2n+1, T Ton+1),
d(Iz‘zn, T$2n+1), d(jzgn_H, szn)
< @(d(y2n-1, Y2n), d(Y2n—1, Y2n), d(Y2n, Yon+1),
d(Y2n—1, Y2n+1)s A(Y2n, Yon))
< o(d(yon—1,Y2n), d(Yon—1, Y2n), A(Y2r, Y2n+1),
d(Y2n-1,Y2n) + d(Y2n, Y2n+1), 0).
Suppose that d(yon, yon+1) 2 d(Y2n—1, Y2n) in the above inequality, then
d(Y2n, Yan+1) < P(d(Y2n, Yon+1), Ad(Yon, Yon+1), A(Y2n,
Yon+1), 2d(y2n; Y2n+1), 0)
$ d(y2n, Y2n+1)
which is a contradiction. Thus we may further estimate
d(Y2n, Yon+1) < ©(d(y2n—1,Y2n), d(Y2n-1, Y2n), A(Y2n—1, Y2n),
2d(yon—1,Y2r),0)
< ¢(d(y2n—1,Y2n))-
The same argument gives

d(Yon+1, Yon+2) < A(d(Y2n, Y2n+1))-
Consequently, we have

d(Yn, yn+1) < 0(d(yn-1,9n)) < ... < ¢"(d(yo,41))-
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This implies, from Lemma 2.1, that
nll,ngo d(Yns Yn+1) = 0. m

LEMMA 23. Let Z, J, S and T be mappings from a metric space (X,d)
into itself satisfying the conditions (2.1) and (2.2). Then the sequence {yn}
defined by (2.3) is a Cauchy sequence in X .

Proof. By virtue of Lemma (2.2), it suffices to prove that the subsequence
(y2n) of (yn) is a Cauchy sequence. Suppose the sequence {yo2,} is not
Cauchy. Then there is an € 2 0 such that for each even integer 2k, there
exist even integers 2my, and 2n; with 2my 2 2n, > 2k such that

(2.4) d(Y2ms» Yoni) 2 €

For each even integer 2k, let 2my, be the least even integer exceeding 2ny,
and satisfying (2.4), that is,
(2.5) d(Yame—2,Y2n,) <€ and d(Yom,,Yon,) 2 €-

Then for each even integer 2k, it follows by the triangle inequality

€ § d(y2nka y2mk)
_<. d(y2nka y2mk—2) + d(y2mk—2a y2mk—1) + d(y2mk—ly y2mk)-

Making use of inequalities (2.5) and Lemma 2.2 we may have
(2.6) limk_.w d(y2nk) y2mk) =E£.

By the triangle inequality, we further have

|d(y2ny. y2mk_1) — d(yans, Yoy )| < A(Y2m,—1, y2mk)
and
|d(y2nk+l)y2mk—l) - d(y2nk7 y2mk)| < d(y2mk—1a y2mk) + d(y2'n.k1 y2'n.k+1)'
From Lemma 2.2 and (2.6), we deduce

(27) hmk—*oo d(y2nk7 y2mk—1) =¢ and llmk_,oo d(ank+1, y2mk—1) = €.
Therefore, by (2.2) and (2.3), we have

(2.8)  d(yony, Yame) < d(Yonyr Y2ne+1)  A(Y2ne+1, Yoms)
< d(yony» Yong+1) + A(Somy, T2n,+1)
< d(Yong, Yane+1) + P(d(Yame—1, Yony ), A(Y2my—1, Yomy )
d(Y2ne, Yoni+1)s A(Y2me—1, Yone+1) AY2ne, Yomy))-

But ¢ is upper semicontinuous, hence by Lemma 2.2, (2.6) and (2.7) we
may obtain
e< 90(8,0,0,6,5) é €
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as k — oo in (2.8), which is a contradiction. Consequently, (ys,,) is a Cauchy
sequence in X. w

Our main result is the following theorem taken from [8] with the mod-
ification (TX =ZX, JX =SX and (S,I), (T, J) are weakly commuting
pairs of [8]) replaced here with (SX C JX, TX C ZX and (S,I), (T, J)
are compatible pairs of type (B)).

THEOREM 2.1. Let I, J,S and T be mappings from a complete metric space
(X,d) into itself satisfying (2.1) and (2.2). Suppose that one of T, J, S or
T is continuous, and that the pairs S, Z, and J, T are compatible of type

(B). ThenZ, J, S and T have a common fized point z. Furthermore z is
the unique fized point of both mappings.

Proof. Let (y,) be the sequence in X defined by (2.3). We know, by Lemma
2.3, that (y,) is a Cauchy sequence in X’ and so it converges to some element
z in X. Consequently, subsequences (JZon+1), (SZ2n), (Zz2n) and (T z2+1)
of (y») also converge to z.

Let us suppose that S is continuous. Since the pair S, Z is compatible
of type (B), it follows from Proposition 1.6 that

STzo, and T%z9, — Sz as n — oo.
Furthermore, by (2.2) we have
d(SZzan, Txont1) < (d(Tzon, TTont1),
d(Z%z2n, SIzom), d(T T2n+1, T Tan+1),
d(I2m2n, Tzon+1), A(JTTon+1,S5Txan)).
By letting n — oo, we obtain
d(Sz,2z) < p(d(Sz,2), 0, 0,d(Sz, 2), d(Sz, z))

which is a contradiction. Thus we have Sz = 2. Since S(X) C J(X), there
exists a point u € X such that z = Sz = Ju. Again by (2.2), we have

d(8Txon, Tu) < p(d(T%zon, Tu), d(T 200, STzon), d(JTu, Tu),
d(Z%z9n, Tu), d(Ju, STzan)).
By letting n — 0o, we obtain
d(z,Tu) < ¢(0,0, d(z,Tu),d(2,Tu), 0)

this implies that z = Tu. Since J, T is a compatible pair of type (B) and
Ju = z = Tu, by Proposition 1.5, this implies that 7Ju = J7Tu and so

TJz=JTu=TJu="Tuz.
Moreover, by (2.2) we can estimate
d(8z2n7 TZ) < Sa(d(I:l:Zna ,_72), d(IiL'2n, szn), d(JZ, TZ)’
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d(Zzon, T 2), d(J 2,Sza,)).
By letting n — oo, we obtain
d(z,T2) < 9(d(z,T2),0,0,d(z, T2),d(z, T2))
which implies that z = Tz. Since T(X) C Z(X), there exists a point v € X
such that z = T2 = Zv. The use of (2.2) gives
d(Sv,z) = d(Sv,Tz)
< p(d(Tv, J2), d(Tv, Sv), d(J 2, T=),
d(Tv, T2), (T2, Sv)
< (0, d(z, 8v),0,0, d(z, Sv))
which is a contradiction, hence Sv = z = Zv. But the mappings S and Z are
compatible of type (B), and Sv = Tw, it follows from Proposition 1.5 that
Sz2=8Tv=ISv=171=.
Consequently,
TJz=Tz=T2=8z=2z

this means that the point z is a common fixed point for both 7, Z, 7 and S.
Next, suppose that Z is continuous. Since the pair S, Z is compatible of
type (B), it follows from Proposition 1.6 that

I8z, and 8%z, —» Iz as n — oo.
Furthermore, by (2.2) we have
d(8%Ton, TT2n41) < ©(A(T8Z2n, T Tont1),

d(ZS8zon, S%z9n), d(TZ20+1, T T2nt1),

d(Z8zon, Txon+1), AT T2n+1,S%z2n)).
By letting n — 0o, we obtain

d(Zz,2) < ¢(d(Zz,2), 0, 0,d(Zz, 2), d(Iz, z)).
Hence Iz = z. By (2.2), we also have,
d(Sz,Tz2n+1) < p(d(Zz,Txon+1), d(Z2z,82),d(T zon+1, T Ton+1),
d(Zz,Tzony1), d(TT2n+1,852)).
Consequently, we obtain at infinity
d(Sz,2) < ¢(0,d(z,Sz), 0,0, d(2,5z)) <d(Sz,2)

which implies Sz = z. But, S(X) C J(X), there exists then a point u € X
such that z = 82 = Ju. Again by (2.2), we have

d(z,Tu) =d(Sz,Tu) < ¢(0,0,d(z,Tu),d(z,Tu),0)
this implies that z = Tu. Since J, T is a compatible pair of type (B) and
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Ju = z = Tu we have, by Proposition 1.5, TJu = J7Tu and so
TJz=JTu=TJu=Tz.
Moreover, by (2.2) we have
d(2,T2) =d(8z,Tz) < p(d(2,Tz),0,0,d(z2, T z),d(z, T z)).

Therefore z is the common point searched by our theorem. Similarly, one
can complete the proof when T or J is continuous.
Now, if w is another fixed point for 7, Z, 7 and S, then

d(w, z) = d(Sw, T 2)
< @(d(Tw, T =), d(Tw, Sw), d(J 7 T2), d(Tw, Tz), d(Jz, Sw))
< ‘P(d(w’ Z), 0,0, d(wa 2)7 d(w7 Z))

hence w = 2. The proof is complete. u
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