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ON T H E N O N E X I S T E N C E OF POSITIVE SOLUTION 
OF SOME NONLINEAR INTEGRAL EQUATION 

Abstract . We consider the nonlinear integral equation 

( 1 ) u ( x ) = J for all x € RN, 

Rn 

where a is a given positive constant and the given function g(x, y, u) is continuous and 
g(x,y,u) > M^j^j jyy for all i , j 6 RN, u > 0, with some constants a,/3,7 > 0 and 
M > 0. We prove in an elementary way that if 0 < a < (/3 4- N)/(e + 7), 0 < a < 
min {N,N + /3 — 7} , N >2, the nonlinear integral equation (1) has no positive solution. 

1. Introduction 
We consider the nonexistence of positive solutions of the following non-

linear integral equation 

( 1 . 1 ) tt(a) = b l l 5 9(*,vMv))*y f o r a l l x e r n 
J v — xr R N w 1 

where b^ = 2((N — with u>n+i being the area of unit sphere 
in Rn+1,N > 2, a is a given positive constant with 0 < a < N, and g : 
R2N ^ —• R is given continuous function satisfying: 

There exist the constants a, (3,7 > 0 and M > 0 such that 

(1.2) g(x, y, u) > M ^ 1 ^ ^ for all x, y G RN, u > 0, 

and some auxiliary conditions below. 
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In the case of O = N — 1, the integral equation (1.1) is a consequence of 
the following nonlinear Neumann problem 

N+1 

(1.3) A v = Y 1 Vx'x* = °> x e R N ' X n + 1 > 
¿=1 

(1.4) —vXN+1 (X, 0) = g(x, v(x, 0)) = 0, x € RN, 
of which the boundary value u(x) = v(x, 0) together with some auxiliary 
conditions will be a solution of the equation 

(1.5) u(x) = bN \ 9(vMv))ày ioiallxeRN 
¿N \y-Aa 

In [1] the authors have studied a problem (1.3), (1.4) for N = 2 with the 
Laplace equation (1.3) having the axial symmetry 

(1.6) urr + -ur + uzz = 0, Vr >0, Vz > 0, 
r 

and with the nonlinear boundary condition of the form 
(1.7) -uz(r,0) = Joexp( - r 2 / ^ ) + ua(r,0), Vr > 0, 
where Io,ro,a are given positive constants. The problem(1.6), (1.7) is the 
stationary case of the problem associated with ignition by radiation. In the 
case of 0 < a < 2 the authors in [1] have proved that the problem (1.6), 
(1.7) has no positive solution. Afterwards, this result has been extended in 
[7] to the general nonlinear boundary condition 
(1.8) ~uz(r,0) = g(r,u{r,0)), Vr > 0. 

In [8] the problem (1.3), (1.4) is considered for N = 2 and for a func-
tion g which is continuous, nondecreasing and bounded below by the power 
function of order a with respect to the third variable. It is proved that for 
0 < a < 2 such a problem has no positive solution. 

In [2]—[3] we have considered the problem (1.3), (1.4) for N > 3. The 
function o : RN x [0, +oo) —> [0, +00) is continuous, nondecreasing with 
respect to variable u, satisfies the condition (1.2) with 7 = 0 and some 
auxiliary conditions. In the case of 0 < a < N/(N — 1),N > 2 we have 
proved that the problem (1.3), (1.4) has no positive solution. 

In [5], [6] the authors have proved the nonexistence of a positive solution 
of the problem (1.3), (1.4) with 
(1.9) g(x,u) = uQ. 

In [5] it is proved with 1 < a < N/(N - 1),N > 2, and in [6] with 
1 < a < (N+1)/(N~1), N > 2. We also note that the function g(x, u) = ua 

does not satisfy the conditions assumed in the papers [2], [7], [8], 
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In this paper, we consider the nonlinear integral equation (1.1) for 0 < 
a < min{iV, N+/3—7}, N > 2. The function g(x, y, u) is continuous, satisfies 
the condition (1.2) for which (1.9) is a special case. By proving elementarily 
we generalize the results from [l]-[9] that for 0 < a < ((3 + N)/(a + 7) the 
equation (1.1) has no continuous positive solution. 

2. The theorem of nonexistence of positive solution 
Without loss of generality, we can suppose that bpi = 1 with a change 

of the constant M in the assumption (1.2) of g. We rewrite the integral 
equation (1.1) 

(2.1) u(x) = Tu(x) = \ S^yMv))dy foi&nxeRN ¿N If " x r 
Then we have the main result as follows. 

THEOREM. Let g : R2N x [0, +00) —> R be a continuous function satisfying 
the hypothesis: 

There exist constants M > 0, a, (3,7 > 0, 0 < a < min {N , N + ¡3 — 7} , 
N > 2 such that 

(2.2) g{x, y, u) > M for all x,yeRN, u> 0. 

If 0 < a < {¡3 + N)/(a + 7) then, the integral equation (2.1) has no con-
tinuous positive solution. 

REMARK 1. The result of Theorem is stronger than that in [2], [8]. Indeed, 
corresponding to the same equation ( 1 . 5 ) , the following assumptions which 
were made in [2], [8] are not needed here 

(G1) g(y,u) is nondecreasing with respect to variable u, i.e., 

(g(y,u) - g(y,v)){u-v) > 0, 

for all u,v > 0,y € RN. 

(G2) The integral ^N -I exists and is positive. 

First, we need the following Lemma. 

LEMMA. For every p>0, q>0, 0 < a < N, X G RN. Put 

(2-3) A\p,q](x)= \ r— , 
RN I 

we have 

(2.4) A\p,q](x) = + 00, 
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if q — p < N — a, 

(2.5) A\p, g](x) convergent and A\p, g](x) > ( j f ^ + (i + |g|)q» 

if q — p > N — a, where is the area of unit sphere in RN. 

Proof, a) Let N — a > q — p. We note that from the elementary inequality 

(2.6) \y - x\ < 12/1 + |x| for all x, y € RN, 
we deduce 

RN 

rp+N~ldr 
= S (l + r W r + M ) * = " " - W 

The integral Jp,q,a is divergent for q + cr — p — N + l<l or q — p<N — a 
and convergent for q — p > N — a. 

(2.8) Vx € Rn, A\p, g](x) is divergent for N - a > q - p. 

b) Let N — a < q — p. i) Let x = 0, we have 

(2.9) ¿ M ( 0 ) = S 
RN 11/1 

7 rN~ldr 7 dr 
U N J (1 + U N J (1 + r ^ r ' - P " ^ 1 • 

Hence, the integral Jjj" °° (1+r),rir-p-jv+i is convergent a — p — N + 1 < 
1 < q + a- p- N + 1 <$=>• —p < N — a < q — p <==» N - a < q - p 
and the integral J* 0 0 (1+r),rlr-P-jv4.i is divergent a — p — N +1 >1 or 
1 > q + a-p-N + 1 N -a <-p or N-a > q-p N-a > q — p. 
Hence, 

(2.10) A\p, g](0) is convergent N -<r < q-p, 

and 

(2.11) A\p, g](0) is divergent TV -a > q-p. 

ii) Let x ^ 0, and R > 3|x| > 0. We rewrite 

rai» t ]#(I±M^U r WE + \y\rqdy (2.12) A\p,q\{x) = } j — p + J p 

= IR(x) + JR{x). 
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Estimate IR(x) = • We have 

\yni + \y\)-"dy 

| y - x | <R 
dy 

(2,3) ,„(*> = j J t f t L W 
I I D I" I 

i i » T < » l ! / l ' > ( 1 + l ! ' i r ' s i » - . 1 « 
R 

= sup |t/|p(l + |2 / i rVv \ r f - ' - i d r < +oo. 
Iv-*l<« 0 

Estimate JR(x) = \]y_x^R We have 

(2.14) JR(x) = \ r—t \y\"(l + \y\)-qdy 
\y-x\° 

mi+\y\r"dy 
^ \v — x\ 

* J 
|y|p(i + \y\)~qdy 

l lv l -Wl* |y|>«-W I m 1 11 

+ r ° r p ( l + r)~qrN-1dr 

' W V w l ^ - W I ' 
+0O J dr 

= WAT S . . ,r - |ar||°"(l + r ) i r - P - N + 1 ' R—\x\ 

Notice that, from R > 3|x| > 0, we have r ^ |x|, for all r > R— |z|. Hence, 
the integral |r_|J||g(i+r

r),r-p-jv-n is convergent for cr+q-p-N+1 > 1 
or N — a < q — p. Hence, 

(2.15) JR(x) is convergent for N — a < q — p. 

Combining (2.10), (2.12), (2.13) and (2.15), we then have 

(2.16) Vz e RN, A\p, g](x) is convergent for N — a < q — p. 

Furthermore, for q — p > N — a, we rewrite 

'r' rp+N~1dr rP+N-idr 
(2-1 ) Jp,q,C ) ( 1 + r ) , ( r + ^y + ) ( 1 + r ) , ( r + | x | ) f f 

U |l| 
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We estimate respectively the integrals Jp )̂<T and 
j) Estimate Jp 

1*1 
(o j ( i ) . r ^ - ' d r _ 1 

' P '9 , < T- J (l + r)9(|x| + |x|)" ( N + p)2< r (l + |x|)«" 

j j) Estimate Jp2q<a 

( , 1 9 ) e ^ T r P + w " 1 < i r 

(1 + r ) i ( r + r ) a  

_ 1 r p + N " a d r > \ x \ p + n - °  +r°° d r 

— 0<t J rM _i_ r̂ g — Oct J r( l + r)9 ~ ,J, (l + r)"^1 

~ q2° (1 + |x|)9' 

Hence, (2.5) is deduced from (2.7), (2.17)-(2.19). Lemma is proved com-
pletely. 

Proof of Theorem. We proceed by contradiction. Suppose that there exists 
a continuous positive solution it(x) of the integral equation (2.1). We suppose 
that there exists xo 6 R N, such that tt(xo) > 0. Since u is continuous, then 
there exists ro > 0 such that 

(2.20) u(x) > ^u(xo) for all x € R N, |x - x0| < r0. 
¿i 

It follows from (2.1), (2.2), (2.20) and the monotonicity of the integral 
operator 

( 2 . 2 ! ) u ( x ) = T u ( x ) > M ( 1 + | * | ) - J ^ ^ 
RN  l V  1  

> M( 1 + |x|)-tY^(xo)V S for all x 6 R N. 
V J |y-*o|<ro W ' 

Using the inequality 

(2.22) \y - x| < |s/| + |x| < (1 + |x0| + r0)( 1 + |x|), 

for all x, y € R N , \y - x0| < r0, 

we obtain from (2.21), (2.22) that 

(2.23) u(x) >ti i (x) = m!(l + |x|)-91, for all x € R N, 
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where 

(2.24) qi = a + 7 , mi = m Q u ( x < , ) ) ( 1 + M + r 0 ) _ < r \ \yfdy. 
\y-x0\<r0 

Using again the equality (2.1), it follows from (2.2), (2.23) that 

\yfua(y)dy 
(2.25) u{x) = Tu{x) > M ( 1 + Ircl)"7 J 

> M ( 1 + |x|) - 7 J 

RN \y~x\c 

I yfuUy)dy 

RN Xl 

> M m f ( l + |x|)-7,4[/?,agi](:E), for all x e RN. 

Now, we consider separately the cases of different values of a . 

Case 1: 0 < a < ((3 + N-a)/(a + 7). We obtain from (2.4), (2.25) with 
p = [3,q = aqi = a(a + 7 ) , q — p = a(a + 7) — (3 < N — a, that 

(2.26) u(x) = +00, for all x € RN. 

It is a contradiction. 

Case 2: (¡3 + N - a)/{a + 7) < a < (/? + N)/{a + 7). Using (2.5) with 
p = (3, q = aqi = a{cr + 7) , q — p — a(a + 7) — ¡3 > N — a, we deduce from 
(2.25) that 

(2.27) u(z) > u2(x) = m2|z|P2(l + M ) - 9 2 , for all x 6 RN, 

where 

(2.28) p2 = p + N - a, q2 = aqx + 7, m2 = M m ? + — )• 
¿a p + jv aq\ 

Suppose that 

(2.29) u(x) > Uk~i(x) = mfe-i|x|Pfc"1(l + |x|)~9fc_1, for all x € RN. 

If aqk_ 1 -/3- apk-i >N-a, then, using (2.1), (2.2), (2.5) and (2.29), 
we obtain 

(2.30) u ( s ) = Tu(x) > M{ 1 + \x\)-i \ ^ ^ ^ 
J \V — Ir 

RN 1 

> M ( 1 + t 
~ rN \y-x\° 

= M m ^ _ 1 ( l + A[(3 + opfc_i, ag f c_i](x) 

> Mmi_ 1 L , * . +
 1 

N + (3 + apk-1 
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Hence 

x Jl^f+aPk-i+N-v^ + la;!)-««-!-?. 
2a 

u(x) > uk(x) = m f c |x |M( l + |x|)-<"°, for all x e RN, 
where the sequences {pt-i}, {<7fc_i}, {rrik-i} are defined by the recurrence 
formulas 

Pfc7 = ¡3 + apk-i +N -cr, qk = aqk-1 + 7 , 
(2.31) 1 1 1 

mk = —MuNml^i—— + — - , k > 3. 
2? Pk + cT aqk-1 

From (2.28), (2.31) we obtain 

{k - !)(/? + N -a), if a = 1, 

(2.32) P k = ( I 

(2.33) qk = i 

if (/3 + N-a)/(<r + j ) < Q < (p + N)/{a + y), et± 1, 

' a + k'y, if a = 1, 

if [fi + N - a)/{a + 7 ) < a < (/? + N)/{a + 7 ) , a 56 1. 

It follows from (2.1), (2.2) and (2.30), that 

(2.34) u(x) > Mm%( 1 + \x\)~^A[/3 + apk,aqk](x), for all x 6 RN. 

So, from (2.33), (2.34), we only need to choose the natural number k > 3 
such that 

(2.35) aqk — f3 — apk < N — a < aqk_ 1 - ¡3 - otpk_ 1, 

since A[f3 + apk, aqk](x) = +00. 

By (2.32), (2.33), (2.35) we choose k as follows 
j) If a = 1, we choose k. satisfying /3+jv1(T_7 < k < 1 + 
jj) If ^ 7" < a < f q ^ and q ^ 1, we choose fc satisfying ko < k < 

fco + l,wherefco = I ^ l n ( ^ 2 ± ^ M 7 ) . 

Case 3: a = (¡3 + N)/(o + 7). We rewrite (2.25) 

\ v n \ + \ v \ ) - * - N d y (2.36) u{x) > Afmf (1 + | x | ) - 7 \ 
RN \y~A 

= Mm?( l + |®|)"'M[/S,/? +JV](s), for all x € RN. 



On the nonexistence of positive solution 401 

O n the o the r hand , for eve ry x € RN, \x\ > 1, we have 

( , 3 7 , ^ ^ M W M ^ v y * 

+oo rP+N-ldr 

= 0JN 
(1 + r)P+N(r + |i|)° 

1*1 r/3+N-idr 

* | (1 + r)@+N(r + = UNH{X)• 

N o t i c e t h a t fo r eve ry r s u ch t h a t 1 < r < |x| we have 

f r Y + N 1 1 m i n i l , 2 1 - < 7 } 
(2.38) > rr^-Tf, a n d -. r - j r — r > r^—:— 5 ~ . 
y ' \ 1 + r / ~ 2 P + N ( r + l x D ^ - 1 - |xI«7"1 

T h e n 

(2.39) H(x) = '\ 

> 

e+N 1 dr 

(r + Ixl)*7-1 r(r + |i|) 

1 m i n { l , 2 1 - < 7 } 'r1 dr S 2 P+N | x | c r - l J r ( r + | x | ) 

1 mmjlX-"} l n ( 1 + N ) 
2 P+N 

I t fo l lows f r o m (2.36), (2.37), (2.39) t h a t 

(2.40) „ ( x ) > V2(x) = { ^ J * 1 ; ¿ p d ^ ) ) , i f | x | > l t 

w i t h 

(2.41) S 2 = l , C ^ M m ^ ™ ^ ^ . 

Suppose t h a t 

(2.42) u(x) >vfc_i(®) 

0, i f |x| < 1, 

C f c _ i | x | - ' ( 1 + | x | ) - » ( l n i f M > 1, 

a n d C f c_ i , S f c_ i , are po s i t i v e cons tan ts . T h e n , u s i ng (2.1), (2.2), (2.42), we 

have 

(2.43) « ( * ) > M ( 1 + \ x \ ) - r \ ^ ^ f f i ^ 
RN |y 1 
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- ( 1 l} (Iyi + N)' 

+oo (In ) " " " V ^ ' M r 

k 1 J ( i + r ) « 7 ( r + \X \Y 

Considering |rzr | > 1, we have 

+oo r P + N - a " ~ 1 ( i n ( ± t r . ^ y S k l d r 

( 2 " 4 4 ) | ( l + r ) « T ( r + | s | ) ' 

" V V 2 ) ) i ( r + r ) ° T ( r + r) 
X 

= - J L.(wI±M))«.-x. 
We deduce f rom (2.43), (2.44) t h a t 

' 0, if |x| < 1, 

(2.45) u ( x ) > v k ( x ) = 

where 

(2.46) 8k = a s k - l t Ck = - J - j - M u n C Z ^ , k> 3. 

Prom (2.41), (2.46) we ob ta in 

(2.47) Sfc = S 2 a f c - 2 = a k ~ 2 = ( y ^ ) ^ , C k = ^ ( D ^ 2 , 

where D = ( - ^ M u s ) 1 " 0 " 1 * . 

Y 

C k \ x \ - { \ + | x | ) " ^ l n if \x\ > 1. 
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Then, with |i| > 1, we rewrite (2.45) in the form 

(2.48) u(x) > vk(x) = + |x| ) "^DC 2 ln ( = 1 i_i-a/i , ^ i 1 + \x\ 

Choosing XQ such that 

DC2 in i x m > 1 

{ 

By (2.48), we deduce that U(XQ) = +oo. It is a contradiction. 
Theorem is proved completely. 

REMARK 2. a) In the case of a = N/cx, a = N-1, N = 2, the estimate (2.45) 
is simpler than that in [1], where (r) is given in the form of a functional 
series. 

b) In the case of g(x, u) we have not a conclusion about a > N/(N — 1), 
and N > 2, yet. However, when g(x, u) = ua, N > 2, N/(N - 1) < a < 
(.N + 1 )/(N - 1), B. Hu in [6] have proved that the problem (1.3), (1.4), 
(1.9) has no positive solution. In the limiting case a = (N + l)/(iV — 1), 
positive solutions do exist (See [4-6]). In particular, for this value of a , the 
authors of [4] gave explicit forms for all nontrivial nonnegative solutions 
u G C2(R%+1) D C 1 ( -R+ + 1 ) o f t h e problem 

- A u = a u a + ^ in 
~UxN+1 (x/,0) = bua(x/, 0 ) o n xN+1 = 0 . 

They proved the following results: 
(i) If a > 0 or a < 0, b > B = y/a(l - N)/(N + 1), then 

u(x) = C(\x - x°\2 + p)^-"»2 

for some C > 0, p e R, and = (x^, ...,x°N+1) 6 RN+1, where x? = 

(ii) If a = 0 and 6 = 0, then 

u(x) = C for some C > 0; 

(iii) If a = 0 and b < 0, then 
/ _C\(N-1)/{N+1) 

u(x) = Cxi + i —j— j for some C > 0; 

(iv) If a < 0 and b = B, then 

/ 2B x d - * ) / 2 

u(x) = i — — - X i + C J for some C > 0; 
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(v) If a < 0 and b < B, then there is no nontrivial nonnegative solution 
of the problem. 

Acknowledgements. The author wish to thank the referees for their 
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