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ON SOME NATURAL OPERATORS IN VECTOR FIELDS

Abstract. Given natural numbers m,n,r,s,q with s > r < ¢ there are two vector
bundle functors T7%9* = J("9( RL1)4 and TM** = J™)(,R)o on the category
FMmn of (m,n)-dimensional fibered manifolds. In the present paper we prove that for
natural numbers m,n,r, s,q with s > r < g and m > 2 the space of natural operators
A Tproj|FMmpn ™ T*T™*9* lifting a projectable vector field X on Y into a 1-form

A(X) on T™*9*Y is a 2(q + r)-dimensional module over C*°(R4%") and we construct
explicitely the basis of this module. We prove also that for natural numbers m, n,r, s with
s > and m > 2 the space of all natural operators 4 : Tproj| F Ay n ~ T*T™%* lifting a
projectable vector field X on Y into a 1-form A(X) on T™**Y is a 2r-dimensional module
over C*°(R") and we construct explicitely the basis of this module.

Introduction

In this paper we consider the following categories over manifolds: the
category M f,, of m-dimensional manifolds and embeddings, the category
F M of fibered manifolds and fibered maps, the category FM,, ,, of fibered
manifolds with m-dimensional bases and n-dimensional fibers and fibered
embeddings, the category VB of all vector bundles and vector bundle maps.

The notions of bundle functors and natural operators can be found in
the fundamental monograph [4].

In {13], we studied the problem how a vector field X on an m-manifold
M induces a 1-form A(X) on the r-cotangent bundle T7"*M = J"(M,R) of
M. This problem is reflected in the concept of natural operators A : T4y, .
~ T*TT™. We proved that for natural numbers m > 2 and r all natural
operators A : Tipyg,, ~» T*T™* form a 2r-dimensional module over C*°(R").
We constructed the basis of this module.

In the present paper we try to extend the result of [13] on fibered mani-
folds. We study the problem how a projectable vector field X on an (m, n)-
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dimensional fibered manifold Y induces a 1-form A(X) on the (r,s,q)-
cotangent bundle T7%9*Y = J("s9(Y,R5!)o of Y. This problem is re-
flected in the concept of natural operators A : Tpro51 7 M,, , ~> T*TT*7*. We
prove that for natural numbers m,n,r,s,q with s > r < g and m > 2 all
natural operators A : TprojiF M, . ~> T*T79* form a 2(g + 7)-dimensional
module over C*®°(R?*7). We construct the basis of this module.

In similar way we study the problem how a projectable vector field X
on an (m,n)-dimensional fibered manifold Y induces a 1-form A(X) on
the (r, s)-cotangent bundle T™**Y = J("3)(Y,R)o of Y. This problem is
reflected in the concept of natural operators A : Ty 057 M, . ~ T,
We prove that for natural numbers m, n,r, s with s > r and m > 2 all natural
operators A : Tproj|F M, . ~> T*T™** form a 2r-dimensional module over
C*(R"). We construct the basis of this module.

Natural operators lifting functions, vector fields and 1-form to some bun-
dle functors were used practically in all papers in which problem of prolon-
gations of geometric structures was studied, e.g. [14]. Such natural operators
in the case of the (higher order) cotangent bundle functor were studied in
[1]_[4]1 [6]—[11]’ [13], e.t.c.

From now on the usual coordinates on R™™, the trivial bundle R™ x R™
over R™, are denoted by z!,...,z™,y!,...,y".

All manifolds are assumed to be finite dimensional and smooth, i.e. of
class C*°. Maps between manifolds are assumed to be smooth.

1. The natural operators T, rr,, ,, ~ T T

1.1. The (r, s, g)-cotangent bundle 77%%*

Let 7, s,q, m,n be natural numbers with s > r < q.

The concept of r-jets can be generalized as follows, see [4]. Let Y — M
and Z — N be fibered manifolds. We recall that two fibered maps f,g :
Y — Z with base maps f,g : M — N determine the same (r,s,g)-jet
iVf =3 aty € Ye, @ € M, i gyf = Gig, Ga(f1Ya) = 53(gl¥e)
and j2f = jig. The space of all (r,s,q)-jets of Y into Z is denoted by
J(s9)(Y, Z). The composition of fibered maps induces the composition of
(r, s,q)-jets, (4], p. 126.

The vector r-cotangent bundle functor 77* = J"(.,,R)o : M f, — VB
can be generalized as follows, see [4], [12]. Let R = R x R be the trivial
bundle over R. The space T"%%* = J(ns:a(Y,R1)g, 0 € R?, has an in-
duced structure of a vector bundle over Y. Every FM,, p-map f:Y — Z
induces a vector bundle map T7*9f : T"$®™*Y — T"%9*Z covering f,

Trvs’q*f(jg(f’s’Q)fy) = j;r(,;),q)(,y of™1),v:Y — Rb 4(y) = 0. The corre-
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spondence T"*%* : FM,, , — VB is a vector bundle functor in the sense
of [4]. We call it the (r, s, ¢)-cotangent bundle functor.

1.2. Examples of natural operators T, ,, ~ T*T75

We recall that a projectable vector field on a fibered manifold Y over M
is a vector field X on Y such that there exists an underlying vector field X
on M which is p-related with X, where p: Y — M is the bundle projection.
The flow of a projectable vector field is formed by F M-morphisms.

We are going to study the problem how a projectable vector field X on an
(m, n)-dimensional fibered manifold Y induces canonically a 1-form A(X)
on T™%9*Y . This problem is reflected in the concept of natural operators
A Tproj|F Mo, ~> T*TT*%* in the sense of [4].

EXAMPLE 1. Let X be a projectable vector field on an (m,n)- dimensional
(k)
fibered manifold Y. For every k = 1,...,¢q we have map X : T7*9*Y — R,

(k) 78

X (G y) = (X*n)(y), 7= (1,72) : Y = RxR,y € Y, 7(y) = 0, where

X*=Xo...0X (k-times). It is well-defined because if j"*9y = j(ns:95
(k)

then jlyi = jl%. Then for every k = 1,...,q we have 1l-form dX on

(k) (k)
T7%9Y . The correspondence A : Tprojiz M., ., ~> T*T7*%*, X —dX, is a

natural operator.

EXAMPLE 2. Let X be a projectable vector field on an (m,n)- dimensional

@)
fibered manifold Y. For every I =1,...,r we have map X :T"%"*Y — R,

@ .
X (G5 Dy) o= (X)), 7 = (r,72) : Y = Rx R,y €Y, 4(y) = 0.

(7,5,9)

It is well-defined because if j, ™"y = §{r®95 then Jy¥e = jy¥2. Then for
()
every | = 1,...,7 we have l-form d X on T™*9*Y. The correspondence

(@) @
A ThrojiF My, ~ T, X — d X, is a natural operator.

EXAMPLE 3. Let X be a vector field on an (m, n)-dimensional fibered man-
<k>
ifold Y. For every k = 1,...,q we have l-foorm X :TT"*?Y — R on
<k>
TrsY, X (v) =< dy(X* 1), Tr(v) >, v € (TT"*9),Y,y €Y, v =

(1,%) Y = RXR, A(y) = 0,p7(v) = j{"*V, pT : TT8Y — Treary

is the tangent bundle projection, 7 : T"*9*Y — Y is the bundle projection.
<k> <k>
The correspondence A : Tpr0i7M,,,, ~ T7T7%9", X - X , is a natural

operator.
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EXAMPLE 4. Let X be a vector field on an (m, n)-dimensional fibered man-
<<I>>
ifold Y. For every [l = 1,...,r we have 1-foom X :TT">?™*Y — R

<<LUI>>
on TV, X (v) =< dy(X'"'y), Tn(v) >, v € (TT">"), Y,y €Y,

y=(y,72):Y - R xR, y(y) =0, pF'(v) = jér’s’q)v. The correspondence
<<I>> <<i>>
 Torojl FMm o~ TTT*9, X — X, is a natural operator.

1.3. The C>*°(R?*")-module of natural operators Tp.oji7m,. . ~
T*T'I‘,S,q* '

The set of all natural operators Tp,ojiFM,, . ~* T*T7*%* is a module
over the algebra C*°(R?*"). Actually, if f € C*°(R*") and A : Tproj) 7 M,
~ T*T™*%* is a natural operator, then fA : Tprojirm,,,. ~ T*T79*

L 1) (@ (1) ((r)
is given by (fA)(X) = f(X,.... X, X ,..., X )AX), X € X0 (Y),

Y € Obj(FMp, ).

1.4. The classification theorem
The first main result of this paper is the following classification theorem.

THEOREM 1. For natural numbersr, s, q,m,n with s > r < q andm > 2 the
C®(R*")-module of all natural operators Tproj\F M., . ~> T*T™>9* is free

(k) (1)) <k> <<I>>
and 2(q+r)-dimensional. The natural operators A, A, A and A for

k=1,...,qandl=1,...,7 form the basis over C*°(RI*") of this module.
The proof of Theorem 1 will occupy Subsections 1.5 and 1.6.

1.5. Some preparations
Let us consider a natural operator A : Tproj |7 M, ~ T T79".

1) (@) ((1)) ((r) <1> <g> <<i>> <<r>>
Operators A,..., A, A,...., A L  A,..., A, A ,..., A are
C>=(R%*7)-linearly independent. So, we prove only that A is a linear com-
(1) (q) ((1)) ((r) <1> <g> <<1>> <<r>>
binationof A,..., A, A,...., A, A,..., A, A ,..., A with

C>®(R*7)-coeflicients.

The following lemma shows that A is uniquely determined by the restric-
tion A(z2r)|(TT™*9*)oR™"™.
LEMMA 1. If A(320)|(TT™*9*)oR™" = 0, then A = 0.

Proof. The proof is standard. We use the naturality of A and the fact
that any projectable vector field with non-vanishing underline vector field
is locally %1- in some fiber manifold coordinates. O

So, we will study the restriction A(%)I(TTT'S’Q*)OR""".
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LEMMA 2. There are f(l), ceey f(q) S COO(R‘H_T) and f((l)), RN f((,.)) €
C®(R*") such that

. (« )) 9 T,8,q% m,n
(4~ wa)A Z fany A) (G IVTTHT)R™" =0,

where VT’"’S"?*Y - TTT’S"’*Y denotes the vertical subbundle (with respect
to the bundle projection w : T"*9*Y —Y).
Proof. We have (VT™59*)R™"= T*9"R™" x Ty T*R™™,

(u + tw)=(u, w), u,w € Ty "R™"™.

dt|t=0
For k =1,...,q we define f,: R — R,
fiy(a,b)
3, 11 | rea (1
A(a 1) (](() 15,9) (Z Z';_!al;(ml)k’z'ﬁbf(xl)l>’](() 15,9) <E(x1)k’0>>v
1 =1

a=(a1,...,a9) ERI, b= (by,...,b,) eR".
Forl=1,...,r we define f;)) : R¥*" — R,

fuay(a,b)

_ A 2 (roa) [ 1 LE T Ly o) s (g Lo 1y
Fsy Jo Zgak(z),[ ﬁf(z) »Jo ,ﬂ(x) )
1

a=(a,...,aq) €ERI, b= (by,...,b,) €R".
We prove the assertion of the lemma.

(k) ((®)
For simplicity denote A = A — Soher fie A — Zl Ly A -

Consider F M-morphisms v,7 : R™" — RY! ~(0) = (0) = 0. Define
a=(ay,...,aq) € R? by

q

A7 q,8 -(7r,s, 1

3§09 (11(2',0, .., 0),0) = 4§ *”(Zyaml)’c,o).
k=1

Define b = (by,...,b,) € R" by

]érq’ )(0’72(x1)07"'70 (T,S’q)< Z l'bl )‘

Define @ = (a4, ...,44) € R? by

q
) (a0, ..,0),0) = ’"”)(Z )
k=1

?T‘lp—l
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Define b = (31,...,I~)T) € R"™ by

j(()T,q,S) (07 7’2(‘7}1’ O’ e 0 (T ) ( Z llbl(m )

Using the naturality of A with respect to the homotheties (z!,tz?, ... tz™,
tyl,...,ty™)) for t # 0 and putting t — 0 we obtain

i 0 \,rnsa) (rsa)
A(azl)(ﬂo q’Y»]o qn)
1 0 7,8, .(r,s,
= A ) G560, 015D (e, 0, )

Then we have

q

A 0 T8 r,s N
A(—B?)(J‘(’ 33 ) Z fay (@) + > bufey (e, b)—

k=1 =1
- Z fiey(a,B)ax = > feay(a,b)b =
k=1 =1
The proof of Lemma 2 is complete. O

1.6. Proof of Theorem 1

(k) (@
Replacing A by A — Y0, fuy A — > =1 feqy) A We can assume that

A(%T)l(VT mIR™™ =0

It remains to show that there exist g<is,...,9<¢>,9<<1>>, - -, 9<<r>> €
k <<i>>

CoRI) with A =370  g<k> 4 + Zz 19<<i>>
For k=1,...,q define g<x> : R — R,

deks (a, b) _ A(aal) (Tr s,q% (682> (J.(()r,s,q) (i: %ak(zl)ﬁ
k=1
+ (k _1- 1)!(z1)k—1$2,i %bl_(xl)l'>)),
=1

a = (a1,...,aq) € R, b = (by,...,b;) € R", where T"*9*X denotes
the complete lifting (ﬁow prolongatlon) of a prOJectable vector field X €
Xproj(Y) to TT2*Y.
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Forl=1,...,r define g.;>> : RI"" = R,

D=A 0 TT8:9* 0 -(r,8,9) ! 1 - Wk
g<<i>>(a,b) = Y] 922 Jo Zzak(x )%

k=1
- l~ 14 1 1yl-1,.2
[z;ibl( )+(l—1)'(z) z ’
a=(a1,.. ) € RY, b—(bl, ,b)ERT.
<<I>>

We prove A = 371_, g<k> A + X1 <<i>>
By Lemma 1 and A(%)KVTT’S*‘J*)OR""" = 0 it is sufficient to show

9 r,S,q% .(r,3,9)
A(aml)(T (D) (G V) =
<k> r <<l>> 9 ) s
= (o 0 ™H) (@it
k=1

for any FM-morphism v : R™" — RY!) 4(0) = 0 and any constant pro-

jectable vector field 8 on R™"™. Using the regularity and the naturality of
<k> <<I>>
Aand Y §_ 9<k> A +Y1_19<<i>> A with respect to linear F My, n-

morphisms R™" — R"™™ preserving E(:T we can assume 0 = %. For
<k> <<i>>

simplicity denote A = Sh 1 9<k> A + X1 g<ci>> .
Consider an FM-morphism v = (v1,%) : R™" — Rb 4(0) = 0.
Define a = (a1,...,a4) € R?and b= (by,...,b,) € R" by
o* o

for k=1,...,gand [ =1,...,r. Define a = (@1,...,a4) € R? and b =
(b1,...,b,) € R" by

- o o+ = o ot

ak = WW“(O)’ b= WWW(O)

fork=1,...,gand l =1,...,r. Using the naturality of A with respect to

the homotheties (z!,tz? 722 ..., 7™, 7y!,...,7y") for t,7 # 0 we get the
homogeneity condition

0 T, 8,g% 0 TS,
() (o))

0
— T,8,q% (r,5,9) 1,2 3 m 1 n
A(3m1)<T (6 2)(_7 (v(z* tz?, 12, . T2 Y, L, TY ))))
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This type of homogeneity gives

8 T,8,3% a .(r,s, ) . > . 7
(o) (70 (g3 ) 6570 = D gck> (@ b)ix+ Y g<ci>>(@ Db

because of the homogeneous function theorem, [4]. On the other hand (it is
easy to observe) we have

A 2 * 0 rs 2 LA
A(az > (Trsq (a 2) (7, 1q) Z g<k>(a,b)+Zblg<<l>>(a,b)_
k:

=1
The proof of Theorem 1 is complete. O

2. The natural operators 7,057, , ~> 1T

2.1. The (r, s)-cotangent bundle 7T™*

Let r, s, m,n be natural numbers with s > r.

The concept of r-jets can be also generalized as follows, see [4]. Let
Y — M be a fibered manifold and @ be a manifold. We recall that maps
f,9:Y — Q determine the same (r, s)-jet jg(,T’s)f = jz(f’s)g atyeY,,reM,
if jof = jy9 and j;(f|Yz) = j;(g|Yz). The space of all (r, s)-jets of Y into
Q is denoted by J(™)(Y, Q).

The vector r-cotangent bundle functor 77* = J"(.,R)o : Mf,, — VB
can be also generalized as follows, see [12]. The space T™** = J(™*)(Y,R)o,
0 € R, has an induced structure of a vector bundle over Y. Every F M, ,-
map f : Y — Z induces a vector bundle map Tms*f : T"**Y — T™*Z

covering f, T™**f(5"y) = 5% (yo f71), 71 ¥ — R, 7(y) = 0. The
correspondence T™** : F M, , — VB is a vector bundle functor in the

sense of [4]. We call it the (r, s)-cotangent bundle functor.

2.2. Examples of natural operators 1,517 M., , ~> T*T7*"

We are going to study the problem how a projectable vector field X on an
(m, n)-dimensional fibered manifold Y induces canonically a 1-form A(X)
on T™**Y. This problem is reflected in the concept of natural operators
A Toroj|F M. ~* T*T™** in the sense of [4].

EXAMPLE 5. Let X be a projectable vector field on an (m,n)- dimensional

(k)
fibered manifold Y. For every k = 1,...,r we have map X : T"™**Y — R,

(k)
X (35") == (X*7)(), v: Y = R,y €Y, 7(y) = 0, where X* = X 0...0

(k)
X (k-times). Then for every k = 1,...,7 we have 1-form dX on T™**Y.

(k) (k)
The correspondence A : TprojiFMpy,, ~ T*T7°*, X — dX, is a natural

operator.
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EXAMPLE 6. Let X be a vector field on an (m, n)-dimensional fibered mani-
<k>
fold Y. Forevery k = 1,...,r we have 1-form X :7T7T™**Y — RonT"*'Y,

<k>
X (v) =< dy(X* 1), Tn(v) >, v e (TT*),Y,yeY,v:Y - R,
v(y) =0, pT(v) = j‘_LST,S)")’, pT : TT™*Y — T™**Y is the tangent bundle

projection, 7w : T™**Y — Y is the bundle projection. The correspondence
<k> <k>
Torojl FMm » ~ T*TT*, X — X , is a natural operator.

2.3. The C®(R")-module of natural operators Ty,.;jram,.,. ~
T*Trs*

The set of all natural operators T,05FM,,,, ~ T*T™°" is a module
over the algebra C*°(R"). Actually, if f € C*(R") and A : TprojiFMom.
~» T*T™** is a natural operator, then fA : Ty M, . ~ T*T7°* is given

O (r)
by (fA)X) = f(X,..., X)A(X), X € Xproj(Y), Y € Obj(FMp, ).

2.4. The classification theorem
The second main result of this paper is the following classification theo-
rem.

THEOREM 2. For natural numbers r,s,m,n with s > r and m > 2 the

C*(R")-module of all natural operators Tproj\F M, ~* T*TT°* is free and
(k) <k>

2r-dimensional. The natural operators A and A fork=1,...,r form the

basis over C*°(R") of this module.

Proof. The proof of Theorem 2 is similar to the proof of Theorem 1, but
easier. We leave the details to the reader. O
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