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ON ASYMPTOTICALLY STATISTICAL EQUIVALENT
SEQUENCES

Abstract. This paper presents the following definition which is a natural combination
of the definition for Asymptotically equivalent and Statistically limit. Two nonnegative
sequences [z] and [y] are said to be asymptotlcally statistical equivalents of multiple
L provided that for every € > 0, limn £ {the number of k < n : Ii L| > €} = 0 (denoted

St
by z & y), and simply asymptotically statistical equlvalent if L = 1. In addition,
there are also statistical analogs of theorems of Poyvanents in [5].

1. Introduction

In 1980 Poyvanents presented definitions for asymptotically equivalent
sequences and asymptotic regular matrices. This paper presents statistical
analogs of these definitions. In addition to these definitions there are also
statistical analogs of theorems of Poyvanents in [5].

2. Definitions, and notations
Let ! = {zr : 72 |zi] < 0.}, da = {zk : lim, > _fo; ap k Tk = exists. },
= {The set of all real number sequences such that z; > ¢ > 0 for all k},
and
Py = {The set of all nonnegative sequences which have at most a finite
number of zero entries. }.

DEFINITION 2.1 (Fridy, [1]). For each [z] in I’ the “remainder sequence” [Rx]
is the sequence whose n-th term is

Ryzx := Z |z

k>n
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DEFINITION 2.2 (Marouf, [3]). Two nonnegative sequences [z], and [y] are
said to be asymptotically equivalent if

lim 2k =1
k Yk

(denoted by z~y).

DEeFINITION 2.3 (Fridy, [2]). The sequence [z] has statistic limit L, denoted
by st — lims = L provided that for every € > 0,

lim %{the number of k < n:|zx — L| > €} =0.

The next definition is natural combination of definition (2.2) and (2.3).

DEFINITION 2.4. Two nonnegative sequences [z] and [y] are said to be asymp-
totically statistical equivalents of multiple L provided that for every € > 0,

26}20

(denoted by z % y), and simply asymptotically statistical equivalentif L = 1.

L

liml{the number of k < n:
Yk

nn

DEFINITION 2.5. A summability matrix A is asymptotically statistical reqular

provided that Az % Ay whenever z 2 Yy, [z] € Po, and [y] € P;s for some
6 >0.

3. Main result

The following theorem presents necessary and sufficient conditions on the
entries of a summability matrix to ensure that the matrix transformation
will preserve asymptotically statistical equivalents of multiple L of a given
sequence.

THEOREM 3.1. If A is a nonnegative summability matriz that maps bounded
sequences [z] into I' then the following statements are equivalent:

1. If [z] and [y] are sequences such that x % Yy, [z] € Po, and [y] € Ps for
some 6 > 0 then

R(Az) % Rn(Ay).
2.
sk Bim
Pk E{ﬁl Aip
Proof. The definition for asymptotically statistical equivalents of multiple
L can be interpreted as the following

liml {the number of k<n:
non

>¢€ for each m&6>0} =0.

Li_p

< € for almost all k£ (denoted a.a. k).
Yi
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This implies that
(3.1) (L —€)yi < z; < (L + €)yi, a.a. 1.
Let us consider the following
Rn(Az) _ S SR, maxocj< s 1{ais}
Rn(Ay) ~ o g1 i, Y
o Zoo J az,]xj
Lien ]=1 i gy;
Using Equation 3.1 we obtain the following

R,(Azx) < 3’ o, maxo<j<J— 1{%,;}

+

< L +¢), a.a. n.
Ra(4y) 530 AT
Thus by (2)
Ru(Az) _
hmsup <(L+e€), a.a. n.
R.(4y) <(L+e),
Inequality (3.1) can be used in a similar manner to obtain the following
Rn(Az)
hmmf > (L - a.a. n.
R (A7) > (L—e),
Thus g
Ra(Az) % Ra(Ay).

For the second part of this theorem let us consider the following two se-
quences,

0,ifp< K
= 1, otherwise,

where K is a positive integer and yp = 1 for all p. These two sequences imply
the following:

R,(Az) = Z (Ax)g

k=n
o oo

= Z Z Ok,p

k=’np=1_{+1

= i iakm Z Z Gk,p-

k=np=1 k=np=K

Therefore oo
Rn(A.'L‘) i=n & K

liminf ———= <1 - hm SUp ——————————
" Ra(Ay) PR TR ey
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Since each nonconstant element of the last inequality has statistically limit
zero we obtain the following

Rn(Ac)

lim—= =1, a.a.n.
n

Rn(Ay)
This completes the proof of this theorem. 0O

In 1980 Poyvanents presented definitions for asymptotically equivalent
sequences and asymptotic regular matrices. Using these definitions he also
presented a Silverman Toeplitz type characterization for asymptotic equiva-
lent sequences. In similar manner I have presented definitions for asymptot-
ically statistical equivalent sequences and asymptotically statistical regular
matrices. These definitions are also used to present the following matrix
characterization of asymptotically statistical equivalent sequences.

THEOREM 3.2. In order for a summability matriz A to be asymptotically
statistical regular it is necessary and sufficient that for each fized positive
integer ko

ko
1. Z an,; is bounded for each n,
i=1
1 21 Qi
2. lim—< the number of k<n:|=5—+|>¢€, for fized ko & e>0,=0.
n n ’L=1 an,i

Proof. The necessary part of this theorem is established in manner similar
to that necessary part of the last theorem. To establish the sufficient part of

this theorem, let € > 0, z 2z y, [z] € Po, and [y] € Ps for some § > 0. These
conditions imply that

(32) (L —-9¥ita < Tita < (L+ €)Yita, a.a. i, fora=1,2,... .
Let us consider the following

(AZ)n  20ie1@nii + Dinay1 Gn,iTi
(Ay)n D1 aniYi t Zz?ia—f—l an,iYi

[+4 o
__ 2uizay1 Onili 2 ic a1 Ol

- ZQ_ Qn iYi
i=a+1 An,ilYi

Inequality 3.2 implies that

o0
. E': An,iTq
lim ==atl e

=L, aan
= , Q.. T.
n Z¢:a+1 AniYi
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Since [z} € Py, [y] € Ps, and condition (2) holds we obtain the following

(873
2im1 An,iTi

lim =0, a.a. n,
n Y a1 On,iYi
and N
lim%l—aM =0, a.a. n.
n Zi:a-{-l an,iYi
Thus 4
lim( Z)n =L, aa.n
n (Ay)n
This implies that Az 2z Ay whenever x £ y, [z] € Py, and [y| € Ps for some
& > 0. This completes the proof of this theorem. O
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