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A PROOF OF THE EHRENPREIS-MARTINEAU THEOREM
USING THE BOCHNER-MARTINELLI KERNEL

Abstract. We give an elementary proof of a version of the Ehrenpreis-Martineau theo-
rem, which describes the entire holomorphic functions of exponential type as combinations
of exponential functions. The proof uses the Bochner-Martinelli kernel and appropriate
derivatives of it.

1. Introduction

To each measure p with compact support in C*, we may associate an
entire holomorphic function F|, which is the combination of the functions
el#€) 2z € C", with respect to this measure, i.e.,

F.(¢) = S e<z’<)d,u(z), (ecC”,
zeCn
where (z,() = 3 z;¢;. If K = supp(u) then
IOl § [590dlul(z) < A- P4, for ¢ecn,
zeK
where

B =sup{|z|:z€ K} and A =|u|(K).

Thus the function F), is an entire function of exponential type. As usual, we
say that an entire function F' is of exponential type if there exist positive
constants A and B, depending only on F, so that

(%) IFQ)| < A-eBll for every ¢ ecC™

A version of the Ehrenpreis-Martineau theorem asserts that, conversely, any
entire function of exponential type is a combination of the exponential func-
tions e/*¢), z € C". (For variations of this theorem see for example [2]
and [3]). We will give a proof of this version of the theorem using only the
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Bochner-Martinelli formula for holomorphic functions. Thus we will prove
the following theorem.

THEOREM. Let F be an entire holomorphic function in C", of exponential
type. Then there exists a measure p with compact support in C*, so that

PQ) = | e9du(), for Cecn,
zeCn

Before we prove this theorem we will recall some facts about the Bochner-
Martinelli kernel.

2. The Bochner-Martinelli kernel
For z # w, set

M(z,w) |z—w|2"2 YNz —w)dZi A ... (G) . A dZa,

where 8, = (n — 1)!/(27%)", and, as in [1], for each k = (ky, ..., k) (where

k; are non-negative integers), define

_ 8k1+"'+k"M(z,w)
duwkt ... Buwkn

Nk (2)

w=0

k1 skn
Zl --.zn

= ,Bnn(n + 1) s (n + kl + -+ kn - 1) |z|2(n+k1+'"+kn) X

x Y (1Y 1zdz A ... (§). .. AdZn.
j=1

L}

Then 7y, € Z(%O’n—l)((C" —~{0}), ie., mi is a (0,n — 1) — O-closed form with
C*° coefficients in C* — {0}.

Also, by the Bochner-Martinelli formula (see [4]), for f € O(C"), (i.e., a
function f, holomorphic in C*),

S f(2)M(z,w) Aw(z) = f(w) (for w close to 0 € C"),
2€S5(0,r)

where w(z) =dz1 A ... Adz,, S(O,7) ={z€C":|z| =r} and r > 0.
Applying to the above equation the operator iéi% and evaluating

at w = 0, we obtain

Gk1t+tkn £00,)
® [ hayn(2) A ) = I
2€S5(0,r) 6w1 . a,wn we0
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3. The proof of the Theorem
Let F' be an entire function which satisfies (). In order to construct a
measure g with the required property, we expand F(¢) in power series:

k n -
F(C): Z Ckiyeunskn 11--- 1’§ 3 C‘_ (Cla---aC’n) e(cnv
k1,...,kn>0

where
1 8k1+"'+knF(C)

kil kol ackr ..ok =0
It follows from (*) and Cauchy’s inequalities that
¢B(R1++Ry)
RS .. R
Applying this inequality with R; = k;1/B, ..., R, = k,/B we obtain that
(eB)k1++hn
N

We claim that this implies that

@) S nn+1)(ntkite k= Dok, ks sk < oo
ki,....,kn>0

Cki,nskn =
, for every Ry,...,R, >0.

|ck1 1~~~1kn | S A

ks, kn] < A , forall ki,... kn.

when
0<s; < 1
7 T (n+1)eB’
Indeed, it suffices to observe that
nn+1)---(n+k1+---+kn—1
(3) z ( ) (kkl e )a'fl ok < o0
k1, kn >0 1 ---kn
when
0<o; <1/(n+1).
To justify (3), let us first consider the series
nn+1)---(n+k1+---+kn—1) & .
4) z P = oft.. .ok,
n<k1<-<kn |
Writing
nn+1)---(n+ki+---+kp—1) g k, Moo (n+k—1)
k A Oy 0" = %
kfL. (2k1)k

(n+ki+--+kna)---(n+ki+--+k,—1)
[(n + 1)k,]k~

(201)% ... [(n + 1)on]kn
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and observing that n < k; < --- < k,, implies
n---(n+k —1)
<
(2k1)k S
(n+k1+...+kn_1)...(n+k1+...+kn_1)
[(n+ 1)kn]k"

we see that the general term of (4) is dominated by (2071)% - - - [(n+ 1)o,]*".
Therefore the series (4) converges if 201 < 1,...,(n + 1)o, < 1, ie, if
01<1/2,...,0,<1/(n+1).
Since the general term of the series in (3) is symmetric with respect to
k1, ..., kn, we conclude that (3) holds.

kn

1.5 )
Next writing the factor IZ—P(—?W?"TW of M,,... k. (2) in the form

() ()
EE ANE A

we see that (2) implies that the series
n(2) = Y ChykaThy o kn(2)
k1,...,kn>0

converges for |z| > (n + 1)eB and defines a (0,n — 1)-form with C* coefhi-
cients in C* — F,, where E, = {z € C" : |z| < p} and p = (n+ 1)eB.

Finally we claim that

| e* () nw(z) = F(O), for (ec,
z€S5(0,r)

provided that r > p.

To prove it, we apply (1) with f(w) = e{¢®) (with ¢ fixed) and we find
that

<1

bl

I ey, kn(2) Awo(z) = B o,
z€S(0,r)

But by (2), the series Z Ckl,...,knG(C’Z)lel,...,kn (z) Aw(z) converges uni-
k1,...,kn>0
formly for z € S(0,7), and therefore

| o Mmnw@= > ek | €9Pmy k(2) Aw(z)

2€S5(0,r) k1,....kn>0 z€S5(0,r)
k kn _
= D kGG = FUO).
k1,...,kn>0

Thus as a measure p we may choose the restriction of the differential form
n(z) A w(z) to the sphere S(0,r):

d#(z) = 77(2) A w(z)lze.S(O,'r)‘
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This completes the proof of the theorem.

REMARKS. It follows from (2) that

517 = 5( Z ckl,...,knnkl,w;kn>
k1,...,kn>0

= D ChyknOMy,bn =0, inC*—E,,
ki,...,kn>0

ie,ne Zg)’"_l)((cn - E,).

In particular, any measure A with compact support in C", is equivalent
to a (n,n — 1) — O-closed form n(z) Aw(z) in C* — E, (when p is sufficiently
large), in the sense that, for r > p,

S f(2)n(z) Aw(z) = S f(w)dA(w), for every f € O(C™).
z€S(0,r) weln

And of course the sphere S(0,7), in the first of the above integrals, may
be replaced by any simple closed (2n — 1)-dimensional surface in C* — E,,
which surrounds 0. '
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