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Telemachos Hatziafratis 

A PROOF OF THE EHRENPREIS-MARTINEAU THEOREM 
USING THE B O CHNER-MARTINELLI KERNEL 

A b s t r a c t . We give an elementary proof of a version of the Ehrenpreis-Martineau theo-
rem, which describes the entire holomorphic functions of exponential type as combinations 
of exponential functions. T h e proof uses the Bochner-Martinelli kernel and appropriate 
derivatives of it. 

1. Introduction 
To each measure fi with compact support in <Cn, we may associate an 

entire holomorphic function F^ which is the combination of the functions 
e^2'^, z G <Cn, with respect to this measure, i.e., 

¿ ^ ( 0 = S e ^ d ^ z ) , C G C " , 
zeCn 

where (z, £) = J2zjCj- If K = supp(^) then 

1 ^ ( 0 1 < S \e^>\d\n\(z)<A-eB^, f o r ( G C " , 

ZGK 

where 
B = sup{|z| : z e K} and A = \fi\(K). 

Thus the function F^ is an entire function of exponential type. As usual, we 
say that an entire function F is of exponential type if there exist positive 
constants A and B, depending only on F, so that 

(* ) | F ( C ) | < A - e m , f o r e v e r y ( e C n 

A version of the Ehrenpreis-Martineau theorem asserts that, conversely, any 
entire function of exponential type is a combination of the exponential func-
tions e^'^, z € Cn. (For variations of this theorem see for example [2] 
and [3]). We will give a proof of this version of the theorem using only the 
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Bochner-Martinelli formula for holomorphic functions. Thus we will prove 
the following theorem. 

THEOREM. Let F be an entire holomorphic function in Cn , of exponential 
type. Then there exists a measure ¡J, with compact support in Cn, so that 

F( 0 = j e<z^dfjL{z), for ( e C n 

zecn 

Before we prove this theorem we will recall some facts about the Bochner-
Martinelli kernel. 

2. The Bochner-Martinelli kernel 
For z ^ w, set 

M(Z, w) = • ¿ ( - 1 y - H z j - w^dz! A . . . ( j ) . . . A dzn, 
I I j=i 

where (3n = (n — l)!/(27rz)n, and, as in [1], for each k = (ki,..., kn) (where 
kj are non-negative integers), define 

0fci+-+fc» M(z,w) 

w=0 
Vk(z) = dw\x • • • dwt 

= /3„n(n + 1) • • • (n + fci + • • • + kn - 1) 

n 
x ^ ( - î y - ^ d z i A . . . (j)... A dzn. 

j=i 

Then rfk e ^ ° ' n _ 1 ) ( C n - {0}), i.e., r]k is a (0,n - 1) - d-closed form with 
C°° coefficients in Cn - {0}. 

Also, by the Bochner-Martinelli formula (see [4]), for / 6 0(Cn), (i.e., a 
function / , holomorphic in C"), 

\ f(z)M(z, w) A = /(to) (for w close to 0 € Cn), 
265(0,7") 

where u(z) = dz\ A . . . A ek^, 5(0, r) = {z G C" : |z| = r} and r > 0. 
gfej+.-.+fc. 

a u u v e e q u a t i o n une «jpeiciuui 

at w = 0, we obtain 
QfclH \-kn f(v,\ 

(1) s a j 

Applying to the above equation the operator ¡— and evaluating dw1
1---dwn

n 

z€S( 0,r) dw'l1 • • • dwt w=0 
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3. The proof of the Theorem 
Let F be an entire function which satisfies (*). In order to construct 

measure /z with the required property, we expand F ( ( ) in power series: 

n o = E c = ( c i , - . - . w e e » , 
k\,...,kn>0 

where 
I gki+-+kn 

Ckl'-'kn = h\...kn\ acf1 • • • d(nn C=0 

It follows from (*) and Cauchy's inequalities that 

\cku...,kn\ < ^ T ' for every R1,...,Rn>0. 

Applying this inequality with R\ — fci/B,..., Rn = kn/B we obtain that 

(eB)kl~1—hkn 

\cku...,kn\ < A—-¡^ - j ^ - , for al l ki,..., kn. 
«1 . . . Kji 

We claim that this implies that 

( 2 ) n(n + l)---(n + k1 + --- + kn-l)\cku...ikn\sk11 < oo 

fci,...,fc„>0 

when 

0 < Si < 
J (n + l)eB 

Indeed, it suffices to observe that 

(3, £ + + ^ , < o o 

fcl fcn>0 •••Kn 

when 
0 < a j < l/(n + l ) . 

To justify (3), let us first consider the series 

y . n(n + 1) • • • (n + fei + • • • + fen - 1) fcl ^ 
^ > 2—< ¡.ki I kn 1 • • • n 

Writing 

n(n + 1) • • • (n + fci + h kn - 1) fcl kn n • • • (n + fci - 1) 

(n + fci -I h fcn-l) • • • (n + fci H h kn - 1) 
[(n + l)fcn]fcn 

(2(Ji) f c l...[(n + l )an ] fc„ 
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and observing that n <k\ < • • • <kn implies 
n • • • (n + ki — 1) 

< 1 , . . . , 

4- k, -i i- — 11 
< 1 , 

(2fci)*i 
(n + ki H h fc„_i) •••(n + fcH h kn - 1) 

[(n + 1 ) k n f n 

we see that the general term of (4) is dominated by (2a\)kl • • • [(n + l )a n ] k n . 
Therefore the series (4) converges if 2ai < 1 , . . . , (n + 1 )crn < 1, i.e., if 

a x < 1 / 2 , . . . , a n < l / ( n + l ) . 
Since the general term of the series in (3) is symmetric with respect to 

ki,..., kn, we conclude that (3) holds. 
Zkl zkn 

Next writing the factor , |2(„'+fcl+".+kn) of r}kXi.^kn{z) in the form 

1 f z i \ 1 ( Zn fcl / • -y \ n̂ 

u i 2 " v u p y v u i 2 

we see that (2) implies that the series 

V { * ) = cfci,...,fcn»7fci,...,*„(«) 
fcl,...,fen>0 

converges for \z\ > (n + 1 )eB and defines a (0, n — l)-form with C°° coeffi-
cients in Cn - Ep, where Ep = {z € C" : \z\ < p} and p = (n + 1 )eB. 

Finally we claim that 

J e ^ V ( z ) A u ( z ) ^ F ( C ) , for ( G C " , 
zeS(0,r) 

provided that r > p. 
To prove it, we apply (1) with f (w) = (with £ fixed) and we find 

that 

zeS(0,r) 

But by (2), the series ^ cfcli...)fcne^'z>77fcli...ifcn(z) Auj(z) converges uni-
fci,...,fc„>0 

formly for z 6 S'(0, r), and therefore 

J e^r1(z)Au(z)= £ cfcl)...,fc„ J ^ ( z j A ^ z ) 
zeS(0,r) fci,...,fc„>0 2£5(0,r) 

= E ^ll...,kncki1---& = n c ) . 
fci,...,fc„>0 

Thus as a measure p, we may choose the restriction of the differential form 
r](z) A w(z) to the sphere 5(0, r) : 

dp(z) = rj{z) A uj(z)\z£S{^ry 
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This completes the proof of the theorem. 

REMARKS. It follows from (2) that 

dv = d[ Y , Cfci fen^fci-.-fcn) 

= cku...,kndvku...,kn = 0, in Cn - Ep, 
ku...,kn>0 

i.e., r) 6 Zfn~l){Cn - Ep). 

In particular, any measure A with compact support in C", is equivalent 
to a (n, n — 1) — <9-closed form rj (z) A UJ(Z) in C" — Ep (when p is sufficiently 
large), in the sense that, for r > p, 

j f(z)ri(z)Au(z)= j f(w)d\(w), for every / 6 0(Cn). 

zeS(o,r) weC" 

And of course the sphere 5(0, r), in the first of the above integrals, may 
be replaced by any simple closed (2n — l)-dimensional surface in Cn — Ep, 

which surrounds 0. 
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