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INTEGRAL OPERATOR WHICH PRESERVES
THE UNIVALENCE IN THE UPPER HALF-PLANE

Abstract. In this paper, using the Pfaltzgraff integral operator and the so called
”parametric circles method” introduced by N.N.Pascu (1999), we can obtain an univalence
criterion for the analytic function defined in the upper half-plane and also for comparison
two univalence criteria obtained by a simple composition of functions.

Introduction

We will denote by D the upper half-plane and by S(D) the class of
analytic univalent functions in D which are not necessarily hydrodinamic
normalized.

S(U) is the class of analytic, and univalent functions in U f(0) = 0,
f'(0) =1.

The function ¢ : U — D, ¢(u) = z};—z maps the unit disk U in D.
For 0 < r < 1, the image of the disk U, = {z € C,|z| = r} under ¢ is

the disk D, = {z € C : |z — z,| < R, } where
1472 2r

2y = f—s =—.
" 1-r2’ 1—7r2

1. Preliminary results

It is known that an important problem is the preservation of the uni-
valence of function through integral operators. Therefore we mention the
classical Pfaltzgraff integral operator which will be used in this paper.

THEOREM A [PF]. If f € S(U) then fora € C, o] < % the function déﬁned
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by
2
(1) Ga(2) = {[¢'(w)]*du
0
belong also to the class S(U).
LEMMA B (N. N. Pascu). The family of domain { D },c(0,1) has the following
properties:
i) for any positive real numbers r < s < 1 we have D, C Ds; C D;
ii) for any complez number z € D then ezists r, € (0,1) such that z € D,
for any r € (r,,1);
iil) for any z € D and r € (r,,1) arbitrarily fized, there exists u, € U
such that 2 = z. + R, - u,.
Moreover, we have the following equalities:
lirri Uy = —1,

lin% R.(1—|uy|) =Im z.

2. Main results

In the following we can obtain an univalence criterion for the analytic
functions in upper half-plane by using the integral operator of Pfaltzgraff
type (1) and the ”parametric circles method”.

THEOREM 1. If f is analytic and univalent in D, f € S(D), a € C, |a| < &
then F,, also belong to S(D) where

z

(2) Fa(z) = | (f'(w))*du.

Proof. a) Let g(u) = [f(2r + R, - u) — f(27)]/(Rr- f'(27)) and r € (0,1) be

fixed. We have
g'(uw) = f'(z + Rr - w)/f'(2r).
We have g(0) = 0, ¢’(0) = 1. By using (1) we obtain

Lo .
Ga(u) = mg[f (zr + Ry7)]|%dr.

With the notation ¢ = 2, + R,7, d¢ = R, - d7 it follows that

z

{ [F'@©Qed¢

1
Ga(z) = [f’(zr)]a . Rr :

or
z

R.(f'(z:)]% - Ga(2) = | [f'({))*d¢,  Vz € D,

Zr
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By adding a suitable constant we obtain

zr z

Fo(z) = Re[f'(2r)]* - Gal(2) + { [f ()¢ = { [f'(¢))*d¢

Vz € D, Vr € (0,1).

b) Let F,(z) be the analytic extension of the F,(z) from D, until D.
This exists because f if it is univalent in D and f(0) # O in D, that is
[f'(2)]* has an analytic branch in D. It follows that

Fa(z) = {[f'({)]*d( is analytic in D.
k3

¢) Now we can prove that F,(z) is univalent in D. Let be z, # z,
21,22 € D. According to the Lemma B if z; € D, 3 r;, so that z; € D,
Vr € (ry,1) and if 29 € D, 3r,, so that zo € D,, Vr € (r,,,1).

Let p = max(r,,,72,) = 21 and 23 € Dy, Vr € (p,1).

If r € (p,1) is fixed, it follows that F, = F, is univalent in D,, F,(z1) #
E,(29) that is F,(z) — is univalent in D. =

In order to show the part of the above method for the study of the ana-
lytic functions in the half-plane we can obtain another univalence criterion
by a simple composition of functions.

THEOREM 2. Let f € S(D), a € C, |a| < %, then Fo(w) is analytic and
univalent in D where

Fo(w) = S [F(O1( + Q)X Nde.

1

Proof. Let ¢ be the function p(u) = T

e(U)=D.
Let g(u) = [f(p(u)) — f(9(0))]/(-2if'(3)), g(0) =0
g'(w) = f'{e(u)) - <P'(u)/(—2f'(i))

_ g _ f'(p(u)) N
= f(p(u)) - (1+ )2/( if ()= ———5mm  90)=1,

, <p(0) = ¢ which maps U in D,

1+ u)2f'(d)
1
Galz) = [ f,( FaF, S [ (p(w)))™ Aro=®
By notation
(=o¢(uw)= %1—;_;% d¢ = —(1122)2‘1“
u= 1= C du= —21
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we obtain

Fa(w) = (@) - E

= J 1O - -+ O Vdc.

By reverse we obtain a new integral operator which preserves the univa-
lence in unit disk by using Theorem 1 and again the composition of functions.

THEOREM 3. Let h be analytic and univalent in U, h(0) = 0, K'(0) = 1,
aeC, la < %. Then H, is also analytic and univalent, where

H,(v) = g W (7)) - (14 1) Vdr,
0

Proof. The function ¢! : D = U

—1 _ _
p (u)—i—l—u T
and
Y = ('r)—il_T
=¥ T 14T
2 ,
du = de— @ (T)dr.

Replacing the function u = ¢(7) in the integral operator (2) we can
obtain

h(r) = f(p(7)) and K'(7) = f'(¢) - ¢(7),

R = [ letlas R =11 (555

-
H (i57) (112;2]&' [(1;2;2]1_&‘”’

Fulo) = (-2~ [ ()] (14 7V
0

Ho(v) = (=20)°7' Fa(v) = § [B'(m)]*(1 + ) Ddr.
0

We observe that if

h(r) = [f(e(r)) = f(L(0))]/(=2if'(2))
then h(0) = 0 and A’'(0) = 1 that is h verifies the usual conditions from
SU)
-2

W () = f(p(r) - ¢'(r) = f(e()) - arre "



Integral operator 81

REMARK. This univalence criterion is distinct from the classical Pfaltzgraff
criterion (see Theorem A).
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