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UTILITY FUNCTIONS ASSOCIATED
TO RELATIVELY INVARIANT MEASURES
ON PARTIALLY ORDERED LOCALLY COMPACT GROUPS

Abstract. Let G be a topological locally compact group (abelian or not) endowed
with a left Haar measure and a left translation-invariant and strongly continuous strict
partial ordering < . We consider a positive finite measure v on G, such that this order is
v—separable. Then, we associate to each positive relatively invariant measure A on G a
class of continuous numerical representations for the order < .

1. Introduction

In Economics, the notion of utility function is a useful tool in the theory
of consumption. Suppose that a society of consumers (constituted by indi-
vidulas, households, tribes, etc, ...) is given and that the members of this
society have an order of preferences for the products they want to choose.
Then an utility function is a numerical representation of this order. It trans-
forms preferences into numerical scales. Therefore, numerical representations
of preordered sets are tools for decision making.

In Mathematics, the problem of representability of complete ordering by
means of a numerical function was posed long ago by Cantor (1895, 1897)
(see [3] and [4]). Different studies and solutions of that problem can be found
in the paper [20] of Milgram (1939) and the papers ([7, 8}) of Debreu (1954,
1959) or the paper of Fishburn (see [10]) in 1970.

A natural extension of these ideas is the study of this problem for pre-
orders or partial orders (not necessarily completes) in topological spaces.
This study has producted a rich literature: see the works by Eilenberg (1941),
Debreu (1954), Fleischer (1961) and Jaffray (1975) on completely preordered
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spaces, and those by Mehta (1985, 1986) and Herden (1989) for partially or-
dered topological spaces. (see the papers [9], [7], [11], [15], [17], [18] and
[19]). It appears from exposition of the results in the above references that
it is not usual to describe the utility functions by explicite formulas.

The idea of using measure theory has appeared in several papers (see for
instance the papers [24], [21], [5], and [6]). But all these papers used partic-
ular topologies on particular sets of preferences, with restrictive conditions
on the consumption set.

In the paper (2], J.C. Candeal and E. Indurain analyzed the problem of
representablity of a given preference from an abstract point of view based
on the concept of measures and they construct, under some conditions, con-
tinous utility functions for separable orders in topological spaces. In the pa-
per {1}, the same authors were interested in constructing continuous utility
functions on a locally compact abelian group endowed with a translation-
invariant, strongly continuous, and separable strict partial ordering. They
used the concept of Haar measure.

The aim of this paper is to generalize the results of the paper [1] to
the case of locally compact groups that are not necessarily abelian. Our
methods are more general and based on the concept of positive relatively
(left) invariant measures. This paper is organized as follows: in Section two,
we establish our main result (see Theorem 2.6 ). In Section three, we provide
an illustrative example in the group of affine transformations of the real line.

2. Utility functions on a partially ordered locally compact group

2.1 In all of this paper, G is a topological locally compact group with a left
Haar measure p and A is its modulus function. (see for example [14], [16]
and [23]). We suppose that G is endowed with a left translation-invariant
strict partial ordering < . (i.e., < is irreflexive and transitive such that
for all s,z,y € G, the inequality z < y implies az < ay). Without loss
of generality we may suppose that (G, <) has neither maximal nor minimal
elements. For all z,y € G verifying z < y, we denote |z, y[ the set of elements
z € G such that z < 2z < y. We suppose that the order < is strongly
continuous as regards the topology of G (i.e., for every z € G the sets
I(z):={y € G:y<z}and J(z) := {y € G:z <y} are open) (see [25]).

For every function f on G and for every z,y € G, we set v(z)f(y) :=
f(zy), and 7(z)f(y) := f(yz),. We recall the following classical result (see
[14], Theorem (20.4), p. 285).

2.2 THEOREM. Let p be a number such that 1 < p < oo and let f be a
function in the Lebesgue space Ly(G, p) endowed with its usual norm |||,
For every € > 0, there exists a neighborhood U of e in G such that
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() Iv(=)f = vW)fll, <eifz,y € G and zy~! € U.
That is, the mapping z — ~(x)f of G into Ly(G,p) is right uniformly
continuous.

For every fired ¢ € G and every € > 0, there ezists a neighborhood V' of
e in G such that

(@) lr (@) f =) fll, <e fyeaV.
That is, the mapping z — 7(z)f of G into Lp(G, p) is continuous.

We want to construct continuous utility functionsuon G (ie.,u: G — R
continuous such that for every z,y € G, = <y = u(z) < u(y)). To this
end, we need the following concept by which we can find lower semicontin-
uous utility functions.

2.3 DEFINITION. Let v be a finite positive (Radon) measure on G. We say
that the order is v—separable (or that v is a separating measure for the
order ) if the following property is satisfied v(]z, y[) # 0 for all z,y € G such
that z < y.

Let v be a finite positive (Radon) measure on G for which the order <
is v—separable. We associate to v the function ¢, defined for all z € G, by

¢u(z) :=sup{v(I(y)) : y < z}.
Then we have the following proposition.

2.4 PROPOSITION: Let v be a finite positive (Radon) measure on G for which
the order < is v—separable. Then the function ¢, is an utility function which
is lower semicontinuous.

Proof. Let zp € G and let a < v(G) be a real number such that a <
¢,(z0). By definition of ¢,(zo), there exists y € G such that y < = and
a < v(I{y)) < ¢.(x0). Since J(y) is open and nonvoid (z € J(y)), we
may find a neighbourhood V. of z such that for every z € V, the relation
y < z holds. Thus for all z € V;, we will have a < v(I(y)) < v(I(z)) <
¢.(z). We conclude that the set ¢, ~'(a,400) is open and that ¢, is lower
semicontinuous. Now, let z,y € G such that £ < y. Since the order < is
v—separable then the set ]|z, y[ is not empty. Let z be an element of ]z, y|.
Then we have

¢ (z) < v(I(x)) < v(I(2)) < du(y).
This completes the proof of the proposition.

2.5 Let A be a (non trivial) positive (regular) and relatively left invariant
measure on G (i.e., for each z € G there is a positive constant p(z) such
that p(z)A(zE) = A(F) for every measurable set E). It is well known (see
[16]) that p must be a real continuous character from G onto (0, +00) and
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that A must be equal to Cpdy, where C is a positive constant. For every
subset A of G, we denote by x4 the characteristic function of A.

Let K be a compact subset of G having nonvoid interior. Since the
function ¢, is measurable and bounded, we may define the map U by setting
for every z € G,

Ra(z) = | ¢u(y) dA(y).
Kz
A change of variable will show that we have

Ra(z) = Cp(z)A(z) | 6, (kz)p(k) du(k).
K
In the next theorem (which is the main result of this paper), we shall prove

that Uy(z) := p(z™1)A(z"!)Rx(z) is a continuous utility function on G.

2.6 THEOREM. Let G be a topological locally compact group with a left Haar
measure i. Let < be a left translation-invariant, strongly continuous strict
partial ordering. Let v be a positive finite measure on G for which the order
< s separable. Then for all relatively (left) invariant positive measure A on
G and all compact subset K of G having nonvoid interior, the map

2 Us(e) = C | gu(ke)o(k) du(k)
K
1s a continuous utility function.

Proof Take z,y € G such that z < y. Then since < is left translation-
invariant, it follows that kxr < ky for every £k € K. Then according to
proposition 2.4, we get ¢, (kz) < ¢, (ky). Therefore Uy(z) < Ux(y). Thus
U, is a numerical representation of the order < . It remains to show that
U, is continuous.

Let us fix € G and let W be a fixed compact neighbourhood of z in
G. We put Z := KW. Then for every y € W we have

C

Ux(y) = AW CS;XK(Zy—l)%(z)P(Z)XZ(Z) dp(2).

Since the maps p and A are continuous it is sufficient to see that the mapping

F(y) = | xx(zy™")u(2)p(2)x2(2) dpu(2)
G
is continuous on W. Now, for all y € W, we obtain the following

|F(z) - F(y)l < § Ixx(z27") ~ xx(zy™")ldu (2)p(2) du(2)
¥4

< v(G)supp(s) | Ixx(2271) — xxc(zy™")| dp(2).
s€Z G
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We put M := v(G)sup,cz p(2) and take arbitrary € > 0. Then, according
to Theorem 2.2, there exists a neighbourhood V of e (that can be supposed
compact and symmetric, i.e., V = V1) such that

_ _ €
§ b (z27) = xx(y ™) dpaz) < 2
G
holds true whenever y~! € z~!V or equivalently y € V z. Now, the set
O := W NV z is a neighbourhood of z satisfying |F(z) — F(y)| < € for all
y € O. This proves the continuity of Uy on G and completes the proof of
this theorem.

2.7 REMARKS:

1) Let f be a positive (measurable) u— integrable function with compact
support such that { f(z)du(z) > 0. Let A be a relatively (left) invariant
positive measure on G. Then the correspondence

z - U(z) = | f(y)o. (yz) dA(y)
G

is a continuous utility function.
2) The above results can be extended to the case of complete preorderings
for which the indifference class are p—negligible.
3) Similar results could be obtained for right translation-invariant strict
partial ordering on the group G. We can also use right Haar measures to
obtain other utility functions.

3. INlustrative example

Let G be the group of affine transformations of the real line. That
is, G = {(z1,22) : z1 > 0,22 € R} endowed with the law given by:
(z1,z2)(y1,¥2) = (z1y1, T2 + T1y2). It is the semidirect product of the usual
groups |0, oo[ with its usual multiplication and the real additive group. G is
not abelian, not unimodular, a left Haar measure is given by

dr, dz
dp((z1,22)) = —5—,
Iy
and its modulus function A is given by
1

A((:El,.’l,‘g)) = 51«'_1

The group G may be considered as the subgroup of real invertible matrices

given by
G={(:i)1 1:12) 2$1>0,.’E2€R}.
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Consider the following partial order < defined on G by
(z1,22) < (y1,92) © 21 >y and 72 <y,

where < has the usual meaning on the real line. Then it is easy to see
that this partial order is irreflexive, transitive, left trnaslation-invariant and
strongly continuous as regards to the topology of G. The group G has neither
maximal nor minimal elements. It is easy to show that < is v—separable for
every positive finite and regular Borel measure. So, let v be a positive, finite
and regular Borel measure on G. For every real number s the mapping
p((z1,22)) := z§ is a continuous character of G. According to Theorem 2.6,
for every compact subset K of G with nonvoid interior, the function

(1131,:E2) — U((.’I)l,mz)) = S ¢,,(k1.’L'1,k2 + klxz)kf_z dk1dko
K

is a continuous utility function. If the measure v is absolutely continuous
with respect to the Haar measure having f as density, then it is easy to see
that this mapping is given by:
400 ke+kiza
U((iL‘l,.’Ez)) = S [ S S f(ul,u2)u1_2 dulduz] kf_z dkldkz

K klzzl —00

Acknowledgement. I thank very much the referee for his helpful com-
ments.

References

[1] J.C.Candeal and E. Indurain, Utility functions on partially ordered topological
groups, Proc. Amer. Math. Soc. Vol. 115, No. 3 (1992), 765-767.
[2] J.C. Candeal and E. Indurain, Utility representations from the concept of mea-
sure, Math. Social Sci. 26 (1993), 51-62.
[3] G. Cantor, Beitrdige zur begriindung der transfinite Mengenlehre I, Math. Ann. 46
(1895), 481-512.
[4) G. Cantor, Beitrige zur begrindung der transfinite Mengenlehre II, Math. Ann.
49 (1897), 207-246.
(5) G. Chichilnisky, Spaces of economic agents, J. Econom. Theory 15 (1977), 160-
173.
[6) G. Chichilnisky, Continuous representations of preferences, Rev. Econom. Stud.
47 (1980), 959-963.
[7] G. Debreu, Representation of a Preference Ordering by a Numerical Function, in:
R. M. Thrall et al.eds., Decision Processes, Wiley, New York, 1954.
(8] G.Debreu, Theory of Value, Wiley, New York, 1959.
[9] S.Eilenberg, Ordered topological spaces, Amer. J. Math. 63 (1941), 39-435.
[10] P. C. Fishburn, Utility Functions for Decision Making, John Wiley, New York,
1970.



[11]
(12]
[13]
(14]
[15]
[16]

(17]
[18]

[19]
[20]
21)
[22)
[23]
[24]
[25]

[26]

Utility functions on locally compact groups 871

I. Fleischer, Numerical representation of wutility, J. Soc. Ind. Appl. Math.,
(S.I.A.M) 9 (1961), 48-50.

G. 1Herden, On the ezistence of utility functions I, Math. Social Sci. 17 (1989),
297-313.

G. Herden, On the existence of utility functions II, Math. Social Sci. 18 (1989),
107-117.

E. Hewitt and K. A. Ross, Abstract Harmonic Analysis, Vol. 1, Springer-Verlag,
Berlin, 1979.

J. Y. Jaffray, Ezistence of a continuous utility functions: an elementary proof,
Econometrica 43 (1975), 981-983.

L. H. Loomis, An introduction to abstract harmonic analysis, D. Van Nostrand
Company, Inc., 1953.

G. Mehta, Continuous utility functions, Econom. Lett. 18 (1985), 113-115.

G. Mehta, Ezistence of an order-preserving function on normally preordered spaces,
Bull. Austral. Math. Soc. 34 (1986), 141-147.

G. Mehta, On a theorem of Fleischer, J. Austral. Math. Soc. 40 (1986), 261-266.
A. N. Milgram, Partially ordered sets, separating systems and inductiveness, in:
K. Menger, ed., Reports of a Mathematical Colloquium, University of Notre Dame,
1939.

K. R. Mount and S. Reiter, Construction of a continuous utility function for a
class of preferences, J. Math. Econom. 3 (1976), 227-245.

L. Nachbin, Topologia e ordem, Univ. of Chicago Press, 1950.

L. Nachbin, The Haar Integral, Van Nostrand, Princeton, NJ, 1965.

W. Neuefeind, On continuous utility, J. Econom. Theory, 5 (1972), 174-176.

B. Peleg, Utility functions for partially ordered topological spaces, Econometrica 38
(1970), 93-96.

W. Rudin, Real and Complez Analysis, McGraw-Hill, Inc, 1966.

DEPARTEMENT DE MATHEMATIQUES

UNIVERSITE CADI AYYAD

FACULTE DES SCIENCES-SEMLALIA DE MARRAKECH
Avenue du Prince My. Abdellah. B.P. 2390

40.000. MARRAKECH. MAROC (MOROCCO)

E-mail: makkouchi@caramail.com

Received April 2nd, 2001.






