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THE CAUCHY PROBLEM FOR CERTAIN GENERALIZED 
DIFFERENTIAL EQUATIONS OF SECOND ORDER 

Abstract. The present paper concerns some generalized differential equations of sec-
ond order for mappings from a subset of Banach space into a Banach space. The subject 
matter refers to studies of generalized differential equations of the first order submitted 
in [4]. 

Let X, Y be Banach spaces over the field R and let U, V be open subsets of X and Y, 
respectively. 

Let h\, h,2 be mappings from U into X. In this paper we study the Cauchy problem 

D2f(x)(h2(x), h!(x)) = F(x, Df(x)(hi(x))), xeU 

for mappings from a subset of a Banach space into a Banach space, which are defined in 
C 2 class, at a neighbourhood of nonsingular point (that is, at a neighbourhood of such 
point xo for which hi(xo) ^ 0 and h2(xo) ^ 0). 

1. Introduction 
Let ai / 0 and 02 ^ 0 be linearly independent vectors from a Banach 

space X over a field R and let Lai = {kai; k G R} (i=l, 2). 
Any (fixed in further considerations) subspace complementary to Lai © La2 
will be denoted by X[ai a2]. 

Let 
,a2] — { x + xo x E -X"[ai,a2]} where xo is a fixed point of X. By 

B(x,r) we shall denote the ball with radius r > 0 and centre x 6 X; let 

DEFINITION 1.1. The mappings y[aua2] : X X[ai>a2], sax : X —» R, ta2 : 
X —> R such that 

(1) i = 2/[aiia2](a;) + sQ 1(x)ai+ ia2(x)a2 for xeX 
will be called the projection operators (compare [4], p.6). 
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REMARK 1.1. If -X"[AI)(L2] is a closed subspace of X, then the projection oper-
ators are continuous and the space Lai 0 La2 © X^ai Q2j is isomorphic to X 
(see e.g. [6], p.372). 

REMARK 1.2. Let U be an open subset of X and /O a function from X^ n 
U into a Banach space Y. Such a function will be called differentiate on 
X[ai,a2] n U i f t h e f u n c t i o n /o, where /0(x) = f0(x + x0) for x £ ^[01,a2] n U, 
is differentiate on X[Ql)(12] n U. 

2. The Cauchy problem for generalized differential equations of 
second order, at a neighbourhood of a nonsingular point 
Let U and V be open subsets of Banach spaces X and Y over a field R, re-

spectively, hi and h2 mappings from U into X, and F a mapping from U x V 
into Y. Let xo 0 be any point of U, hi(xo) / 0 and h^xo) / 0 linearly in-
dependent vectors from X and -^[/^(xoj.hateo)] a certain (fixed in further con-
siderations) closed space such that X - Ith(x0) ©^M^o) ©^[MzoMaOro^-

moreover f\ be a function from [Lfll̂ XQ-j © [hi(xo) /i2(xo)]^ into V and 
h a function from [Lh2(xo) © ^ 0

l ( x o ) > M l o ) j ] n U into V. 
With the above notations and assumptions we can formulate the follow-

ing 

THEOREM 2.1. Let XQ E U. If hi, h2, F, f i , f2 are continuously differentiate 
(wherever defined) and the condition Dhi(x)(h2(x)) = Dh2(x)(hi(x)) = 0 
takes place for x € XJ. Then there exists a neighbourhood UI(XQ) of the point 
xo such that the Cauchy problem 

(2) D2f(x)(h2{x),h1{x)) = F(x,Df(x){h1{x))) for xeUi(x0) 

(2')Df(x)(hi(x)) = fi(x) for xe[Lhl{xo)^X^(xo)M{xo)]]nUi(x^ 

(2") f(x) = f2(x) for x e [Lh2{xo)®X*°i{xo)M(xo)]\ n Ui(x0). 

has exactly one solution f : Ui(xo) —> Y in the class C2. 

P r o o f . First, consider the system of equations 
d 

—v(s,t,x) = hi(v(s,t,x)) 
(3) dgS 

—v(s,t,x) = h2(v(s,t,x)) 

with the initial condition 

(3') u(0,0,x) = x> where x e X ^ i ( x o ) M x o ) ] n U , 

iorv:RxRxX*°i{xo)Mxo)]->U. 
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From the assumptions concerning the mappings hi and h^ and the Frobe-

nius - Dieudonne theorem [3] it follows that for any xq 6 U there ex-

ist numbers £\ > 0, £2 > 0, r > 0 such that the problem (3) — (3') has 

exactly one continuously differentiate solution on (—£i,£i) x (—£2, £2) x 

Next, consider the function v, where v(s,t,x) = v(s,t,x0 + x) for 

(s,t,x0 + x) € (-£i,ei) x (~£2,£2) x XfaMM**)]^ 

Notice that Q 

—v(0,0,x0) = I, 

where I is the identity operator on Xq and 

d d 
— v ( 0 , 0 , x0) = hi(x0) and ^ ( 0 , 0 , x0) = h2{x0). 

Since hi(xo) / 0 and /i2(^o) / 0 are linearly independent vectors from X, 

Dv(0,0, xq) is linear homeomorphism from R x l x X o onto X. By the inverse 

function theorem (Theorem 10.2.5 of [2]), there exist e'q > 0, £Q > 0,ro > 0 

and a neighbourhood Uq C U of xo such that v is a diffeomorphism of class 

Cl from (-eo.e'o) x ( - e o> £ (0 x *Mx 0 ) ,M*o)]( r o) o n t o uo- Set i r x ( x ) = 

(Ti(x), T2(x), y(x)) for x € Uo- Then is a continuously differentiate 

function from U0 onto (-e'o.e'o) x (-£(,', eg) x X[Mx0)A2(x0)](r°)-

Now, set F(s,t, x, y) = F(v(s, t, x),y) for y € V and consider the Cauchy 

problem 

—w(s,t,x) = F(s,t,x,w(s,t,x) + / i ( x + s / i i ( x 0 ) ) ) 

w(s, 0 , x ) = 0 f o r (s,x)e(-£'0,£'o)xX*h°i{xo)M(xQ)](ro). 

From Theorem 10.8.1 and Theorem 10.8.2 [2] it follows that there exist 

numbers £3 > 0 (£3 < min(eQ, £[,')) and r\ > 0 (ri < ro) such that the 

problem (4) has exactly one solution w = w(s,t,x) which is defined and 

continuously differentiate on (-£3, £3) x (-£3, £3) x and 

satisfies u5(s,0,x) = 0. 

Now set 

(5) w(s,t,x) = w(s,t,x) + fi(x + shi(xo)) 

for {s,t,x) € ( -e 3 ,£3) x (—£3, £3) x - ^ ( x o j M s o H i r i ) - Then w : (-£3, £3) x 

(—£3,£3) x^[h°1(i0) h2(Xo)](ri) ~~1" X is differentiable and satisfies the equation 

(6) —w(s, t, x) = F(s, t, x, w(s, t, x)) 

with the condition 

(6 ' ) iu(s, 0, x ) = / i ( x + shi(xo))-
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Next, consider the function 
s 

(7) w(s, t,x) = \ W(T, t, x)dr + /2(x + th2(xo)). 
o 

The above function satisfies the equation 

d d d 
(8) i ' = F ( v ( s ' t ' x 

with the conditions 

(8') — w(s,0,x) = f 1 ( x + sh1 (x0 ) ) 

and 

(8") w(0, i ,x ) = /2(x + i/i2(xo)). 

Now, let UI(XQ) = v ( ( - e 3 , e 3 ) * (-£3,^3) * XE(x0),/i2(xo)](r i)) ' w h e r e v i s 

the solution of the problem (3) - (3'). Define / : UI(XQ) —• X by 

(9) f(x) = w(T1(x),T2{x),y(x)) for 1 6 % ) . 

We now prove that / fulfils the equation (2). Fix x G UI(XQ). From the 
definitions of the mappings T\,T2,Y it follows that for s € TI{U\(XQ)) and 
t E T2{UI(X0)) we have 

•T1(v(s,t,y(x))) = s 

(10) T 2 ( t ) ( s , i J ( i ) ) ) = t 

iy{v(s,t,y(x))) = y(x) for xex. 

Differentiating (10) with respect to s for s = T\(x), t = T2(x) and with 
respect to t for s = T\(x), t = T2(x) we obtain 

f O T 1 ( i ) ( / l l ( x ) ) = l 

£>Ti(x)(/i2(x)) - 0 

DT2{x)(h1(x)) = 0 

DT2(x)(h2(x)) = 1 

£ > ^ ) ( / n ( x ) ) = 0 

D ^ ( x ) ( / i 2 ( X ) ) - 0. 
Therefore, due to the form (9) of the solution / we have 

Df(x) = —w(T1(x),T2(x),y{x))DT1{x) + - U ; ( r 1 ( x ) , r 2 ( x ) , ^ ( x ) ) £ » T 2 ( x ) 

(12) + D3w(Ti(x),T2(x),y(x))Dy(x). 

By (11) the equation (12) takes the form 

(13) Df{x){hi{x)) = — wiT^x), T2(X), y(x)). 

(11) 
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Taking into account the equality (7) we obtain 

(14) D f ( x ) ( h i ( x ) ) = ¿ ( T x ^ l M x ) , ^ * ) ) , 

hence 

(15) D 2 / ( z ) ( M x ) ) + £>/(x)(Dfci(x)) 
r\ 

= —w(T1(x),T2(x),y(x))DT1(x) 

r\ 

+ -w(T1(x),T2(x),y(x))DT2(x) 

+ D3w(T1{x)tT2(x),y{x))Dy(x). 

By (11) the equation (15) takes the form 
(16) P 2 / ( x ) ( M z ) , M z ) ) = ^ ( T i ( x ) , r 2 ( x ) , y ( x ) ) . 

Taking into consideration the equality (6) we have 

(17)D2f(x)(h2(x), hi(x)) = F(Ti(x),T2(x),y(x),u>(Ti(x),T2(x),y(x))). 

Then, by (14) we obtain 

D2F(x)(h2(x),hi(x)) = F ( T i ( X ) , T 2 ( X ) , y(x),DF(x)(h\(x)))). 

Taking into consideration that v(Ti(x),T2(x),y(x)) — x for x € U\{XQ) we 
have 

D2 f ( x ) ( h 2 ( x ) , h±(x)) — F{x, D f ( x ) ( h i ( x ) ) ) for x € f/i(x0). 

Consequently, the function f given by the formula (7) fulfills the equation 
(2). Naturally, the conditions (2') and (2") are also fulfilled. The uniqueness 
of the solution of the equation (2) with the conditions (2') and (2") follows 
from the method of the construction of this solution (see the form (7) of the 
solution f) and from Theorem 10.8.1 and Theorem 10.8.2 [2]. 

3. Form of solution of certain generalized differential equations of 
second order 
Let U and V be open subsets of Banach spaces X and Y over a field 

R, respectively, h\ and h2 mappings from U into X. Let xo ^ 0 be any 
point of U, h\(xo) 0 and h2(xo) ^ 0 linearly independent vectors from 
X and -^[h1(i0),h2(x0)] a certain (fixed in further considerations) closed space 
such that X = Lhl{xo) © Lh2(x0) © ^Mzo),M*o)]- L e t moreover / i be a 
function from \Lh^Xo) ® ^ 0

l ( l 0 ) H U into V and / 2 a function from 
[ ^ 2 ( x 0 ) © ^ 0

l ( l 0 ) , . 2 ( l 0 ) ] ] n C / m t o V . 



778 T. Poreda, A. Szadkowska 

Consider the system of equations (3) 
Q 

—v(s,t,x) = hi(v(s,t,x)) 
Q 
—v(s,t,x) = h2(v(s,t,x)) 

with the initial condition (3') 

«(0,0, x) = x, where x € X[h°l{xo)Mixo)] n U, 

for v : R x R x U (compare the proof of Theorem 2.1). 
Prom the assumptions concerning the mappings hi and h2 and the Frobe-

nius - Dieudonne theorem [3] it follows that for any XQ EU there exist num-
bers ei > 0, £2 > 0> r > 0 such that the problem (3) — (3') has exactly one con-
tinuously differentiate solution on (—£i,£i) x (—£2, £2) x ^|/10

1(XO))/12(IO)] (r). 
By the inverse function theorem (Theorem 10.2.5 of [2]), there exist e'0 > 
0, £q > 0, ro > 0 and a neighbourhood UQ C U of xo such that V is a dif-
feomorphism of class C 1 from ( - e ^ o ) x (~ eoj£o) x x[hi(x0)M^o)}(ro) o n t o 

UQ. Set u_ 1(x) = (TI(x),T2(x),Y(x)) for x E UO• Then v~l is a continuously 
differentiate function from UQ onto (~e'0, e'0) x ( - £ q , £q) x ^¡f t°1( l0) i; l2(X0)] (ro). 

With the above notations and assumptions we can formulate the follow-
ing 
THEOREM 3.1. Let XQ E U. If h\,h2, f\, f2 are continuously differentiable 
functions (wherever defined) and the condition 

Dhi{x)(h2(x)) = £fh2(x)(h1(x)) = 0 
takes place for x E U. Then there exists a neighbourhood U2(x0) of the point 
xo such that the Cauchy problem 
(18) D2f{x){h2(x),hl(x)) = f{x) for xEU2{x0), 

(18') Df(x)(h\(x)) = fi(x) for x E [Lfcl(xo) ©* jR ( x o ) l h a ( x o ) 1 ] n U2(x0), 

(18") f{x) = f2(x) for x€[LWlo)0^i(lo)ife2(lo)]]nC/2(x 0) 

has exactly one solution f : U2{XQ) —* Y in the class C2 and it has the form 

(19) f(x) = h(y(x))J0(2iyjT1(x)T2(x)) 
Ti(x) 

+ 5 J0(2iy/(Tl(x)-s)T2{x))f1(y(x) + sh1{x0))ds 
0 

ra(x) d 

+ J J0{2i^T1{x)(T2{x) - t ) ) - f 2 { y ( x ) + th2(x0))dt 

forx E X, where JQ is the Bessel function of zero order. 
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Proof. First, we prove that if f is a solution of (18)—(18"), then it has the 
form (19). Consider the equation 

d2 

(20) dtdsW^S' X^ = t 'X^ 
with the conditions 

(20') —w{stO,x) = f1(x + sh1{x0)) 

for (s,x) G (—£o)£o) x ^ ( x o ) , ^ ^ ) ] ^ ) , 
(20" ) u>(0, t, x) = f2{x + th2(x0)) 

for (t,x) G (-e'oVo') x ^ l ( x o ) i f c a ( s o ) ] (ro) . 

The Cauchy problem (20)-(20") has exactly one solution and it has the form 
S Q 

(21) t£>(s, t, x) = f2(x)J0(2i\/si) + 5 Jo(2iyf(s - s)t)—w(s, 0, x)ds 
o 

t Q 
+ 5 Jo{2iy/s(t-T))—w(0, r, x)dr 

for (s,t,x) G (-£3,£3) X ( - e 3 , e 3 ) x ^ ( s ^ ^ f o ) , Where e3 > 0(e3 < 
mzn(e'0,eq)) and r2 > 0 (r 2 < ro) (see [1]). Therefore 

s 
(22) w(s, t, x) = f2{x)JQ(2iV7t) + J Jo{2iyJ{s-s)t)fi{x + shi{xG))ds 

0 
t Q 

+ J Jo(2iys(t - T))—f2(x + Th2{x0)) dr. 

Now, let U2{x0) = v((-£3,£3) * ( - ^ , £ 3 ) x *[ft0l(xo),M*o)](r2))' w h e r e v i s 

the solution of the problem (3) — (3'). Define / : U2(XQ) —• X by 

(23) f(x) — w(Ti(x),T2(x),y(x)) for x € U2(x0). 

We now prove that f fulfils the problem (18)-(18"). Fix x G U2(XQ). From 
the definitions of the mappings T\,T2,y it follows that for s G T\{U2(XQ)) 
and t G T2(U2(XO)) the equalities (10) and (11) are true (see the proof of 
Theorem 2.1). 

The function / given by the formula (19) is twice differentiate because 
the function defined by the following way 

*y(x)(M) = f2(y(v(s, t, y{x)))J0{2iy/Ti{v(s, t, y(x)))T2(v(s, t, y(x)))) 

+ j J0(2iy/(Tl(v(s,t,y(x)))-s)T2(v(s,t,y(x))))^ 
0 
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• f l (y(v(s, t, y ( x ) ) ) + Shi (x0))ds 

T2{v(s,t,y(x))) 

+ 5 Jo(2iyTi(v(s, t, y(x)))(T2((v(s, t, y(x))) - r)) . 

o 

• -^My{v(s, t, y(x))) + Th2(x))dr, 

it means the function $y( x ) ( s , t ) = f(v(s,t,y(x)) for s,t € R, is twice 
differentiable with respect to s and t, successively, for s,t € R. By the 
equation (10) (see the proof of Theorem 2.1) we have 

( 2 4 ) $ y ( a ) ( s , t ) = f2(y(x))Jo(2iVrt) + J Jo{2i^(s-s)t)h(x + sh^xo^ds 

0 

a 
+ \ J Q { 2 i J s ( t - T ) ) — f 2 { x + Th2(xQ))dT f o r s,t € R . 

5 d T 

From the definition of (taking into consideration the equalities (10) 
and (11) in the proof of Theorem 2.1 and the conditions concerning the 
mappings hi and h2) it follows that 

D 2 f { x ) { h 2 { x ) M { x ) ) = ¿ ^ m ^ l M * ) ) . 

Simultaneously, by the theorem on differetiating of an integral with respect 
to a parameter (see [5]) we obtain 

d d 

—$y{x)(s,t) = - ^ J o ( 2 i V ^ i ) f 2 { y { x ) ) + Jo(0)fi(x + sh1{xo)) 

s d + 1 - z - [ M 2 i J ( s - s ) t ) ] f i ( x + 8hi(x0))da 

o d s 

i Q 0 

+ \—[J0(2i^Js{t - t ) ) ] — f2{x + Th2{x0))dr f o r s,t € R . 

Therefore, taking into account that Jo(0) = 1 and Jq(v) = —JI(y) for y e C 
(see [7]) we have 

¿ * y ( . ) ( M ) = ~ ^ J i ( 2 z V ^ ) f 2 ( y ( x ) ) 

s ^ 
%Vt\ Ji(2iyj(s - s)t) + shi(x0))ds 

o Vs s 

I t i Q 

—= \ J\(2iJs(t - r))y/t - r — f 2 ( x + Th2(x0))dr for s,t 

v •5 6 v d T 
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Then, taking into consideration that J'n{y) = \ [ J n - \ ( y ) - Jn+i{y)} for y € 

C, n e N (see [7]) we obtain 

d2 ^ . . 

= J i ( 2 i y f a ) f 2 { y ( x ) ) + h j 0 ( 2 i ^ i ) - J 2 ( 2 i ^ T t ) } M y ( x ) ) 
2 ly/St I 

i s / 1 
- - s ) t ) - j = ^ f i ( x + shi(x0))ds 

+ ]- \ [ J Q ( 2 i ^ { s - l ) t ) - J 2 { 2 i y j { s - a ) t ) \ f x { x + sh\(xo))ds 
2 o 

- ^ S — { J x ^ s i t - T ) ) V T ^ } — f 2 { x + Th2(x0))dr. 

Consequently, taking into account that ^ ^ = ^[Jo(y)+J2(y)] for y £ <C\{0} 
(see [7]) we have 

- J o ( 2 i V s t ) f 2 { y ( x ) ) 

+ \ J o ( 2 i y / ( s - s ) t ) f 1 { x + s/ii(x0))ds 
0 

+ i p o ( 2 i y / s ( i - r ) ) - J 2 ( 2 i ^ s { t - r ) ) } ^ - f 2 ( x + rh2(x0))dT 

^ t Q 

- S J 1 ( 2 i ^ s ( t - T ) ) 2 ^ — - — f 2 ( x + rh2(x0))dr. 

Therefore 
c 

dtds 
( 2 5 ) j L ^ y ( x ) ( S j t ) = J 0 ( 2 i \ / s t ) f 2 ( y ( x ) ) 

+ 5 Jo(2iyJ(s - s ) t ) f i ( x + shi(x0))ds 

+ j J 0 ( 2 i y j s { t - r ) ) — f 2 { x + rh2(xQ))dr. 

Hence from the definition of $37(2) and from (24) and (25) it follows that / 
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fulfils the equation (18). The conditions (18')-(18") are also fulfilled because 
t Q 

* y ( x ) ( 0 , t) = f2(y(x)) + \ - ^ f 2 ( x + rh2(x0))dr = f2(x + th2(x<>)), 

and 
d 
Q-^yw&t) = f i ( x + shi(x0)). 

t=0 
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