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ON CLIQUISHNESS OF MAPS OF TWO VARIABLES 

Abstract. We give some sufficient conditions under which a separately cliquish map 
of two variables is cliquish. 

Throughout the paper (X, T) and (Y, r ) are topological spaces, (Ζ, V) a 
uniform space and Py a saturated family of pseudometrics on Ζ inducing 
the given uniformity V. 

A function g : X —• Ζ is called: cliquish at χ ο € X if for each ρ E Py, 
ε > 0 and each neighbourhood U of XQ there is an open nonempty set U\ C U 
such that p(g(x'),g(x")) < ε for χ',χ" G U\\ cliquish, if it is cliquish at each 
point [3]; (in the case of a metric space Ζ these definitions coincide with 
those given in [10]). 

For a function / : Χ χ Y —• Ζ and any χ G X, y G Y by fx, fy we will 
denote the x-section and y-section of / , i.e. the functions fx : Y —> Ζ and 
fy : X —+ Ζ given by fx(y) = f{x,y) = P{x)· It is known that a separately 
cliquish function (i.e. possessing all sections cliquish) need not be cliquish 
[5]. On the other hand the cliquishness of / does not imply this property for 
its sections. For instance, let us consider the subset A = {p = (x, y) G R2 : 
χ > 0 and y > 0} U {p = (q, 0) G R2 : q G Q} of the euclidean plane and let 
/ : R2 —> R be the characteristic function of A. Then / is cliquish, but for 
y — 0 the section fy is not cliquish at any point ρ = (χ, 0) with χ < 0. 

In this paper we give some sufficient conditions for cliquishness of func-
tions and multivalued maps of two variables. 

For a topological space (X, T) let us put 

Tg = {U \ Η : U G Τ, Η is of the first category in (X, T)} . 

Then Tg is a topology on Χ, Τ C Tq\ [6]. In what follows, topological notions 
referring to the topology Tq will be qualified by the prefix Tq or simply q 
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to distinguish them from those pertaining to the initial topology T. For 
example IntqA and ClqA denote the 7^-interior and 7^-closure of a set A 
while IntA and CIA are the interior and the closure with respect to the 
topology T. Furthermore, for a function g.X-^Z the symbols C(g,T) 
and C(g,Tq) will be used to denote the sets of all points at which g is 
T-continuous or 7^-continuous, respectively. 

It is easy to see that given topological spaces (X, T) and (Y, r ) we have 
Τ χ r C Tq χ Tq C (Τ χ r)q and — in general — these three topologies are 
different. 

LEMMA 1 ([2, 6]). Let (X,T) be a Baire space, then: 

(a) for each Tq-closed set A C X we have IntqA — IntA; 
(b) the spaces (X,T) and (X,Tq) have the same classes of the first 

category sets; 
(c) (X, T) and (X, Tq) have the same classes of sets with the Baire 

property; 
(d) {X, Tq) is a Baire space. 

A function g: X —• Ζ is said to be: quasicontinuous at χ ο E X if for 
each neighbourhoods U of xq and V of g(xo) there is an open nonempty set 
Ui C U with g(Ui) C V\ quasicontinuous, if it has this property at each 
point; [7]. 

It immediately follows from the definitions that if g: X —> Ζ is continuous 
(quasicontinuous, cliquish) at xo, then it is 7^-continuous (7^-quasiconti-
nuous, 7^-cliquish) at xq, but the converse is not true. 

THEOREM 1. Let (Χ,Τ), (Υ,τ) be locally second countable Baire spaces, 
(Ζ, V) α uniform one and let f: Χ χ Y —> Ζ be a function which all sections 
fx> Pi χ E X, y Ε Υ, are cliquish. If for each (x,y) E X x Y , fx is 
Tq-quasicontinuous at y or fy is Tq-quasicontinuous at x, then f is Τ χ τ -
cliquish. 

P r o o f . Let us take (xo,yo) Ε Χ χ Υ , ε > 0 , pEPy and let U χ V be a 
neighbourhood of (xo,yo)· Without loss of generality we can assume that 
U, V have countable bases {Un : η = 1 ,2 , . . . } and {V n : η = 1 ,2 , . . .} , 
respectively. We put for each η = 1 ,2 , . . . 

An = j y e F : ρ ( f ( x ' , y), f(x", y)) < ±ε for χ', χ" E Un} . 

Since for each point (χ,y) E U χ V, fv is cliquish at x, there exists η > 1 
such that p{f(x',y), f{x",y)) < for χ',χ" E Un\ hence V = \J^=1An. 
The set V is of the second category in (Y,Tq) , so for some η > 1 we have 
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0 φ IntqClgAn = IntClqAn. Now we put for each j = 1,2,... 

Bj = j x € Un : Vj C IntClqAn 

and P(f(x,y')J(x,y")) < for y',y" G V^j. 

For any points χ € Un and y G IntClqAn Π V the function fx is cliquish at 
y, thus there exists Vj C IntClqAn Π V such that p{f(x,y'),f(x,y")) < j¡£ 
for y',y" G Vj. This implies \J^=1Bj = Un. The set Un is of the second 
category in (X,Tq), so 0 φ IntqClqBk = IntClqBk for some k > 1. In the 
consequence we obtain An Π Vfe Φ 0, Bk Π IntClqBk ΓΜΙηφ® and 

(1) if χ € Bk, then p(f(x,y'), f(x,y")) < ¡ε for y', y" G Vk. 

For any (χ, y), (u, υ) € (Bk Π IntClqBk Π Un) χ (An Π Vk) the inequality 

p{f{x,y)J{u,v)) < p{f{x,y),f{u,y)) + p{f{u,y),f{u,v)) < ^e 

holds, i.e. we have obtained 

(2) p(f(x,y),f(u,v)) 
< \e for (x,y), (u,v) € (B k Π IntClqBk Π Un) χ {An Π Vk). 

Let us take {x\,y\) G (IntClqBk Π Un) x Vk. At first we suppose that fXl 

is Tg-quasicontinuous at y\. In this case there exists a nonempty open set 
V C Vfc and an of the first category set M' C Y such that 

P(f(xi,y),f{xi,yi)) < ^ε for y 6 V \ M'. 

This follows from conditions V' \ M' G rq and V \ M' C IntClqAn that 
( V \ Μ') Π An φ 0. Furthermore, we have Vk C IntClqAn. Hence for each 
u G BknIntClqBkr\Un and υ G (V'\M')nAn it holds: p(f(xi,v),f(u,v)) < 

and p(f(x1,v),f(xi,yi)) < consequently p(f(xi,yi),f(u,v)) < \ε. 
So we have shown: 

(3) if (xi,yi) G ( IntCl q B k Π Un) x Vk and fXl is rq- quasicontinuous at 
2/1, then there exists a point (u, ν) G (Bk Π IntClqBk Π Un) χ {An Π Vfc) such 
that p{f{xi,y1),f(u,v)) < \ε. 

Now, let (xi,yi) G ( IntCl q B k Π Un) χ Vfc be a point such that fyi is 
7^-quasicontinuous at x\. Then there exists a nonempty open set U' C 
IntClgBk Π Un and an of the first category set H' C X such that 

p(f(xi, yi), / ( * , 2/i)> < \ε for x G U' \ H'. 

Since Bk is 7^-dense in IntClqBkΠUn we obtain (U'\Η')C\B knIntClqB kΠ 
Un φ 0. Hence for each u G (U'\H') Π Bk Π IntClqBk Π Un, ν G An Π Vk 
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we get p{f{xuyi),f(u,yi)) < \e and p(f{u,yi),f(u,v)) < |ε; then 
p(/(xi,2/1),/(it, ν ) ) < \ε. Thus we have shown: 

(4) if (xi,2/i) G (IntClqBk Π Un) x Vk and fyi is 7^-quasicontinuous at 
xi, then there exists a point (u, ν) G (Bk Π IntClqBk Π Un) χ (A n Π Vk) such 
that p(f{xi,yi),f(u,v)) < \e. 

Finally, from (3), (4) and (2) we have p(f{x',y'),f(x",y")) < ε for 
(x',y'), (x",y") G ( IntClqBk Π Un) x Vk, so / is Τ χ τ-cliquish at (x0,yo) 

and the proof is completed. • 

THEOREM 2. Let (Χ,Τ), (Υ,τ) be locally second countable spaces such that 

(Χ χ Υ, Τ χ τ) is a Baire space and let (Ζ , V) be a uniform one. Suppose 

that f: Χ χ Y —> Ζ is a function withfx rq-cliquish and fy Tq-cliquish for 

each χ G X, y Ε Y. If for each (χ, y) G X x Y fx is quasicontinuous at y or 

fy is quasicontinuous at χ, then f is Tq χ rq-cliquish. 

P r o o f . Let us take (xo,2/o) G XXY, ε > 0, Ρ G Py and let (U\HI)X(V\H2) 

be ά Tq χ rq neighbourhood of (xo,2/o)· Without loss of generality we can 
suppose that U, V have countable bases {UN : η = 1,2, . . . } and {VN : Η = 

1,2,. . . } , respectively. Let us put 

Ε — { (χ , y) G X x Y : fx is quasicontinuous at y}, 

Ει = {(x,y) G X x Y : fy is quasicontinuous at x } . 

Since EU E\ — Χ χ Y and (U\H{) χ (V\H2) is of the second category 
in (Χ xY, Τ χ τ) then at least one of the sets Ε Π ({U \ Hi) χ (V \ H2)), 

Ει Π ((Í7 \ Hi) χ (V \ H2)) is of the second category. Suppose cf. that the 
first one. Denote for each η = 1,2,... 

An = j x G U : p ( f M ) J M ' ) ) < for y',y" G F n j . 

Then (U x V) Γ\ E C (Un=i An) χ V C U χ V, hence (U χ V) η E = 

( U ~ i An χ V) Π E. Since (£/ χ V ) Π E is of the second category, for some 
η > 1, then the set (An χ V) Π E and also An χ V is of the second category. 
Under assumptions, (X, T ) and (Υ, τ ) are Baire spaces. According to Lemma 
1, An is of the second category in (X,Tq). Thus 0 ψ IntqClqAn = IntClqAn. 

For each y G Vn the function fy is 7^-cliquish at any point belonging to 
IntClqAn, therefore for each y G Vn there is Um^y) C IntClqA n and an of 
the first category set Hy C X such that 

(5) p(f(x',y),f(x",y)) < |ε for x', x" G Um{y)\Hy. 

Let us put Bm = {y G Vn : m(y) = τη} for m = 1,2,... Then Vn — 

U £ = i Bm. The set Vn is of the second category, so IntClBk φ 0 for some 
k > 1. Sinqe Bk Π IntClBk Π Vn is a dense second countable subspace of 
IntClBk Π Vn so we can choose a countable set D C Bk Π IntClBk Π Vn 
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which is dense in IntClBk Π Vn. Then M — Uyeö Hy is of the first category 
and from (5) we have 

(6) p(/(x', y), / (χ" , y)) < ^ε for y E D, x', x" EUk\M. 

Furthermore 

(7) p(/(x, y'), f { x , y")) < ^ε for x G Λη, y', y" E IntClBk η Vn. 

So, it follows from (6) and (7) that 

(8) p(/(x, y), S(u, ν)) < -ε for (x, y), (u, v) G (Uk ΠΑη\ M) x D. 

Now, let (x, y) E ((Uk \ M) x (IntClBk Π Vn)) Π E. By the quasicontinuity 
of Sx at y there is a nonempty open set W C IntClBk Π Vn such that 
p(/(x,y), /(x,u;)) < | ε for w € W. From this inequality and (6) for each 
υ e D Π W and u e Uk Π An \ M we get p(/(x,2/),/(x,i>)) < | ε and 
p(S(x,v), S{u,v)) < | ε . Thus we have shown: 

(9) for each (x,y) 6 {{Uk \ Μ) χ (IntClBk Π Vn)) Π E there is a point 
(•u,v) 6 (Uk Π Αη \ M) χ D such that p{S{x,y), f{u,v)) < \ε. 

Finally, let (x,y) € ((Uk \ Μ) χ (IntClBk Π Vn)) Π Ελ. The function Sy is 
quasicontinuous at x, so a nonempty open set W\ C Uk can be choosen in 
such a way that p(/(x, y), / (x ' , y)) < | ε for x' G W\. The set An is 7^-dense 
in Uk, hence ( ^ ι \ Μ ) Π Α η φ 0. For each point a Ε ( W i \ M ) r \ A n and b E D 
the following inequalities p(/(o, ft), / (a , y)) < | ε and p(/(x, y), f{a, y)) < 
are true and from this follows that 

(10) for each (x,y) E ((Uk \ Μ) χ (IntClBk Π Vn)) Π Εχ there exists a 
point (a, b) G (Uk Π An\M) χ D such that p(/(x, y), / (a , ft)) < \ε. 
As a consequence of (8), (9), (10) we have p(/(x', y'), /(x", y")) < ε for 
(x',y'),(x",y") G {Uk\(M\Jlh)) x (IntClBknVn\H2) c ( U ^ ) χ (V\H2) 
which ends the proof. • 
T h e o r e m 3 . Let ( Χ , Τ ) , (Υ,τ) be locally second countable spaces such that 
(Χ χ Κ , Τ χ τ ) is a Baire space and let ( Ζ , V) be a uniform, space. Suppose 
that a function f : X x Y — * Z has all sections fx Tg-cliquish and all f y 

Tq-cliquish, χ E X , y ΕΥ. If at least one of the sets 

E = {(x,2/) G X x Y : fx is quasicontinuous at y} , 

E\ = {(x,y) G X x Y : Sy
 is quasicontinuous at x} 

is residual, then / is (Τ χ r)q-cliquish. 

Proof . Let (x0,yo) 6 Χ χ Υ, ε > 0, ρ G Pv and let (UxV)\H be a (T xr)g 

neighbourhood of (xq, yo), i.e. U Ε Τ, V Ε τ and Η is of the first category 
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in Χ χ Y. Suppose that E is residual. Using notations and arguments as in 
the proof of Theorem 2 we repeat that proof up to (9). Hence we get 

p{f{x\y'),f{x",y"))<e 
for ( χ y ' ) , (x", y") e {{Uk \M)x (IntClBk Π Vn)) n{E\H) C (U xV)\H 
and 
((Uk \ Μ) χ (IntClBk η Vn)) η (E\H) 

= [Uk x (IntClBk η Vn)} 

\ [(Μ χ (IntClBk η Vn)) U (Χ χ Υ \ E) U H] e (Τ χ r)g 

which completes the proof. • 

LEMMA 2. Let (X, T) be a Baire space, (Ζ, d) a metric one and let g: X —* Ζ 
be given 

(a) The function g is cliquish if and only if X \ C(g,T)is of the first 
category [5, 9]. 

(b) Moreover, let (Z, d) be separable. Then g has the Baire property if 
and only if g is Tq-cliquish. 

Proof , (b) Let {Wn : η — 1 , 2 , . . . } be an open base of Z. Then we have 
00 

X\C(g,Tq)= (J [g-HWniXIntçg'HWn)]. 
n=1 

If g has the Baire property, then X \ C(g,Tq) is of the first category in 
(X,Tq), so g is 7^-cliquish. Conversely, let g be 7^-cliquish. Then according 
to (a) the set X \ C(g, Tq) is of the first category. For each open set W C Ζ 
we have g^iW) = V U H, where V e Tq and H C X \ C{g,Tq). Thus 
g~1{W) has the Baire property, which completes the proof. • 

As a simple consequence of this lemma and Theorems 2 and 3 we obtain: 

THEOREM 4. Let (Χ,Τ), (Υ,τ) be locally second countable spaces such that 
(Χ χ Υ, Τ χ r) is a Baire space and let (Z, d) be a separable metric space. 
Suppose that a function f: Χ χ Y —> Ζ has all sections fx, fy with the Baire 
property. If one of the following conditions is satisfied: 

(a) for each (x,y) 6 X x Y, fx is quasicontinuous at y or fy is quasi-
continuous at x; 

(b) at least one of the sets E = {(^,2/) E X xY • fx is quasicontinuous 
at y}, E\ = {(x,y) E Χ χ Y : fy is quasicontinuous at x} is residual; 

then f has the Baire property, m 

COROLLARY 1 (1, Th. 3 and Th. 4). Suppose that a function f:R2 —> R has 
all sections fx, fy cliquish (with the Baire property). If for each (x, y) € R2, 
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fx is quasicontinuous at y or fy is quasicontinuous at x, then f is cliquish 

(has the Baire property), m 

But for real functions it is possible to establish the results similar to 
those in Theorems 1 and 4 taking some weaker assumptions on sections fx 

and p . To begin with, we remind some definitions. 
A function /: X —• R is said to be upper (lower) quasicontinuous at 

XO £ X if for each ε > 0 and each neighbourhood U of XQ there exists an open 
nonempty set U\ C U such that f(x) < f(xο) + ε (resp. /(χο) — ε < f(x)) 

for χ 6 Ui, [4]. 
A function / is called upper (lower) quasicontinuous if it has this prop-

erty at each point. 
Each quasicontinuous function is upper and lower quasicontinuous; the 

inverse is not true. Furthermore, each upper (lower) quasicontinuous func-
tion defined on a Baire space is cliquish [4]. 

THEOREM 5. Let (Χ,Τ), (Υ,τ) be locally second countable Baire spaces and 

let f:X χ Y —* R be a function which all sections fx and fy are cliquish. If 

for each (x,y) E X x Y, fx is upper and lower rq-quasicontinuous at y or 

fy is upper and lower Tq-quasicontinuous at x, then f is Τ χ τ-cliquish. 

P r o o f . Let (xo,yo) € Χ χ Υ, ε > 0 and let U χ V be a neighbourhood of 
(zo,2/o)· Suppose that U, V have countable bases {Un : η — 1 ,2, . . . } and 
{Vn : η = 1,2, . . . } , respectively. Let us denote 

An = l[yeV: I f(x',y) - f(x",y) | < ^ε for χ',χ" eUn } . 

Now, using the same notations and arguments as in the proof of Theorem 
1 we repeat that proof up to (2), (taking the euclidean metric in R instead 
of p). 

Let (xi , 2/1 ) S {IntClgBknUn) χ V^. At first we suppose that fXl is upper 
and lower rg-quasicontinuous at y\. By the upper rq-quasicontinuity there 
is an open nonempty set V' C and an of the first category set M' C Y 

such that 

f(xi,y) < f(xi,yi) + ε for y 6 V \ M'. 

Since V'\M' 6 rq and V'\M' C IntClqAn then we obtain {V'\M')nAn φ 0. 
Furthermore for each u e Bk Π IntClqBk Π Un and υ € (V \ Μ') Π An we 
have \f(xi,v) - f(u,v)\ < |ε and f(x\,v) < f{x\,y\) + |ε. This implies 
/(u,υ) < f(xι,υ) + |ε < f(xi,yi) + \ε. So we have shown: 

(11) if (x i , j/i) € (IntClgBknUn) χ Vk and fXl is upper rg-quasicontinuous 
at j/i, then there exists (u, ν) E (B k Π IntClqBk Π Un) χ ( A n Π Vk) such that 

f(u,v) < f(xi,yi) + \ε. 
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Similarly, applying the lower rg-quasicontinuity of fXl at y\ we obtain 

(12) if ( x i , y \ ) € ( I n t C l q B k n U n ) χ Vk and f X l is lower r9-quasicontinuous 
at 2/1, then there exists ( U \ , v \ ) 6 ( B k Π I n t C l q B k Π Un) χ (An Π Vk) such 
that 

f ( x i , y i ) - < f ( u ι , υ ι ) . 

Take (x2)2/2) G ( I n t C l q B k C \ U n ) χ Vk with f X 2 upper and lower r9-quasiconti-
nuous at 2/2· According to (11) and (12) points (u',v'), (« ί ,υί ) G (Bk Π 
I n t C l q B k n U n ) χ (AnnVfe) can be choosen in such a way that the inequalities 

f(u',v') < f(x2,V2) + a n d f ( x 2 , y 2 ) - ^ e < f ( u ' 1 , v ' 1 ) 

hold. Hence,, using also (2) and (11), we get 

f ( x i , y i ) - f(x2,V2) < f ( u i , v i ) + f ( u , v ' ) + ^ε 

< \ f ( u 1 , v 1 ) - f ( u ' , v ' ) \ + ^ e < ^ e . 

Similarly we obtain f(x2,y2) ~ f ( x i , y i ) < §ε> so 

( 1 3 ) \ f ( x i , y i ) - f(x2,V2)\ < \ ε f o r a l l ( x h y i ) e ( I n t C l q B k η Un) χ Vk 

such that fXi is upper and lower rg-quasicontinuous at yi, i = 1,2. 

Now, suppose that y\ € Vk and fyi is upper and lower 7^-quasicontinuous at 
xi 6 I n t C l q B k P i U n . Then there exists a nonempty open set U' C I n t C l q B k D 

Un and an of the first category set H ' such that f ( x , yi) < f ( x i , y i ) + |ε for 
χ e U ' \ H ' . Since B k is 7^-dense in I n t C l q B k Π Un then we have (U' \ Η ' ) Π 
B k n I n t C l q B k C \ U n φ 0. Therefore for all u € ( U ' \ H ' ) n B k n I n t C l q B k r \ U n 

and ν € A n Π B k the inequalities \ f ( u , y i ) — f ( u , v ) \ < |ε and f ( u , y \ ) < 

f ( x i , y i ) + |ε hold, hence f ( u , v ) < f ( u , y i ) + |ε < f ( x i , y i ) + \ ε . Thus 

(14) if (xi, yi) € ( I n t C l q B k f ) U n ) xVk and f y i is upper 7^-quasicontinuous 
at x i , then there exists (u, v) € (Bk Π I n t C l q B k Π Un) χ (An Π Vk) such that 

f ( u , v ) < f ( x i , y i ) + ^ε. 

Analogously, by the symmetry, using the lower 7^-quasicontinuity of fVl at 
x\ we have 

(15) if ( x \ , y i ) 6 ( I n t C l q B k n U n ) χ Vk and f y i is lower 7^-quasicontinuous 
at x i , then there is (wi, € (Bk Π I n t C l q B k Π Un) χ ( A n Π Vk) such that 

f ( x i , y i ) ~ \ ζ < / ( u i > w 1)· 

The properties (14) and (15) imply 
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(16) \f(xi,yi) - f(x2,2/2)1 < y for all (x¿,y¿) € ( In tC l q B k η Un) x Vk 

such that fyi is upper and lower 7^-quasicontinuous at x¿, i = 1,2. 

Finally, applying (11), (12), (14) and (15), similarly as in in the proof of 
the property (13), we get \ f(x,y)-f(x',y')\ < ε for all points {x,y), (x',y') € 
(IntClqBk Π Un) x Vfe C U χ V which completes the proof. • 

T H E O R E M 6 . Let (Χ,Τ), (Υ,τ) be locally second countable Baire spaces and 
let f: Χ χ Y —> R be a function with fx upper quasicontinuous and fy lower 
quasicontinuous (or conversely) for all χ G X, y G Y. Then f is cliquish. 

P r o o f . Following [4, Coroll. 9] all sections fx and fy for x G X, y G Y are 
cliquish. Let (reo, î/o) £ Χ x Y, ε > 0 and let U χ V be a neighbourhood 
of (xo,yo)· Using notations and arguments as in the proof of Theorem 1 
we repeat that proof up to (2). Thus we get open sets Un C U, Vk C V 
and of the second category sets An, Bk such that Bk Π IntClqBk Π Un φ 0 
and An Π Vk φ 0. Then, similarly as in the proof of Theorem 5, we show 
that for the the function / the conditions (11) and (15) are satisfied. This 
implies | / (x , y) - f(u, i>)| < \ε for all (x, y), (u, ν) € (Bk Π IntClBk Π Un) χ 
(.An Π Vk). Furthermore for each (x, y) E (IntClBk Π Un) x Vk there ex-
ist points (u,v),(ui,vi) e (Bk Π IntClBk Π Un) χ ( A n Π Vk) such that 
f(u,v) - ¿ε < f(x,y) < f{ui,vi) + \ε. Hence \f(x,y) - f(x',y')\ < ε 
for each (x, y), (x\ y') 6 (IntClBk Π Un) x Vk C U χ V, which completes the 
proof. • 

T H E O R E M 7 . Let (Χ,Τ), (Υ,τ) be locally second countable spaces such that 
(Χ xY, Τ χ Τ) is a Baire space and let f:X χ Y —> R be a function such 
that fx is Tq-cliquish and fy is Tq-cliquish for each χ 6 X, y € Y. If for 
each (x,y) £ X xY, fx is upper and lower quasicontinuous at y or fy is 
upper and lower quasicontinuous at x, then f is Tg χ rq-cliquish. 

P r o o f . Let (x0,yo) e Χ χ Υ, ε > 0 and (U \ Hi) χ (V \ H2) be a Tq χ rq-
neighbourhood of (xo, yo), i-e. U G T,V € τ, Ηχ, H2 are of the first category 
in X and Y respectively. Without loss of generality we can assume that U, 
V have countable bases {Un : η = 1 ,2 , . . . } and {V n : η = 1,2, . . .} . We put 

S = {(x,y) G X x Y : fx is upper and lower quasicontinuous at y} 
Si = {(x, y) G X x Y : fy is upper and lower quasicontinuous at x} . 

In the next we use the same notations and arguments as in the proof of 
Theorem 2 and we repeat that proof up to (8), taking S, Si instead of 
E and Ει, and replacing ρ by the usual metric in R. Now, let (χχ, y\) G 
((Uk \ Μ) χ (IntClBk Π Vn)) Π S. Since fXl is upper quasicontinuous at yi, 
there exists an open nonempty set W C IntClBk Π Vn such that f(xi,w) < 
f(xi,yi) + for w G W. Then for any u G UknAn\M and ν G D Π W 
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we have f(xi,v) < f(xi,yi) + and from (6), \f(xi,v) - f(u,v)\ < |ε. 
Hence we have shown f(u,v) < f(xi,yi) + |ε. Similarly, using the lower 
quasicontinuity of fXl at y\ we get the inequality: f(xi,yi) — < f(p,q) 
for some (ρ, q) € (Uk Γ\ An \ Μ) χ D. Thus we have 

(17) for each point {xi,yi) G ((Uk\ Μ) χ (IntClBk Π there exist 
points (ui,vi), (pi,qi) € (UkDAn\M) χ D such that f(u 1 ,v1) < f ( x i , y i ) + 
\ε and f(xi,yi) ~\ε< f(pi,qi)· 

If (%2, y2) e ((Uk \ Μ) χ (IntClBk Π y n ) ) n 5 i , then the upper quasicon-
tinuity of p2 at X2 implies the existence of an open nonempty set U' C Uk 
such that /(x',2/2) < /(a=2,3/2) + f° r x ' S U'. Since An is 7^-dense in Uk 
we get U' Π A \ Μ φ 0. Thus from the last inequality and (7) we obtain 
/ K y 2 ) < I(x2,y2) + \e and \f(u,y2)-f(u,v)\ < ^ε for all u G U'nAn\M 
and ν € D] in the consequence f(u,v) < f(x2,y2) + \ε· In the similar way, 
by the lower quasicontinuity of fV2 at X2 we obtain the "symmetric" result; 
so we have proved: 

(18) for each point (0:2,2/2) e ( ( U k \ M ) χ ( I n t C l B k n V n ) ) Π Si there 
exist points (i¿2, u2), (p2, <?2) € (ί/t Π \ Μ) χ D such that f(u2,V2) < 
f(x2,2/2) + \ε and f(x2,y2) ~ \ε < /(P2 .92)-

Finally, let (2:1,2/1), (2:2,2/2) £ (Uk\(MliHi))x(IntClBkriVn\H2). According 
to (17) and (18) the points (ui,Vi),(pi,qi) € (Uk^An\M) x D can be choosen 
in such a way that f(ui,Vi) < f(xi,yi) + \ε and f(xi,yi) - \ε < f(pi,qì), 
i = 1,2. Then applying (8) we get |/(xi, yi) — f(x2,2/2)l < ε which completes 
the proof. • 

T h e o r e m 8. Let ( X , T ) òe α Baire space, ( F , τ ) α locally second countable 
one and let f : X xY —> R be a function with fx cliquish for each χ G X and 
fy upper and lower quasicontinuous for y Ε Y. Then f is cliquish. 

P r o o f . Let (xo,yo) G Χ χ Υ, ε > 0 and let U χ V be a neighbourhood of 
(xo,yo)· We can assume that V has a countable base {Vn : η = 1 , 2 , . . . } . 

Let An = {x G U : \f(x,y') - f(x,y")\ < ¡ε for all y',y" G Vn}. For 
xeU,fx is cliquish, so there is nx > 1 such that \ f(x,y') — f(x,y")\ < 
for y',y" G Vnx. Hence we obtain U — Αι· Since U is of the second 
category, IntClAn φ 0 for some η > 1. Let us take (a, b) G (U r\IntClAn) χ 
Vn. According to [2, Coroll. 9] fb is cliquish. Thus a nonempty open set 
Ui C UnlntClAn can be choosen in such a way that \f(x', b)—f(x", ò)| < 
for χ', χ" G Ui. Then for any (x, y) G Ui x Vn and (s, t) G (An Π Ui) x Vn we 
have I f(s, b) — f(s,t)\ < Furthermore, fy is upper quasicontinuous at x, 
therefore there is a nonempty open set U' C Ui with f(x',y) < f(x,y) + |e 
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for x' G U'. Hence for any x\ G U' Π An we have f(xi,y) < f(x,y) + 
\f(xi,y) - f{xi,b)\ < g£ and | f ( x i , b ) - f{s,b)\ < | ε , which leads to the 
inequality f(s, t) < / ( x , y) + \e. Similarly, by using the lower quasicontinuity 
of fy at χ we get f(x,y) < f(s,t) + ^ε. Thus we have shown that | f(x,y) — 
f(s,t)I < \ε for all {x,y) G Ui χ Vn and (s,i) G (An Π Ui) χ Vn. In the 
consequence we obtain | f(x',y') — f(x",y")| < ε for every (x',y'), (x",y") € 
U\ χ Vn, which ends the proof. • 

The results obtained for real functions we will apply to multivalued maps. 
To begin with, we stand some notions and notations. Given a uniform space 
(Ζ, V) for any ρ G Ζ, Μ, Μι C Ζ, ρ G Py and τ > 0 we denote 

B(p, p,r) = {zeZ : p(p, ζ) < r}, B{M, p, r) = (J{B{p, p,r):pe M}, 

p(p,M)= inf p(p, z) and p(Mi,M)= sup p(z,M). 

One can easily see the following property: 

(19) if Mi is compact, then p(Mi, M) < r iff Mi C B(M, p, r). 

In a uniform space (Ζ, V) by Ζ we denote the family of all nonempty 
compact subsets of Ζ. Then the sets 

{(Mi,M2) eZxZ: Mi C B(M2,p,r) and M2 C B(Mi,p,r)}, 
pePv,r > 0, 

form a base of a uniformity V on Z. Furthermore, for each p G Py, the Haus-
dorff pseudometric ρ is given by ρ(Μι, M2) = max{p(Mi, M2), p{M2, Mi)}, 
and then Py = { p : p E Py}· 

A multivalued map F:X —> Ζ with compact values is said to be cliquish 
at a point χ G X if the function F:X —> (Ζ, V) is cliquish at χ [3]. F is 
called cliquish if it has this property at each point. 

A multivalued map F: X —> Ζ is said to be upper (lower) quasicontinuous 
at io 6 X if for each open set W C Ζ with F(x0) C W (resp. Ρ(χο)Π W φ 0) 
and for each neighbourhood U of xq there is an open nonempty set Ui C U 
such that F(x) c W (resp. F{x) Π W φ 0) for χ G Ui, [3, 8]. Ρ is called 
upper (lower) quasicontinuous if it has this property at each point. 

Let us take z G Ζ, a finite set L C Ζ and p G Py. For a multivalued 
map F: X —> Ζ we have adjoint functions ψΣ,ρ, Φ ζ, ρ'· Χ —> R defined by 
Ψζ,ρ(χ) = p(z,F(x)) and PlAx) = p(F(x),L)· 

In the sequel by C(D) we denote the family of all finite subsets of a set 
D C Ζ and we will write £ instead of C(Z). Then the following holds: 
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LEMMA 3. Let X be a topological space, (Ζ, V ) a uniform one and F:X —> Ζ 
be a multivalued map with compact values. Then: 

(a) if F is lower quasicontinuous at xo, then for each L E C, ρ E P\> the 
function ipL,p is lower quasicontinuous at x0; 

(b) if F is upper quasicontinuous at XQ, then for each ζ Ε Ζ, ρ E Py the 
function ψΖίΡ is lower quasicontinuous at x0. 

Proof , (a) We fix ρ € Py, L E C, a neighbourhood U of xo and α € R 
with α < <PL,p(xo)· Then we choose ε > 0 satisfying α < r — 2ε, where 
f = <PL,p{%o)· Since the set F(xo) is compact, then some ζ 6 F(xo) can 
be choosen in such a way that p(z,w) > r — ε for each w E L. Thus we 
have F(xο) Π Β(ζ,ρ,ε) φ 0, so there exists an open nonempty set U\ C U 
with F(x) Π Β(ζ,ρ,ε) φ 0 for χ e U\. Hence for all y Ε Β(ζ,ρ,ε) Π F (χ), 
χ E U\ and w Ε L we have r — ε < p(z,w) < ρ(ζ, y) + p(y,w) < ε + p(y, w), 
i.e. p(y,w) > r — 2ε. In the consequence p(y,L) > r — 2ε for each y E 
Β(ζ,ρ,ε) Π F (χ), χ E Ui which gives p(F(x),L) > r — 2ε. Thus we have 
obtained <PL,p(x) > α foi χ E U\. 

(b) Let ρ E Py, ζ Ε Ζ, ε > 0 and a neighbourhood U of xo be given; 
we put r — ψζ,ρ{χo)· There exists an open nonempty set Ui C U such that 
F(x) C B(F(xo),ρ,^ε) for χ E U\. Given χ E Ui, y E F(x) there exists 
z\ E F (χ o) with p(y,zi) < ^ε. Hence r - |ε < p(z,F(x0)) < ρ(ζ,ζι) < 
ρ(ζ, y) + p(y, zi) < p(z, y) + ^ε, so r - |ε < p(y, ζ) for each y E F (χ). The 
latter means that r — ε < ψζ,ρ(χ) for χ E Ui and the proof is completed. • 

We will use some results presented in [3] which here are stated as the 
following lemmas. 

LEMMA 4 ([3, Th. 3]). Let X be α topological space, (Z,V) a uniform one 
and let F: X —> Ζ be a multivalued map. 

(a) If F is lower quasicontinuous at XQ, then for each Ζ Ε Ζ, Ρ Ε Py the 
function φζ<ρ is upper quasicontinuous at xo. 

(b) If there exists a dense set D C Ζ such that for each ζ E D, ρ Ε Ργ the 
function ψ ζ,φ is upper quasicontinuous at xo, then F is lower quasicontinuous 
at XQ. 

LEMMA 5 ([3, Th. 4]). Let X be a topological space, (Z,V) a uniform one 
and let F: X —> Ζ be a multivalued map with compact values. 

(a) If F is upper quasicontinuous at XQ, then for each L E C, ρ E Py the 
function <pL,p is upper quasicontinuous at XQ. 

(b) If there exists a dense set D C Ζ such that for each L E C{D), 
ρ E Py the function φι,ρ is upper quasicontinuous at XQ, then F is upper 
quasicontinuous at XQ. 
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L E M M A 6 ([3, Th. 5]). Assume that a multivalued map F:X —» (Ζ, V) is 
cliquish at a point xo E X • Then 

(a) for each ζ Ε Ζ, ρ Ε -Py the function ψΖίΡ is cliquish at xo; 
(b) if F has compact values, then for each L E C, ρ E Py the function 

ψΏ,ρ is cliquish at Xq. 

L E M M A 7 ([3, Th. 6]). Let X be a Baire space, (Ζ, V) a separable uniform 
one and let F: X —• Ζ be a multivalued map with compact values. If for each 
ρ E P\>, ζ E D, L E C(D) functions ψζ,ρ, ψύ,ρ are cliquish, where D is a 
countable dense subset of Z, then F is cliquish. 

T H E O R E M 9 . Let (Χ,Τ), (Υ,τ) be locally second countable spaces such that 
(Χ xY, Τ χ τ) is a Baire space and let (Ζ, V) be a separable uniform space. 
Suppose that a multivalued map F: Χ χ Y —• Ζ with compact values has all 
sections Fx, Fy, χ E X, y Ε Y cliquish. If for each (x,y) E X xY, Fx is 
upper and lower quasicontinuous at y or Fy is upper and lower quasicontin-
uous at χ, then F is cliquish. 

P r o o f . Let D be a dense countable subset of Z. Following Lemma 6 for each 
w Ε Ζ, ρ E Pv and L E C(D) all functions (ψWyP)x, {i>w,p)v, (<£>£,ρ)ι, (VL,P)y 

are cliquish. Applying Lemmas 3, 4, 5 we have that all sections (ipWtP)x, 
{ψΏ,ρ)χ a r e upper and lower quasicontinuous at y or (i>w<p)y, {ψι,ρ)ν are 
upper and lower quasicontinuous at χ for (x, y ) E X xY. Under assumptions 
(Χ, Τ) and (Y, r ) are Baire spaces, so according to Theorem 5 all functions 
VVP' Ψΐ·,ρ a r e cliquish. Finally using Lemma 7 we obtain the conclusion. • 

T H E O R E M 1 0 . Let ( Χ , Τ ) , (Υ,τ) be locally second countable spaces such that 
(Χ χ y, Τ χ τ ) is a Baire space and let (Ζ, V) be a separable uniform space. 
If F: Χ χ Y —» Ζ is a multivalued map with compact values such that Fx 

is upper quasicontinuous and Fy is lower quasicontinuous (or Fx is lower 
quasicontinuous and Fy is upper quasicontinuous ) for χ E X, y E Y then 
F is cliquish. 

P r o o f . According to Lemmas 3-5 all sections (<PL,p)x, (Ψζ,ρ)ν are upper 
quasicontinuous and (VL,p)î/) (Ψζ,ρ)χ are lower quasicontinuous for each ζ € 
Ζ, L E C, ρ Ε Py. Hence by Theorem 6 all functions y?z,lP, φζ,ρ are cliquish. 
Now applying Lemma 7 we have that F is cliquish. • 

T H E O R E M 1 1 . Let (Χ,Τ) be a topological space, (Υ,τ) locally second count-
able such that (Χ χ Υ,Τ χ τ) is a Baire space and (Ζ, V) a separable uniform 
one. If F: Χ χ Y —> Ζ is a multivalued map with compact values such that 
Fx is cliquish and Fy upper and lower quasicontinuous for all χ E X, y Ε Y 
then F is cliquish. 
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P r o o f . It follows from L e m m a 6 that all sections (</?L,p)z> (VVp)x a r e 

cliquish and by Lemmas 3-5 all (<PL,p)y, (Ψw,p)y are upper and lower quasi-
continuous for each w £ Ζ, L E C, ρ Ε Pv· Applying Theorem 8 we get that 
all functions φι,,ρ·, VVP a r e cliquish, so L e m m a 7 implies that F is cliquish. • 
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